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V-GORENSTEIN PROJECTIVE, INJECTIVE
AND FLAT MODULES

XIAOYAN YANG AND ZHONGKUI LIU

ABSTRACT. In this paper, we study some properties of V-
Gorenstein projective, injective and flat modules. By analogy
with the projective, injective and flat modules, we consider
some properties and connections of V-Gorenstein projective,
injective and flat modules.

1. Imntroduction. We use R-Mod (respectively, R°P-Mod) to de-
note the category of left (respectively, right) R-modules. For any
R-module M, pd (M) (respectively, id (M), fd (M)) denotes the pro-
jective (respectively, injective, flat) dimension. The character module
Homy(M,Q/Z) is denoted by M.

Since Auslander and Bridger [1] introduced the G-dimension of a
finitely generated module in the study of Gorenstein dimensions of
modules, it has been the subject of numerous publications. The
use of equivalence introduced by Foxby has shown to be of great
utility in this study. Enochs, Jenda and Lépez-Ramos [7] studied V-
Gorenstein modules relative to a dualizing module. These modules
constitute a generalization of the well-known Gorenstein modules and
at the same time an extension to the noncommutative case of -
Gorenstein modules [6]. They proved that, under certain conditions on
the finiteness of projective dimension for flat modules, V-Gorenstein
injectives and projectives form part of perfect cotorsion theories. In
[15], we introduced the definition of a V-Gorenstein flat module and
gave some characterizations of V-Gorenstein flat modules. In this
paper, we continue the study of V-Gorenstein projective, injective and
flat modules.
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Let R be a left and right Noetherian ring, and let V be an (R, R)-
bimodule such that End (rV) = R and End (Vi) = R. Then V is said
to be a dualizing module if it satisfies the following three conditions:

(i) id (gV) <r and id (V) < r for some integer r;
(ii) Ext%(V,V) = 0 and Exthe, (V, V) =0 for all i > 1;
(iii) gV and Vg are finitely generated.

The preceding definition is given in [7] for a bimodule sVx, where S
and R are left and right Noetherian rings, respectively, but throughout
this paper, we will consider the case S = R.

It is immediate that, if R is a Cohen-Macaulay local ring admitting
a dualizing module 2 or R is an n-Gorenstein ring, then €2 and R are
dualizing modules in this sense.

Let grVr be a dualizing module of R. Enochs, Jenda and Lépez-
Ramos [9] introduced the left, right Auslander class A'(R), A"(R) and
the left, right Bass class B'(R), B"(R):

AYR) = {M € R-Mod |M = Hompg(V,V ® M), Tor?(V, M)
= Ext%(V,V ®@r M) =0 for all i > 1},
A"(R) = {M € Mod-R|M = Homper (V, M @g V), Tor[*(M,V)
= Exther (V,M ®p V) =0 for all i > 1},
B'(R) = {N € R-Mod |V ®p Hompg(V, N) = N, Ext%(V, N)
= Tor}*(V, Homp(V,N)) = 0 for all i > 1},
B"(R) = {N € Mod-R|[Hompge» (V,N) @r V = N, Ext}en (V, N)
= Tor}*(Homper (V, N),V) = 0 for all i > 1}.
It is easy to see that
V@g—: A(R) S BY(R) : Homg(V, )
—@rV:A"(R) S B"(R) : Hompgos (V, —)
give equivalences between the two subcategories.

Now let
W ={W € R-Mod | W 2V ®g P, where P € R-Mod is projective},

X ={X € R-Mod | X 2V ®g F, where F € R-Mod is flat},
U = {U € R°*-Mod | U = Homper (V, E),
where E € R°P-Mod is injective}.
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Then clearly W C X C B!(R) and U C A"(R). Every right R-module
has a U-preenvelope and every left R-module has a W-precover and
an X-precover. The right U/-dimension of a right R-module, left W-
dimension and left X'-dimension of a left R-module are defined as usual.

We recall from [7] that a right R-module M is V-Gorenstein injective
if there is an exact sequence

i — Uy — Uy — U — U — -

of modules in U with M = Ker (U° — U?') such that Hompges (U, —)
and Homper (—, U) leave the sequence exact whenever U € U. A left
R-module M is V-Gorenstein projective if there is an exact sequence

= WL — Wy — W — W —

of modules in W with M = Ker (W° — W) such that Hompg(W, —)
and Hompg(—, W) leave the sequence exact whenever W € W. A left
R-module M is V-Gorenstein flat if there exists an exact sequence

= X — Xy — X — Xt

of modules in X with M = Ker (X" — X1!) such that Hompg(W, —)
and U ®r — leave the sequence exact whenever U € Y and W € W.

It is clear that each module in U, W and X is V-Gorenstein injective,
projective and flat, respectively. Moreover, if R is Gorenstein, then in
this case V-Gorenstein injective, projective and flat modules are simply
the usual Gorenstein injective, projective and flat modules respectively.

Let A be an abelian category and F a class of objects of A. A
left F-resolution of an object M of A is a Hom (F, —) exact complex
«ov = F1 —» Fy - M — 0 (not necessarily exact) with each F; € F. A
right F-resolution of an object M of A is a Hom (—, F) exact complex
0— M — F°— F! — ... (not necessarily exact) with each F? € F.

