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ANALYSIS OF ONE PILE MISERE NIM
FOR TWO ALLIANCES

ANNELA R. KELLY

The traditional game of Nim is an impartial game for two players
that plays a central role in combinatorial game theory. The analysis
of the two-player game relies on binary representations of numbers,
see [1, 2]. However, the game for three or more players has not been
studied extensively. In this paper, we will consider a one-pile Nim
misére version for more than two players. Typically, the strategy for the
game of one-pile Nim with three or more players cannot be completely
determined without considering alliances. The paper [3] establishes the
basic terminology and certain fundamental results for the game with
three or more players. The current paper expands it to a general result.

Definition 1. Consider the game for three or more players that
follows the rules of misére Nim for each player. Suppose that the players
form two alliances and that each player is in exactly one alliance. Also
assume that each player will support his alliance’s interests as long as
it benefits his own interests. This game will be called Survivor Nim.

We call the game Survivor Nim as it models aspects of the popular
television show. The end of a game can vary slightly from the standard
two-player misére Nim. In Survivor Nim, if there remain fewer counters
than an alliance’s combined minimum move, the alliance must take
these and lose. In the following we will assume (unless stated otherwise)
that the larger alliance will start the game.

Definition 2. Suppose we have a game with k£ players. The set of
turns, where we start with player one, and all k players have their turn,
is called a cycle.

Hence each game can have several cycles and it typically ends with
an incomplete cycle.
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In this paper, we consider the game for k = 2n + 1 players. Suppose
each player is allowed to remove 1,...,m (m > 1, m € N) counters
on their turn. We assume that a set of n + 1 players (not necessarily
consecutive) form one alliance and the remaining n players form another
alliance.

Proposition 3. If there are exactly two consecutive players in one
alliance and no consecutive players in the other alliance, then there are
two games with j and j+1 counters (for some j € N), that the alliance
with consecutive players loses.

Proof. We can look at this game as a two-player game, where we
combine the possible consecutive moves for players in the alliance
because each player supports his alliance. Hence, this game is reducible
to a two player game, where each player removes some counters at his
turn. Suppose the two consecutive players in one alliance are p and
p+ 1. Up to player p’s turn, the game follows standard two-player
game strategy (as in [3, Proposition 2]). Hence, there exists a game
where at player p’s turn there is one counter left and player p will
lose. Let j denote the number of counters at the start of this game.
Furthermore, if the game starts with j + 1 counters, then at player p’s
turn there are two counters left, and player p or player p + 1 will lose.

In general, a comparable version of the proposition holds for most
possible partitions of the players into alliances. However in Proposi-
tion 3, we assumed that there are no consecutive players in the other
alliance to avoid certain extreme situations.

The following useful definition is motivated by Proposition 3.

Definition 4. A collection of consecutive losses for an alliance is
called a round.

Proposition 5. Suppose any n+1 players form one alliance (alliance
1) and the remaining n players form another alliance (alliance 2). If
both alliances play wisely, then alliance 1 can take m — 1 more counters
than alliance 2 in the first cycle (unless the game ends during the first
cycle).
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Proof. The game is essentially a two-player game, where we combine
all the possible moves for players in a given alliance. Hence in this
game, alliance 1 can take from n + 1 up to mn + m counters in one
cycle and alliance 2 can take from n up to mn counters in one cycle.
Since both alliances play wisely, then one of them will take away the
largest possible number of counters, the other one the smallest possible
number of counters [3, Proof of Theorem 8]. Thus,

(1) max(Alliance 1) + min(Alliance 2) = mn +n +m
> min(Alliance 1) + max(Alliance 2) = mn +n + 1

in the first cycle. O

Therefore, alliance 1’s options in using up to m — 1 additional moves
allow them to force alliance 2 to lose more quickly in the following
cycles.

Remark 6. If we extend the discussion to the case m = 1, then
inequality (1) is in fact an equation, i.e.,

max(Alliance 1) + min(Alliance 2)
= min(Alliance 1) + max(Alliance 2)
=2n+ 1.

In some situations, alliance 1 could have the first and the last round in
each cycle. If this is the case, then the first alliance’s last turn in a cycle
merges into his first turn in the next cycle. From now on, we assume
without loss of generality that alliance 2 has the last turn in each cycle.
Before proving the technical results, the next example illustrates the
terminology and the notation required in the propositions that follow.
As in Theorem 8 in [3], for an odd second index j, let N;; denote the
largest value in round (j + 1)/2 of losses for alliance 1 in a cycle i. For
an even second index j, let V;; denote the largest value in round j/2
of losses for alliance 2 in a cycle i.

