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REAL ZEROS OF THREE DIFFERENT CASES
OF POLYNOMIALS WITH RANDOM COEFFICIENTS

K. FARAHMAND AND T. LI

ABSTRACT. There are many known asymptotic estimates
for the expected number of real zeros of a trigonometric poly-
nomial V(0) = ag + a1 cos + a2 cos 20 + - - - + an cos nf with
independent identically distributed random coefficients. How-
ever, recent study of random matrix theory as well as self-
reciprocal random algebraic polynomials has led to develop-
ment of a different class of random trigonometric polynomials.
These applications, as well as, of course, mathematical inter-
ests, motivate us in this paper to provide asymptotic estimates
for the expected number of zeros and the level-crossings of
three different, albeit closely related, random trigonometric
polynomials. The first two forms of random trigonometric
polynomials have the self-reciprocal property of a; = a,—;.
The third case is a random trigonometric polynomial which is
in exact form arising from a transformation of an algebraic
polynomial with the above self-reciprocal properties. It is
shown that the expected number of real zeros of the classi-
cal trigonometric polynomial has been reduced by half, while
for the other two cases this expected number remains the same
as the previous cases.

1. Introduction. In this paper we study three different cases of
random trigonometric polynomials. The first case is of classical form
V(0) = >j_ajcosjf, in which the jth coefficient is equal to the
(n — j)th term, that is, a; = an—;. As we noted in Farahmand [6],
this assumption on the coefficient naturally arises in the study of self-
reciprocal random algebraic polynomials, see also [7]. Therefore, it is
of interest to number theorists as well as, of course, those interested
in the mathematical behavior of random polynomials, to study V (6).
The second case is the random trigonometric polynomial R(f) =
> i—o(ajcos jO + bjsin j6), where a; = a,—; and b; = b,—;. T(f) =
Z?;()l{an,j cos(j +1/2)0 + Bn—j;sin(j + 1/2)0} is the third case we
study, which is produced as seen in [6] from a self-reciprocal random
algebraic polynomial. These three cases have some similarity on means
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of the distribution of the coefficients. In the study of all these cases it
is interesting to see how the expected number of real zeros is affected
by the distributions of the random coefficients.

The first work of random trigonometric polynomials was a study by
Dunnage [2] in 1966. He found the number of real zeros, all save an
exceptional set of measure zero, to be 2n/v/3 + O{n'*/13(logn)3/13}
for the classical random trigonometric polynomial V' (#) when n is
large. He assumed that the coefficients are independent and normally-
distributed with mean zero and variance one. Later, Sambandham and
Renganathan [9] studied the case for u # 0. More recently, Farahmand
[4] studied a more general case of K-level crossing with K # 0 and
p # 0. Also, Wilkins [11] proved a more precise estimate for the
expected number by significantly reducing the error terms involved.
Earlier results on the subject are reviewed in the comprehensive work
of Bharucha-Reid and Sambandham [1]. Here we prove:

Theorem 1. For V() = Z?:o a; cos jO, where a; are independent
normally distributed random variables with means p = 0 and variances
o2=1,j=1,...,n and aj = a,_;, we let Ni,y be the number of real
roots of the equation V(0) = K and ENg v its expected value. Then,
for all sufficient large n, ENg v (0,27) is asymptotic to n/\/3.

This is half of the case when the assumption of self reciprocal is
relaxed as can be seen in Farahmand [5, pages 75-79].

Theorem 2. For R(0) = Y_""_(a; cos jO + b; sin jO), where a; and

3=0
b; are independent normally distributed random variables with means
p =0 and variances 0> =1, j =1,...,n, and aj = an_;, bj = by_j,

we get ENg r(0,2m) ~ 2n//3.