2. V-Gorenstein projective modules. In this section, we give a
detailed treatment of V-Gorenstein projective left R-modules.

Lemma 2.1. Let N = ®;c;N;. Then N € BYR) if and only if
N; € B(R) for allicI.
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Proof. Since R is left Noetherian and Hompg(V, ®;erN;) & @ierHomp
(V,N;), it can be seen that the conclusion is true. O

Lemma 2.2. Let 0 - M' — M — M"” — 0 be exact in R°P-Mod
(respectively, R-Mod). Then if any two of M', M, M" are in A"(R)
(respectively, B'(R)), then so is the third.

Proof. By analogy with the proof of [8, Proposition 3.13]. ]

Theorem 2.3. Let 0 — M’ & M % M” — 0 be ezact in R-Mod
with M" V -Gorenstein projective. Then M’ is V-Gorenstein projective
if and only if M is V-Gorenstein projective.

Proof. “=. Let M’ and M" be V-Gorenstein projective. There
exist exact sequences

W W — W — W — W —

of modules in W with M’ = Ker (W"® — W'!) and

W// ca Wll/ Wé/ W//O W//l .

of modules in W with M” = Ker (W"° — W), Let W; 2V @ P; €
W for ¢ = 1,2. Then

Exth (Wy, Wa) = Hompg (P, Exth(V,V @r P))
>~ Hompg (P, ExtL(V, V) ®@r P2) =0

by [13, page 258, 9.21] and [5, Theorem 3.2.15] for all ¢ > 1, and
so Exth(W{,M') = 0 = ExthL(M"”, W), which means that there is
a homomorphism h : W§ — M such that gh = d”’so. Consider the
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following diagram with exact rows and columns:

0 0 0
0 K’ K K"
0 W — Wy WY — T WY
d;, do dg
0 M’ M M"
0 0 0

2079

where do : W[ @ W[ — M is defined via do(z,y) = fdy(z) + h(y) for
x € W{, y € WJ. Then dy is an epimorphism such that fd = doeo,
gdo = djm and K', K" are V-Gorenstein projective. Continuing this
procedure yields that --- — W @ W' - Wy@ Wy — M — 0 is exact.
Since Exth(M"”,W’'®) = 0, there exists a homomorphism & : M — W
such that kf = d’°. Consider the following diagram:

0 0 0
0 M f M g M
d/O dO d//O
0 WO W' @ W 7 W0
0 c’ C c”
0 0 0
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where d° : M — W% @ W0 is defined via d°(m) = (k(m),d"%g(m))
for m € M. Then d° is a monomorphism such that d°f = £%4°,
79d° = d"%g and C’, C" are V-Gorenstein projective. Continuing this
procedure yields that 0 — M — WP W' - Wlg W' — ... is
exact. Therefore, an exact sequence

W: =W oW -=WeW! -=wlow” s whreow” - ...
of modules in W exists such that M = Ker (W@ W — WoWw).
Let W € W. Then Homr(W, W) = Homp(W', W) @ Homgr(W", W)

is exact. Since M’, M" € B(R) by [7, Theorem 3.4], M € B'(R), and
so M is V-Gorenstein projective.

“<. Let M and M" be V-Gorenstein projective. There exist exact
sequences

W: o  — W, — Wy — W — W — ...
of modules in W with M = Ker (W° — W) and
W' s W — W — W — W

of modules in W with M" = Ker (W' — W'1). Consider the pushout
of M — W% and M — M":

0 0
0 M’ M M 0
|
0 M’ wo L 0
[Q—
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Since M” and C are V-Gorenstein projective, we have L is V-
Gorenstein projective and 0 — L — W0 o W! — W' o W? —

is exact by the preceding proof, and so W, : 0 — M' —
wo — W e W — ... is exact. Let W € W. Then 0 —
Hompg(L, W) — Homg(W° W) — Hompg(M',W) — 0 is exact, and
hence Hompg (W, W) is exact. Let 0 - K — P — Homg(V,M') - 0
be exact with P projective. Then 0 - Vr K -V g P - M —0
is exact and V ®r K € BY(R) since M, M" € BY(R) by [7, Theorem
3.4]. Continuing this procedure yields that M’ has an exact left W-
resolution Wj : -+ — W| — Wj — M’ — 0 and Homgr(Wj, W) is
exact since Ext’ (M’, W) =0 for all i > 1, and so

Wi W, — W — W —=W"PeWw! — ...

is exact in W with M’ = Ker (W° — W% @ W) and Homg(W', W)
is exact for any W € W. Tt follows that M’ is V-Gorenstein projective
by [7, Theorem 3.4]. O

Proposition 2.4. The class V-GP of V-Gorenstein projective left
R-modules is closed under arbitrary direct sums and arbitrary direct
summands.

Proof. Let M = @®;e;M; with M; € V-GP for all i € I. Then
M; € BY(R) by [7, Theorem 3.4] for all i € I, and hence M € B!(R) by
Lemma 2.1. For each i € I, an exact sequence

W1—>W11—>W10—>W10—>W11—>

of modules exists in W with M; = Ker (W — W}). Then

i€l el el iel el

is exact in W such that M = Ker (@;e;W? — @;efW1). Let W € W.
Then Homp(©ier Wi, W) = [],c; Homp(W;, W) is exact, and hence
M € V-GP by [7, Theorem 3.4].

Let M = M; ©® My with M € V-GP. Then M; € BYR) by |7,
Theorem 3.4] and Lemma 2.1. Let L = M1 & Ma® M1 & Ma®- - -. Then
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L € V-GP. Consider the exact sequence 0 — M; — M — Ms — 0.
Then 0 - My — L — L — 0 is exact, and so M; € V-GP by
Theorem 2.3. Similarly, My € V-GP. O

Proposition 2.5. Let M be any left R-module. Consider the
following exact sequences of left R-modules:

0 — K, —Gpnq1— - —Gy—M—0,
0— K, —G, _,— - —Gy— M—0,

where Gp—1,...,Go and Gl,_1,... G} are V-Gorenstein projective
modules. Then K, is V-Gorenstein projective if and only if K, is

V -Gorenstein projective.

Proof. Let K,, be V-Gorenstein projective. Then M € B'(R) by [T,
Theorem 3.4] and Lemma 2.2, and so M has an exact left YW-resolution
0— Ly = Wy1 — -+ — Wy — M — 0. Since Extl, (W, K,,,) = 0 for
all 7 > 1 and any W € W, we have the following commutative diagram
with exact rows:

0 Lo W1 e Wo M 0
0 Km Gm—l e Go M 0.
Thus, 0 - L,, - Wp_1® K,, — --- — Gy — 0 is exact,

and hence L,, is V-Gorenstein projective by Theorem 2.3. Since
each Homp(V,W;) is projective and K/, € B!(R) by Lemma 2.2 we
have the following commutative diagram with exact rows: Therefore,
0 — Homg(V,L,,) — Hompgr(V,W;,_1) ® Homg(V,K],) — -+ —
Hompg(V,Gy) — 0 is exact, and so 0 — L,, — W1 ® K|, —
<+ = G — 0 is exact. Thus, W,,,_1 ® K, is V-Gorenstein projective
by Theorem 2.3, which implies that K/ is V-Gorenstein projective.
Similarly, if K, is V-Gorenstein projective, then K, is V-Gorenstein
projective. ]

It is well known that R is a perfect ring if and only if any direct limit
of projective R-modules is projective by [14, Theorem 1.2.13].
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Theorem 2.6. Let R be left perfect. If My — My — My — -+ is
a sequence of V-Gorenstein projective left R-modules, then the direct
limit lim M, is again V -Gorenstein projective.

—
Proof. For each n, an exact sequence

W,:  —VepP,? — VarP, ! — VRgP? — VP — ---

of modules in W exists with M,, = Ker (V@rP? — V@grP}). Consider
the following diagram:

Vg Pt ——Var P! M, 0
¢L§J @LéJ #1,0
———V@r P[P ——Ver P! My 0
0 My V@rP) ——V@gPf —---
‘Pl’OJ @?,OJ ‘/’i,oJ
0 M VepP) ——V@r P} — .
So gp’,‘;Jan = 1y ® 'Q[JfLJan for some morphism; namely, z/JfLJan =
Hompg(V, @,’24_17”) since Hompg (V,V ®g P¥) = P* and hence (P*) and
(V ®g PF) are direct systems for k = ..., —1,0,1,.... Thus,

Iy W, : - — V @plimP;? — V @p ligP; !
— V@rlimP) — V @r limP' — -

is exact in W. Let W 2V ®r @ € W. Then @ is pure-injective by
[14, Lemma 3.1.6]. Thus, @ is isomorphic to a summand of @, and
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so W is isomorphic to a summand of V ®g QT+ = Hompg(V, Q1) =
(V®r Q)**. Hence, Homp(lim W;, W) is exact by analogy with the
proof of [12, Theorem 2.1], which implies that ling M,, is V-Gorenstein
projective. ]

In [5, Exercise 9] it is proved that an R-module M is Gorenstein
projective if and only if M € Gy(R) and Q ®g M is Q-Gorenstein
projective.

Proposition 2.7. M is a Gorenstein projective left R-module if
and only if M € AY(R) and V ®@g M is a V-Gorenstein projective left
R-module.

Proof. By analogy with the proof of [15, Proposition 2.5]. o

Theorem 2.8. The following are equivalent for a ring R:
(1) R is a QF ring;

(2) Every left R-module is Gorenstein projective;

(3) Every left R-module is V -Gorenstein projective.

Proof. (1) = (2). Let M be any left R-module, and let E : 0 —
M — E° - E' — ... be an injective resolution of M. Then, each
E' is projective. Let @ be any projective left R-module. Then Q is
injective, and so Ext%(M,Q) = 0 for all i > 1 and Hompg(E, Q) is
exact. Thus, M is Gorenstein projective.