In the following theorem, we obtain a result for 7'(6). This polynomial
is produced as seen in [6] from a self-reciprocal random algebraic
polynomial Py (z) = Z;V:() n;z?, where [n = (N — 1/2)] and {aj}j-v;ll,
{@-}jy: ]1 are sequences of independently normally distributed random
variables with the same means p and same variances o2, and 7; =
oj +if5, 5 =1,2,...,N —1is a sequence of complex numbers with
nN =mno = 1.
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Theorem 3. For T(0) = Z?;()l{an,j cos(j +1/2)8 + Brp—;sin(j +
1/2)6} and the above assumptions of the distributions of the coefficients,
we have ENg 7(0,2m) ~ 2n/v/3.

To obtain the above results, we use an important formula known as
the Kac-Rice formula, and its generalized form shown in Farahmand
[5, page 36] as:

(1.1) ENg(a,b) = 11 (a,b) + Iz(a,b),
where
(1.2)

b _IV2R2 4 /242 _ B
Il(a,b)z/a %exp(- (a —K)°B +ﬁ2§2 2(a K)BC) a0,
and

b A2 — — 72
oy = [P Gl o (o)

(1.3)

|BA? —C(a—K)l)
X erf( AN de.

In the above,

A% = var {P(z)}, B? = var {P'()},
C = cov{P(z), P'(x)}, A? = A’B? - (7,
a=E{P(z)}, B =E{P'(z)},

and, as usual, the erf function is defined as

erf (z) = /OI exp(—t?) dt = \/7®(zV2) — g

2. Error terms. We define S(f) = sin(2n + 1)0/sin6, see [5,
page 74], which is continuous at § = jw. Since, for 6 € (¢,m — ¢) and
(m+¢€,2m —€), we have |S(0)| < 1/sine, we can obtain

S(8) = O(1/¢).
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Further,
5(2 1
§'(0) = (2n+1)c.os( n+1)0 ~ ot 05(0)
sin 6

o™

— - )
and also 5 . )

() = —(2n+1) .sm(2n +1)
sin 0
~ (2n+1)cosf cos(2n 4+ 1)6
sin 26

— cot 0S’() + csc 205(0)

o(2)

Now, by expanding sin (1 + 2 Z?:l cos 2560), we can show

s ., Sin(2n+1)0 1
ZC%%G_ 2sinf 2
(2.1) j=1
S0) -1
= % =0(1/e),
n n li
> jsin2j0 = —%{ Zcos2j9}
(2.2) J=1 J=1
1., n
0 ()
and
n o 9 B 1 n 9 1"
Z] cos 27560 = v ZCOS2]
(2.3) i=1 J=1

= —25"(0) = o(";).

In a similar way to [5], we define Q(0) = cos€ — cos(2n + 1)60/2sin 0;
then, for § € (e,m — ), (7w + &,27 — ¢), since cosf — cos(2n + 1)0 =
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2sin(n + 1)8sinnd, we also have |Q(#)| < 1/sine. Hence, we can also
obtain

Q) =0(1/e).

Further, we have

Q') = —sinf+ (2n+ 1)sin(2n + 1)0 _ ot 6Q(0)

2sinf
o)
€

—cosf + (2n + 1)%cos(2n + 1)
2sinf
cosf [sinf — (2n + 1) sin(2n + 1)0]
+ -
2sin 26
— cot 0Q'(0) + csc 20Q(0)

(%)

Now, by expanding 2sin6 >>_, sin 20 this time, we can get a series of
the following results

and

Q"(0) =

(2.4)

i 0., cosf—cos(2n+1)0 B
Zbln?jo— Seind =Q(0) =0(1/e),

Jj=1

(2.5)

n . . 1 n . . / 1 ) n
jz_;jcos%@:i{;suﬂ]@} :§Q (0)=O<g>,

(2.6)
n 1 n Z 1 2
> j%sin2j0 = _Z{ Zsin2j9} = Q"0 = 0(%).
Jj=1 j=1

Now, using the above identities, we are able to evaluate the character-
istics required in using the Kac-Rice formula (1.1)—(1.3).
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3. Preliminary analysis. In this section, we first discuss the roots
in the intervals (e,m —¢) or (7w + ¢,2m — ¢), which make the main
contribution for the three different cases separately. For this part, we
obtain our results by applying the Kac-Rice formula (1.1). Then we
discuss the intervals that are not well-behaved around 0, m and 27, that
include the intervals (0,¢), (7 — e, 7+ ¢) and (27 — ¢, 2m), where ¢ is
any positive constant, smaller than 7, which is chosen later. It should
also be positive and small enough to facilitate handling the roots in the
intervals (g, m—¢) and (7 +¢, 27 —¢). We will see for € = n~1/* satisfies
both requirements. We prove the number of real roots in intervals (0, €),
(m—e,m+¢€), (2r — ¢, 2m) are negligible.

Case 1. Let V(0) = Z?:o a; cos jO, where a; are independent
normally distributed random variables with means g = 0 and variances
o?=1,j=1,... ,nand a; = a,_;. We can write V() in the following
form, assuming n is odd

(n-1)/2
(3.1) V(o) = Z a; [cos jO + cos(n — j)6].
§=0

For the case where n is even, all terms in (3.1) will remain the same,
but we have one additional term a,/, cos((n6)/2). Here, without loss
of generality, we only consider the case of n odd.

In order to use the Kac-Rice formula, we first evaluate the asymptotic
value for each variable needed by using the error terms obtained
at above estimators in (2.1)—(2.3) and (2.4)—(2.6). Since E{a;} =
E{b;} = p =0, we can easily get

(3.2) ay = E(V(0) =0 and By = E(V'(6)) =0.

Then, we obtain the variance of the polynomial by substituting (3.1),
using the results of (2.1) and (2.4) and making some trigonometric
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identities
(3.3)

=m0y = {3 oo () o (22

2 ()% et 200}

(n—1)/2
-1
= [1 + cos (n@)]{nT + Z [cosnf cos 256 + sinnf sin 256 }
=0

— [1+cos(n9)]{g +O<w)}

Next, we calculate the variance of the derivative of T'(8) with respect
to 6 in a similar way to A%. Using the results from (2.2), (2.3), (2.5)
and (2.6), we obtain

(3.4)
BV = var ( Z] sin? j6

(n—1)/2
+ Z 2j(n — 7)sin(j60) sin(n — 5)0

(n-1)/2 (n-1)/2

1 n
=5 2 _ncosnd Z j + cosnf Z 42
J:O
1 n (nfl)/Q
~3 Z cos 250 + Z jn —j)cos(n —25)0
§=0 §=0
= ?—;(2 —cosnb) + O (nQ(cos n9€+ sin n@)) .

At last, we turn to the covariance between the polynomial and its
derivative. Here E{T(0)}E{T'(0)} = 0 as the mean of the coefficients
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@ = 0. Therefore,

(n—1)/2
Cy = E{ Z a; [cos jO + cos(n — j)0]
j=0
X aj[—jsinjd — (n — j)sin(n — 7)6] }
=— Zj sin 76 cos 760 — stiancos(n —7)0
(3.5) =0 I=0

= Z—jsinjHCOSjG+cosn92—jsinj9cosj9
j=0 j=0
1 — ,
~3 smn@Zy(l — cos 2j0)
7=0
n?sin(nf) <n(1 + cos n9))
=— 1 -0 . .

Then, finally from (3.3), (3.4) and (3.5), we can get
nt(cosnb + 1)? N O(n3(1 + cosn9)>.

(3.6) A% =ALBY - CY =
48

From (1.2) and (1.3), substituting K = 0 and the results of (3.2)—(3.6)

into the Kac-Rice formula, we can obtain

n
(3.7) ENK’\/(E-Z,?T £) ENKyv(W+€,27T €) 2\/3.
This is the result for Theorem 1.