(2) = (1). Let P be any projective left R-module. Consider the exact
sequence 0 — P — E(P) — C — 0. Since C is Gorenstein projective,
we have Exth(C, P) = 0. So P is injective.

(2) = (3). Let M be any left R-module. Then Hompg(V, M) is
Gorenstein projective, and hence V ®p Homp(V, M) € BY(R). Let
0 - M — E° - E' — ... be an injective resolution of M. Consider
the exact sequence 0 — Hompg(V, M) — Hompg(V,E°) — C — 0.
Since Homg(V, E®), Homg(V, M) € A'(R) by [8, Proposition 3.9], then
C € AY(R), and so we have the following commutative diagram:
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0 ——— V ®g Homg(V, M) —— V ®g Homp(V, E°) ——— V @p C ———0

0 M E°.

Then oj; is monic. Consider the exact sequence 0 — V ®pg
Hompg(V,M) - M — L — 0. Then

0 — Homp(V,V@rHomp(V, M)) - Homp(V, M) - Hompg(V,L) — 0

is exact since Exth(V,V ®gHomg(V, M)) = 0, and so Homg(V, L) =0
since Homp(V,V ® g Homp(V, M)) = Hompg(V, M), which implies that
L =0. Thus, M =2 V@rHomz(V, M) € BY(R), and M is V-Gorenstein
projective by Proposition 2.7.

(3) = (2). The proof is dual to that of (2) = (3). O

A ring R is said to be left (respectively, right) n-perfect if every flat
left (respectively, right) R-module has projective dimension less than
or equal to n. An R-module M is called strongly Gorenstein projective
if a projective resolution exists of the form:

P....— 4 ,p_Ft p_ T p_ 1

such that M = Ker f and such that Homg(P,Q) is exact for any
projective module Q. An R-module M is called strongly Gorenstein
flat if a flat resolution exists of the form

F:...—4 g ,p_F p_J

such that M = Ker f and such that I ® g F is exact for any injective
module T (see [2]).

Proposition 2.9. Let R be a left n-perfect ring. Then the following
are equivalent:

(1) R is left perfect;

(2) Every strongly Gorenstein flat left R-module is strongly Goren-
stein projective;
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(3) Every Gorenstein flat left R-module is Gorenstein projective;

(4) Every V -Gorenstein flat left R-module is V -Gorenstein projective.

Proof. (1) = (2). Let M be a strongly Gorenstein flat left R-module.
Then an exact sequence 0 - M — F — M — 0 exists with F' flat
and M € AY(R) by [15, Proposition 2.5]. Let @ be any projective
left R-module. By [8, Corollary 3.19], Gpd (gM) < r, and hence
Ext;™(M,Q) = 0 for all 4 > 1. Since F is projective,

Exth(M, Q) = Ext%(M, Q) = --- = Exty(M, Q) = Ext’y (M, Q) = 0,

and so Exti(M,Q) = 0 for all i > 1. Thus M is strongly Gorenstein
projective by [2, Proposition 2.9].

(2) = (3). This is a simple consequence of [2, Theorem 2.7, Theorem
3.5].

(3) = (4). Since M is V-Gorenstein flat if and only if M € B(R)
and Hompg(V, M) is Gorenstein flat by [15, Theorem 2.3], then M €
BY(R) and Homg(V, M) is Gorenstein projective by (3), and hence
V@rHompg(V, M) = M is V-Gorenstein projective by Proposition 2.7.

(4) = (3). By analogy with the proof of (3) = (4).
(3) = (1). Let F be any flat left R-module. Then F'is Gorenstein

projective and pd (rF) < n. Thus, F is projective by [11, Proposition
227, ©

Proposition 2.10. FEwvery V-Gorenstein projective left R-module is
V -Gorenstein flat.

Proof. Let M be a V-Gorenstein projective left R-module. An exact
sequence

W: . —VQrPL —VrP) — VerP’—VerP— ...

of modules in W exists with M = Ker (V ®@r P° — V @ P!). Let
U € U. Then fd (Ug) < r, and so there is an exact sequence of right
R-modules 0 — F. — --- — Fy — U — 0, where each F; is flat.
Consider the exact sequence 0 — F,. — F,._1 — U,_1 — 0. Then
0= F,rV — F,_1QrV — U,_1 ®r V — 0 is exact, and so
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0= FQr W — F._1Qr W — U,_1 g W — 0 is exact. Since
F.®@r W and F,._; @ W are exact, we see that U,._1 ®p W is exact.
Continuing this procedure yields that U ® g W is exact. Thus, M is
V-Gorenstein flat. a

3. V-Gorenstein injective and flat modules. In this section, we
give a detailed treatment of V-Gorenstein injective right R-modules and
consider some connections of V-Gorenstein injective and V-Gorenstein
flat modules.

By the dual proof of Theorem 2.3 and Proposition 2.4, we have the
following result.

Theorem 3.1. Let 0 - M’ — M — M"” — 0 be ezact in R°?-Mod
with M’ V -Gorenstein injective. Then M is V-Gorenstein injective if
and only if M" is V-Gorenstein injective. Furthermore, the class V-
GT of V-Gorenstein injective right R-modules is closed under arbitrary
direct products and arbitrary direct summands.