Case 2. Let R(0) = >_7_(ajcos jO +b;sin j6), where a; and b; are
independent normally distributed random variables with means p = 0
and variances 0% = 1, j = 1,...,n and aj; = an_j, bj = b,—;. We
can also write T'(f) in the following form by assuming n is odd. The
polynomial will have one additional term for n even, and we will not
discuss this case as it is explained above. With our assumptions we can
evaluate R(0) as

(n—=1)/2
R(0) = Z {a; [cos j6 4 cos(n — 7)0]

(3.8) par

+b; [sin jO + sin(n — j)6]} .
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In a similar way, we evaluate each term in the Kac-Rice formula in (1.2)
and (1.3) as follows. First, we note

ar=E(R(0))=0 and pr=E(R'(9))=0.
Then, from (3.8), we can obtain the variance of the polynomial

(3.9)
(n—1)/2

A% = Z var {aj}{cosjﬁ—I—COS(TL—J')H}2
§=0

(n-1)/2
+ Z var {b;} {sin j0 + sin(n — 701

=0

n o (no [ R n—2j\ 12
(2 (B ()

=0
—(n— 1)+O<cosn0+sinnt9)

3

The variance of the derivative of the polynomial with respect to 6 can
be obtained:

(3.10)
(n-1)/2
Bh= > var{a;}[—jsinj0 — (n— j)sin(n — j)0)’
3=0
(n—1)/2
+ Z var {b;} [j cos j0 + (n — j) cos(n —j)9]2
§=0
(n—1)/2
= Z {j2 sin 256 + 2j(n — j) sin(j6) sin(n — 5)0
3=0
+ (n — 5)%sin 2(n — §)0 + 5% cos %56
+2j(n — j) cos(j8) cos(n — §)0 + (n — 5)? cos®(n — j)9}
_ n_3 +O(n2(cosn9+sinn9)>.

T3 €
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At last, we get the covariance between the polynomial and its derivative
which is similar to the first case:

(3.11)
(n—-1)/2
Cr= Z E {a?} { [cos 76 + cos(n — 7)6)]
§=0

x [=jsin j6 = (n — j)sin(n — )6] |
(n-1)/2
+ Z E {b?} { [sin jO + sin(n — j)6]
j=0

X [jcosjl + (n — j) cos(n — j)6] }

(n-1)/2
= Z —(n —j)sin(n — j)0 cos j6 + jsin(n — j)6 cos j6

7=0

(n—1)/2

+ Z (n — j)sin jf cos(n — 7)8 — jsin j6 cos(n — )0
j=0
_ O(n(sinn@ - cosn9)>.
€

Then, from (3.9), (3.10) and (3.11), we can get

n

nA 2
(3.12) A% = A%LB% - C% = ?+O(?>.
Finally, with the results above, for K = 0, we therefore have

n
(3.13) ENK7R(€,7T—€)ZENK7R(7T+E,27T—6)N7§.

This is the result of Theorem 2.

Case 3. Here we consider a random trigonometric polynomial which
is produced from a random algebraic polynomial with complex variables
and complex coefficients, with a self-reciprocal property. Let {c; };\/:—11
and {g; }j-V:_ll be sequences of independently normally distributed ran-
dom variables with the same means p and same variances o2, and let
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n; =a;+48;, j =1,2,... ,N — 1 be a sequence of complex numbers
with ny = 19 = 1. We define a (complex) random algebraic polynomial
as

N
Py(z) =) n;2.
§=0

And we define Py(z) as a self-reciprocal random algebraic polynomial,
that is, for all N and z, the polynomial satisfies the relation Py(z) =
2N Py (1/%). This self-reciprocal polynomial has the property of nx =
1o = 1, and ny—_; is the complex conjugate of n;, j =1,2,... ,N — 1.
Therefore, we get

3

(3-14) PN(Z):1+7712+772Z2+"'+77N—1ZN_1—|—ZN.

For z = rexp(if), we can simply transform Py (z) in (3.14) as
. , N6 N -2 N -2
elNe/QPN(eZG) = 2 cos (7> + 2ay; cos <T) 0 + 201 sin (T>9

N —4 N -4
+ 205 cos (T>0+2ﬁ2 sin (T)G

+ FN(G),
where
Fo(g) — 20N /2—1) €088 + 2B(n/2—1)sinb + an/o + iByje  for n even
w(0) = 20(N—1)/2¢080 +2B(n_1)/28n0 for n odd.