By the dual proof of Proposition 2.7, we have the following result.

Proposition 3.2. M is a Gorenstein injective right R-module if
and only if M € B"(R) and Homper (V, M) is a V-Gorenstein injective
right R-module.

It is well known that, if R is right coherent, then M is a Gorenstein
flat left R-module if and only if M is a Gorenstein injective right
R-module by [11, Theorem 3.6]. Here we have the following result.

Theorem 3.3. The following are equivalent:
(1) M is a V-Gorenstein flat left R-module;
(2) M™* is a V-Gorenstein injective right R-module;

(3) M € BY(R), TorB(U,M) =0 for alli > 1 and any U € U, and
there is an exact right X -resolution 0 — M — X0 — X1 — ...,

Proof. Since Tor®(V, Hompg(V, M))* = Ext,., (V, Homg(V, M)*) =
Extho, (V, MT®@gV) by [5, Theorem 3.2.11], then Tor[*(V, Homg(V, M))
= 0 if and only if Exthe,(V,MT ®p V) = 0 for all ¢ > 1. Since
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Exti (V, M) = Tor®(M™,V) by [5, Theorem 3.2.13], Ext%(V, M) =0
if and only if Tor®(M*,V) = 0 for all i > 1. Since (V ®g
HomR(V, M))+ = Hompgop (V, HomR(V, M)+) =~ Hompgor (V, Mt Xr
V), we have M € B'(R) if and only if M+ € A"(R).

(1) = (2). Since M is V-Gorenstein flat, we have M € B'(R) by [7,
Proposition 3.2], and an exact sequence

X: o —VerFL —VrFy—VQrF' —>VepF'— ..
of modules in X exists with M = Ker (V @ F* — V ®@g F!). Then

X+ Lo — HOmRDp(‘/, F1+) — HomROP(V) FO+)
— HOmROP (V, FOJF) — HomROP (Va FlJr) —

is an exact sequence of modules in ¢ with M+ = Coker (Hompg(V, F**)
— Homp(V, F°F)). Let U € U. Then Homper (U, XT) =2 (U X)™ is
exact, and so M T is V-Gorenstein injective by [7, Theorem 2.4].

(2) = (3). Since MT is V-Gorenstein injective, then M™T
Hompger (V, M @ V) by [7, Theorem 2.4], and so Hompg(V, M)*
MT*®RV is Gorenstein injective by Proposition 3.2. Thus, Hompg(V, M
is Gorenstein flat, and there is an exact right flat resolution

1R

~

F:0— Homg(V,M) — F° — F' — ...

Therefore, VrF:0 > M - V@r F® - V®r F! — --- is exact.
Let X 2 V®rF € X. Then Homgp(V ®@r F, X) = Homg(F, F) is
exact.

(3) = (1). Let F; : - = F; — Fy — Hompg(V, M) — 0 be a flat
resolution of Hompg(V, M). Then

VerFi i+ —=VrF —Verly —M—0
is exact and UR r(V®@gF)) is exact for any U € U since Tor?(U, M) = 0
forall i > 1. Let X,, : 0 = M — X° — X! — ... be an exact right
X-resolution of M. Then (U ®@g X, )t =2 Hompg(X,,U™") is exact since
UT € X, and so U @ X, is exact. Thus,

X:o—VerF, —VegFy — X — X! — ...
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is exact with M = Ker (X° — X!) and U ® X is exact for any U € U,
and hence M is V-Gorenstein flat by [15, Theorem 2.3]. 0

Corollary 3.4. The following are equivalent for an (R, S)-bimodule
M:

(1) M is a V-Gorenstein flat left R-module;

(2) Homg (M, E) is a V-Gorenstein injective right R-module for any
FE € Mod-S injective;

(3) Homg (M, E) is a V-Gorenstein injective right R-module for any
injective cogenerator E for Mod-S.

Proof. (1) = (2). Let E be any injective right S-module. Then
E is isomorphic to a summand of S*¥X for some set X. Thus,
Homg(M, E) is isomorphic to a summand of Homg (M, ST¥) = M X,
and hence Homg (M, F) is a V-Gorenstein injective right R-module by
Theorem 3.1 and Theorem 3.3.

(2) = (3) is obvious.

(3) = (1). Since ST is an injective cogenerator for Mod-S, M+ =
Homg (M, ST) is a V-Gorenstein injective right R-module, and so M
is a V-Gorenstein flat left R-module by Theorem 3.3. i

Theorem 3.5. Let 0 - M’ — M — M" — 0 be exact in R-Mod
with M" V-Gorenstein flat. Then M is V-Gorenstein flat if and only
if M' is V-Gorenstein flat. The class V-GF of V-Gorenstein flat left
R-modules is closed under arbitrary direct sums and arbitrary direct
summands.

Proof. Use Theorems 3.1 and 3.3. ]

Theorem 3.6. Let R be right n-perfect, and let M € R°P-Mod.
Then M is a V-Gorenstein injective right R-module if and only if M™
is a V-Gorenstein flat left R-module.