As seen from the results above, not all the coefficients n; in (3.14) can
have a matching conjugate for N even; therefore, our main interest is
for the case of N odd. However, we still present Py(z) for both n odd
and even to complete the problem. Then, for N odd, we have

(N-1)/2

Py()=2 > {ajcos<¥>9+ﬁjsin<]v;2j>9}

(3.15) J=1
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and, for N even,
N/2—1

Py(0) =2 Z {ozj cos (N;2j)t9—|—ﬁj sin <N;2j)9}
j=1

NO
+ 2 cos <7) + OéN/Q + iﬁN/Q.

Now, from (3.15), that is, for N odd, we have the polynomial of the
form
Pn(0) =T(0) 4 cos(n + 6/2),

where n = (N — 1)/2 and

n—1
(3.16)  T(0) = {an—jcos(j+1/2)0 + B, sin(j + 1/2)6}.

j=0
Therefore, the study of random algebraic polynomials with complex
coeflicients with self-reciprocal properties will lead to the trigonometric
polynomial with real random coefficients. Here we change IV to express
the degree of the trigonometric polynomial in order to keep consistent
with our previous cases. Now we need to consider the number of level
crossings of T'(f) with K = — cos(n + 6/2), which is the same problem
to study as the real zeros of Py (#). From (2.1), (2.2), (2.4) and (2.5),
we can get the means of the polynomial and its derivative as

(3.17) 1
ar :u:_zo{cos (j+%)9+sin (j+ %)9} :0(5),
pr = —ug <j+ %){sin <j+ %>H—Cos <j+ %)0}
(3.18)

of2)

Next, we calculate A2 and B2, which are the variances of the polynomial
and its derivative, as

(3.19)

n—1
o1 (.1
A% = var{ Z;J {anj cos (] + 5)9 + fn—jsin (g + 5)9} }
j=
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n—1 n—1
1 1
=02 E cos? <j+§>0+02 E sin? (j+§)t9
=0 j=0

=no?
n—1 2 2
1 1 1 1
= [ rg) (i) eieg) woo3)Y
— 2 2 2 2

At last, we turn to the covariance between the polynomial and its
derivative. In this calculation, most of the terms are canceled with
each other as the assumptions of {«; }j-V:_ll and {@-};v:_ll are SeqUENCes
of independent normally distributed random variables. We will see
whether the mean is zero or non-zero; it will not affect our results.

Therefore, we get

(3.21)
Cr = cov [T(0)T'(9)]
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From the Kac-Rice formula (1.1) and by substituting the results into
(3.17)—(3.21), we therefore have

n?ot
(3.22) A2 = A2B% — C2 = A%2B2 = T(n2 —1/4),
Hence, we can obtain
(3.23) Le,m—¢) ~ =
V3
and
(3.24) Le,m—¢) =0 (n3/4) .

Hence, from (1.1), (3.23) and (3.24), denote the number of real zeros in
the interval (a,b) by N(a,b) and its expected value by EN(a,b); then
we can obtain

ENK7T(€,7T — 6) = ENK,T(W+E,27T — 6)

_n n3/4
= \/§+O( ).

(3.25)

4. Proof of the negligible part. In this section, we are going
to show the expected number of real zeros in the intervals (0,¢),
(m—e,m+¢) and (27 — ¢, 27) is negligible. We will modify the method
based upon Jensen’s theorem [8, page 125] or [10, page 332], which
has been used by Dunnage [3]. Here we just take the last case as an
example, since the process for the other two cases is the same, and the
final results of this part remain the same for all three cases.

We consider the function of the complex variable (,

n—1

T(¢)— K => {an_jcos[(j+1/2)C] + Bn_;sin[(j + 1/2)¢]} — K,

Jj=0

which is normally distributed with means ny and variance no?. The
period of T'(0) is 2w, and the number of real zeros in the interval (0, ),
(2m —¢,2m) or (m — e, 7+ €) is the same as the number in (—¢,¢), and
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this certainly does not exceed the number of real zeros in the circle
|¢| < €. Therefore, we seek an upper bound to the number of real zeros
in the segment of the real axis joining the points +e. To this end, let
N(r) = N(r, K) denote the number of real zeros of T(¢) — K = 0 in
[¢| < e. By Jensen’s theorem,

2e 2e
/ r_lN(r) dr < / r_lN(r) dr
5 0

1 I T(2ee) — K
=== log | —————1d#.

(277)/0 Og‘ T(0) - K ‘
Assuming that T'(0) # K, we obtain

1 T T (2ee?) — K
4.1 N(g)log2 < | — log | —————df.
an v (5) [
Now we can see that, for any positive v,
(4.2) Pr(—e " <T0)—K <e™™)

K+e ¥ _ 2
= (27TTLO’2)71/2/ exp { - w} dt

K—e—v 2TL0'2

[ 2
< —26_”.
™o

The distribution function of |e;| and |3;] is

T —(t—p)? .
F(z) :{1/\/27r02 In exp{ (;Ué) }dt if x >0,

0 otherwise.

Let M be defined as the maximum value among |a,—;| and |5,—;|
where j = 1,2,...,n, that is, M = Max {Max (an—;), Max (8,—;)}-
Since sinhz = (e* — e~ %)/2 and coshx = (e* + ¢~ %) /2, we have

(4.3)
. n_l 1 , 1 ,

T(ZEe“’) = Z {Oén_j cos (j + 5)2@6” + fn—jsin (j + 5) 25@”}

-1

3=0
<M {cosh{(2j+1)5sin0}—|—sinh{(2j—|—l)asinﬁ}
3=0

+ {cosh(2j + 1)esin 0} + sinh {(2j + 1)e sin 0} }

< 4Mnexp(2n + 1)e.
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The probability M > ne” for any positive v and all sufficiently large n
is

Pr(M > ne”) < nPr(|lg1| > ne”

(4.4) F/ { 205)2 } dt

Then, we can get

|T(2¢e) — K| < [4Mnexp(2n + 1)e — cos(n + 0/2)|
(4.5) < [4n? exp(2n + 1)e — 1
~4n?exp(2n + 1)e.

From (4.2)—(4.5), we obtain

‘T(%ew) -K

T0) - <e¥ ‘4712 exp((2n + 1)e + v)|

(4.6)
< 4n?exp((2n + 1)e + 2v)

except for the sample functions of measure not exceeding

> o (ne” — )?
——e ——expd —V— —2 %,
m™mo? Vo P 202

Therefore from (4.1) and (4.6),

log4 + 2logn + (2n+1)e + 2V
log 2

(4.7) N(e) <

Then, since ¢ = n~'/4, it follows from (4.7) and for any sufficiently
large n that

2 —v
Pr{N(e) > 3ne + 2v} < \/Fe

_|_

(4.8)

o (ne¥ — u)?
NoT exp { v 572 }
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Let n’ = [3n%/%] be the greatest integer less than or equal to 3n3/%;

then, from (4.4) and (4.8), for all sufficiently large n, we obtain

(4.9) EN(e) =) jPr{N(e) = j}
7>0
=> Pr{N(e) > j}
7>0
> Pr{N(e) > j}

1>5>n/

+ZPT{N(5) >n'+j}

§>0

2 ,
/ —j/2
sn+ \/ o2 Ze !
j>1

P G 1 B
+ N exp { 557
= O0(n®*).

Hence, from (3.25) and (4.9), we can finally obtain the expected number
of level crossings of T'(f) with — cos(n + 6/2) in the interval (0, 2m)
where 2n/v/3 + O(n?/*). Also, we can get the real zeros of V(6) are
n/v3+ 0(n3/*), and R(0) is 2n/v/3 + O(n/*) in the same way.
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