Proof. By analogy with the proof of Theorem 3.3, we have M €
A"(R) if and only if M+ € B'(R).
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“=." Let M be V-Gorenstein injective. Then M = Hompor (V, M @
V) by [7, Theorem 2.4], and so M ®g V is Gorenstein injective by
Proposition 3.2. Thus, there is an exact sequence of right R-modules

o — B —FE_ 4 — - —E—MerV —0,
where each E; injective, and so 0 — Homg(V,M*) - Ef — --- —
Ef, — C — 0 is exact, where C = Im(E, — FEf). Since
M+ € BY{(R), Homg(V,M*) € AY(R), and so C € A!(R). Thus,

Homp(V, M™) is Gorenstein flat by [15, Lemma 3.1], which implies
that M+ is V-Gorenstein flat.

“<. Let M be V-Gorenstein flat. Then (M®rV)T = Hompg(V, MT)
is Gorenstein flat by [15, Theorem 2.3], and an exact sequence of left
R-modules

0— MrV)t — Fy — - — Fpyr 1 — Fuypp —> -+
exists with each F; flat, and hence

s FhL - Ff e Ff — (Mg V)Tt —0

is exact. We successively pick injective right R-modules Ejy, Ej, ...
such that

FioEy 2 Ff ™, FYoE, 10F; = (FeE;, 1), foralli=1,2,....

By adding 0 — E; — E; — 0 to the preceding sequence in degrees i + 2
and ¢ + 1, we obtain the following exact sequence

S (F:+r S -EnJrrfl)JrJr — (F’I’j:i*’f‘*l @ En+r72)++ —
— (FF o E)™ — FfTT — (Mg V)tT — 0.

Set K = Ker (F,[, ® Epqro1 — E5 1 @ Epqr—2). Then
0K —>FEL, ®Fy1— > ®E—Ff - MerV =0
is exact. Since M € A"(R), M ®rV € B"(R), and so K € B"(R).

Thus, M ®r V is Gorenstein injective by [8, Theorem 3.17] and M =
Hompor (V, M ®pg V) is V-Gorenstein injective by Proposition 3.2. O



V-GORENSTEIN MODULES 2091

Lemma 3.7. V-GF is closed under arbitrary direct products.

Proof. Let M = [[,.; M; with each M; a V-Gorenstein flat left R-
module. Then Hompg(V, M;) is Gorenstein flat by [15, Theorem 2.3]
and there is an exact sequence of left R-modules

0—)HOI’DR(‘/,M¢) —)FP—)F} — .. _>F‘1T—1 — C; — 0,

where C; € AY(R) and Ff is flat for j = 0,1,... ,7 — 1 by [15, Lemma
3.1], and so

0— Homgp(V,M) = [[F = [[F ==& ' = ]]ci—o0
el el el el

is exact and [[;c; FZJ is flat for j = 0,1,...,r — 1. Since [[,.;Ci €

AY(R), we have Homg(V,M) € A!(R) is Gorenstein flat. Thus,
M = V@grHompg(V, M) is V-Gorenstein flat by [15, Proposition 2.5]. 0

Corollary 3.8. Let R be right n-perfect. Then the following are
equivalent for an (S, R)-bimodule M:

(1) M is a V-Gorenstein injective right R-module;

(2) Homg (M, E) is a V-Gorenstein flat left R-module for all injective
left S-modules E;

(3) Homg (M, E) is a V-Gorenstein flat left R-module for any injec-
tive cogenerator E for S-Mod;

(4) F ®s M is a V-Gorenstein injective right R-module for all flat
right S-modules F’;

(5) F ®s M is a V-Gorenstein injective right R-module for any
faithfully flat right S-module F.

Proof. (1) = (2) and (3) = (1). By analogy with the proof of
Corollary 3.4.

(2) = (3) and (4) = (5) = (1) are obvious.

(2) = (4). Let F be any flat right S-module. Then (F ®g M)t =

Homg(M, F1) is a V-Gorenstein flat left R-module, and so F ®g M is
a V-Gorenstein injective right R-module by Theorem 3.6. i
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Corollary 3.9. Ifid (Rg) < n, then the following are equivalent for
an (S, R)-bimodule M:

(1) M is a V-Gorenstein injective right R-module;

(2) Homg (M, E) is a V-Gorenstein flat left R-module for all injective
left S-modules F;

(3) Homg (M, E) is a V-Gorenstein flat left R-module for any injec-
tive cogenerator E for S-Mod,

(4) F ®s M is a V-Gorenstein injective right R-module for all flat
right S-modules F;

(5) F ®s M is a V-Gorenstein injective right R-module for any
faithfully flat right S-module F'.

Proof. Since id (Rgr) < n, R is right n-perfect by [5, Proposition
9.1.2]. The result holds. O

Corollary 3.10. Let R be an n-Gorenstein ring M an (S, R)-
bimodule. Then the following are equivalent:

(1) M is a Gorenstein injective right R-module;

(2) Homg(M, E) is a Gorenstein flat left R-module for all injective
left S-modules E;

(3) Homg (M, E) is a Gorenstein flat left R-module for any injective
cogenerator E for S-Mod;

(4) F®gs M is a Gorenstein injective right R-module for all flat right
S-modules F;

(5) Fos M is a Gorenstein injective right R-module for any faithfully
flat right S-module F.

Proof. Since R is n-Gorenstein, then id (Rg) < n. The result holds
by Corollary 3.9. O

Let F be a class of R-modules. Then F is said to be a Kaplansky
class if a cardinal A exists such that, for every M € F and for each
x € M, asubmodule F of M exists such thatx € F C M, F, M/F € F
and Card (F') < V.
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Lemma 3.11. Let R be a right n-perfect ring. Then V-G is a
Kaplansky class.

Proof. Let F € V-GT and G C F be a pure submodule of F'. Then
0 - (F/G)T - Ft — G* — 0 is split, and so GT, (F/G)*" are
V-Gorenstein flat by Theorem 3.5. Thus G, F/G are V-Gorenstein
injective by Theorem 3.6. So V-GT is a Kaplansky class by [5, Lemma
5.3.12]. O

Lemma 3.12. Let R be a right n-perfect ring. Then every induc-
tive limit of V-Gorenstein injective right R-modules is V -Gorenstein
imjective.

Proof. Let {Es}aca be a representative set of indecomposable
injective right R-modules. Let M be a right R-module, S(M) =

Baep Bomrer Ea2)) ynq C(M) : S(M) — M the evaluation map.

Then
7
7
7
// J
k//

SM)— M
can always be completed. So S(M) — M is an injective precover
of M. Now let So(M) = S(M) and S1(M) = Sp(Ker (C(M))).
This gives a complex S (M) — So(M) — M — 0. Proceeding
in this manner, we define Ss,S3,... and have a left Znj-resolution
e = 51 (M) = So(M) - M — 0.

If M is Gorenstein injective, then this resolution is exact. So if
((G4), (¢ji)) is an inductive system with G; Gorenstein injective, then
G; € B"(R) by [8, Proposition 3.8], and we get an inductive system
(Sm(G3), Sm(pji)) for any m > 1. Thus,

0—K— 1il>nSn+r(G¢) — = li_r>nSo(G¢) — 1i_1>nG¢ —0
is exact, where K = Ker (limS,,+,(G;) — limS,4,.-1(G;)). Since
— —

li_r>n G; € B"(R) by the definition of B"(R) and each li_r>n Sm(G;) is in-

jective, we have K € B"(R), and so limG, is Gorenstein injective by [8,
—
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Theorem 3.17]. That is, the direct limit of Gorenstein injective mod-
ules is Gorenstein injective. Let ((M;), (¢¥j:)) be an inductive system
with M; V-Gorenstein injective. Then M; @ V is Gorenstein injec-
tive by [7, Theorem 2.4], and hence 1i_1>n M; = Hompor(V, 1i_1>nM¢ QR

V) = Hompge» (V, 11_r>n(Ml ®rV)) is V-Gorenstein injective by Proposi-
tion 3.2. O

Theorem 3.13. FEvery right R-module has a V -Gorenstein injective
preenvelope.

Proof. Use Theorem 3.1, Lemma 3.11, Lemma 3.12 and [10, Theo-
rem 2.5]. O

Theorem 3.14. Let R be right n-perfect. Then every right R-module
has a V-Gorenstein injective cover.

Proof. Consider any homomorphism G — M with G a V-Gorenstein
injective right R-module. We wish to prove that G — M can be
factored through a V-Gorenstein injective right R-module G’ with
Card (G') < k for some cardinal k. If Card(G) < k, let G' = G.
So suppose Card (G) > k. Consider a submodule S C G maximal
with respect to the two properties that S is pure in G and that
S C Ker (G — M). Let G = G/S. Then G’ is V-Gorenstein injective
by the proof of Lemma 3.11. We want to argue that Card (G’') < k.
Let K = Ker(G" — M). Then Card(G'/K) < Card(M). So
if Card(G’) > k, there is a nonzero pure submodule T/S of G/S
contained in K by [3, Theorem 5]. But then T is pure in G and is
contained in the kernel of G — M. This contradicts the choice of S.
That is, G — M can be factored G — G’ — M with G’ V-Gorenstein
injective and Card (G') < k. Thus, every right R-module has a V-
Gorenstein injective cover by [5, Proposition 5.2.2] and Lemma 3.12. 0O

A ring R has a Matlis dualizing module if there is an (R, R)-bimodule
F such that g E and ERr are both injective cogenerators and such that
the canonical maps R — Hompg(E, F) and R — Hompges (E, E) are
both biinjections. E will be called a Matlis dualizing module for R (see

[9])-
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Theorem 3.15. Let R be a ring admitting a Matlis dualizing module
E and M a finitely generated left R-module. Then M is a Gorenstein
projective left R-module if and only if Homgr(M, E) is a Gorenstein
injective right R-module.

Proof. By [9, Proposition 4], M € A!(R) if and only if Homg(M, E) €
B"(R).

“=." Since R is left Noetherian and M is Gorenstein projective, M
has a monic flat preenvelope f : M — F. Since M is finitely generated,
f can be factored through a finitely generated free module R™, and so

we can assume F' = R™. Set C' = Coker f, and let P be any projective
left R-module. Then

0 — Homp(C, P) — Hompg(R™, P) — Hompg(M,P) — 0

is exact, and so ExtL(C,P) = 0, which implies that C is finitely
generated Gorenstein projective by [11, Corollary 2.11]. Continuing
this procedure yields that M has an exact right flat resolution of the
form 0 - M — R™ — R™ — .-.. Then

<o — E" — E" — Homp(M,E) — 0

is exact. Let I be any injective right R-module. Then I is isomorphic to
a summand of EX for some set X. Thus, Exté., (EX, Homg(M, E)) =
Hompg(Tor?(EX, M), E) = 0 for all i > 1, and we have the following
commutative diagram:

- ——— Hompor (EX, E") —— Homgor (EX, Homp(M, E)) —— 0

EJ %

-« ——— Homg(EX @g R™,E) —— Homg(E* @ M,E) ————0

with the lower row exact by [4, Lemma 1]. So
e —> HOmRop (I, Enl) — HOI’IlRop (I, Eng) — HOmRop (I, HomR(M, E)) —0
is exact and Exto, (I, Homg(M,E)) = 0 for all ¢ > 1. Thus,
Homp(M, E) is Gorenstein injective.

“«=.” Since M is finitely generated and Homp (M, E) is Gorenstein
injective, we have Hompg(M, F) has an epic injective precover g :
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E™ — Hompg(M, E) by analogy with the proof of [9, Proposition
5]. Set K = Kerg. Then Homper (K, E) is finitely generated and
Homp(Hompes (K, E), E) = K. Let I be any injective right R-module.
Then

0 — Hompgop (I, K) — Hompgop (I, E™9) — Hompgop (I, Homg (M, E)) — 0

is exact, and so Exthe,(I,K) = 0 and K is Gorenstein injective.
Continuing this procedure yields that an exact left Znj-resolution of
the form --- — E™ — E™ — Homp(M, F) — 0 and

0 — Hompgop (Hompg(M, E), E) — Hompgop (E™°, E) — Hompgop (E™*,E) — - -+

is exact. That is, 0 - M — R™ — R™ — ... is exact. Since
Hompg (M, E) is Gorenstein injective and FE is an injective cogenerator,
then M is Gorenstein flat by analogy with the proof of [12, Corollary
2.6]. So Hompgo» (Extly (M, RY)), E) = Torf(Hompges (RY), E), M) =
0 for all # > 1, which implies that ExtiR(M, R(Y)) =0 for all 4 > 1.
Set C = Coker (M — R™). Then C is finitely generated and
Homp(C, FE) = K is Gorenstein injective. Thus,

0 — Hompg(C, R®Y)) — Homp(R™, RY)) — Homg (M, RY)) = 0
is exact. Continuing this procedure yields that
.-+ = Homp(R™,RY)) = Homp(R™, RY)) — Homp(M,RY)) = 0
is exact. Therefore, for any projective left R-module P,

-+ — Homp(R™, P) — Homp(R™°, P) — Hompr(M,P) — 0

is exact and Ext%(M,P) = 0 for all i > 1. It follows that M is
Gorenstein projective. ]

Corollary 3.16. Let R be a ring admitting a Matlis dualizing module
FE and M a finitely generated left R-module. Then M is a 'V -Gorenstein
projective left R-module if and only if Homg(M, E) is a V-Gorenstein
injective right R-module.

Proof. Let M be a V-Gorenstein projective left R-module. Then
V ®g Homp(V,M) = M, and hence Homp(V,M) € AYR) is
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Gorenstein projective by Proposition 2.7. So Homg(M,E) Qg V =
Homp(Homp(V, M), E) € B"(R) and Homgr(M, E)®rV is Gorenstein
injective by Theorem 3.15. Thus, Homp (M, E) is a V-Gorenstein in-
jective right R-module by Proposition 3.2. Similarly, if Homg(M, E)
is a V-Gorenstein injective right R-module, then M is a V-Gorenstein
projective left R-module. ]

Proposition 3.17. Let R be a right n-perfect ring. Then — ® — is
right balanced by V-GT x V-GF on Mod-R x R-Mod.

Proof. Let M € R-Mod. Then a right V-GF-resolution 0 — M —
F% — F!' — ... exists by [15, Theorem 3.10]. Let G € V-GZ. Then
0> G®r M = Ger F° - G®g F' — --- is exact if and only
if .-+ — Hompg(F*!,GT) — Hompg(F°,G") — Hompg(M,G*) — 0 is
exact. But the last sequence is exact by Theorem 3.6.

Let N € R°’-Mod. A right V-GZ-resolution 0 -+ M — E° — E' —

- exists by Theorem 3.13. Let G € V-GF. By analogy with the
preceding proof, we have 0 = G®r M - GRr E° - GQr E' — ---
is exact. ]
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