Example 7. Consider the game with 7 players. Suppose each player
can take 1 or 2 counters; alliance 1 is formed by players 1, 2, 5, 6 and
alliance 2 is formed by players 3, 4, 7.
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For clarity, consider this game to be a two-player game, where we
combine all the possible moves for players in each alliance. Since
alliance 1 is formed by two groups of two consecutive players, alliance
1 can take 2, 3 or 4 counters at his every turn. However, as alliance 2
is formed by a group of two consecutive players and one more player,
alliance 2 will alternate in their turns taking 2, 3 or 4 counters first and
then 1 or 2 counters. In this particular partition, alliance 1 loses all the
games with 2 counters or less. Denote the largest value of alliance 1
losses in the first round by Nj; = 2 (the first index 1 of N denotes the
first cycle, the second index 1 of N denotes that we are considering the
first round of losses in the cycle). If the game has more than 2 counters
but no more than 4+2=6 counters to start with, alliance 1 can force
alliance 2 to lose by leaving at most 2 counters after his move. Alliance 1
will win the games from 3 through 6 counters, i.e., N2 = 4+ 2 = 6.
In the following work, it helps to notice that the indices IV;; can be
written as sums of the minimum and maximum number of counters the
alliances can take in each cycle. Next, alliance 1 will lose the games
with Nis +1 =7 up to 2+4+42=8 counters. Thus, Ny3 = 8. Alliance 2
loses the games from Ni3+1 =9 up to Ni4 = 4+2+441 = 11 counters.
Following through with wise play, alliance 2 can force alliance 1 to lose
the game in the second cycle with

Noy =2+44+2+ 242 =12 counters.

Alliance 2 loses the games with Noy +1 =13 up to Noy =4+ 2+ 4+
1+ 4+ 2 =17 counters; alliance 1 loses the game with

N22+12N23:2+4+2+2+2+4+2:l8COlll’lteI‘S.

Next, alliance 2 loses the games with Nog +1 = 19 up to Noy =
4424+44+14+4+2+4+1= 22 counters. Notice that the lengths of
the rounds in the second cycle for alliance 1 have reduced from 2 to 1.
A similar pattern applies to the third cycle and one can easily verify
that

N3y =2+4+442+242+44+2+242=22= Noy;

and

Nyp=4+24+4+1+44+2+4+1+4+2=28;
Nyg=2+44+2+24+2+4+44+2+2+2+4+2=28=Nap,
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i.e., these rounds coincide. Hence, alliance 2 loses all the games with
more than Nogz + 1 = 19 counters.

The following result, regarding the first cycle, will hold assuming the
groups of moves satisfy certain technical restrictions. The general case
is proved in Proposition 10.

Proposition 8. Suppose alliance 1 can take

li1,. .. ., lin, counters on his first turn;
lo1,... ,lan, counters on his second turn;
lj1, ... ,ljn; counters on his j-th turn

in one cycle. Also assume alliance 2 can take

ki1, ... ykim, counters on his first turn;
ko1, ..., kam, counters on his second turn;
ki1, .-, kjm; counters on his j-th turn

in one cycle. If

(2) Ui <ling ki1 <lin + Eimg +lo1 < -+
< lln1 +k11 + - +ljn1 +kj17

then the mazimum number of counters in each round for alliances in
the first cycle can be calculated using the following formulas:

Nii=lInn

Nig =lip, + k11

Niz =li1 + kim, + 121

N1y = lin, + k11 +lon, + ka1

Nigj—1y =l +kim, +lo1+- -+ kj_1m;_, +1j1
Nijy = lin, + k11 +lon, + -+ + ljn, +kj1,
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Proof. As before, consider this game to be a two-player game, where
we combine all the possible moves for players in a given alliance.
Alliance 1 can take from l;; up to l;,, counters to start the game.
Hence, if the game starts with no more than [y; counters, alliance 1
will lose, i.e., Ny; = ly;. If the game has more than l1; counters
to start with (but no more than ly,, + kj; counters), alliance 1 can
force alliance 2 to lose by leaving less than kq; counters after his move.
Alliance 1 can do this for the games with up to li,, + k11 counters;
hence, Ni2 = l1, + k11 (and we have Ny2 > Nyy from (2)). Consider
the game with Nja 4+ 1 counters. Since we assumed that (2) holds,
then l1,, + k11 < l11 + k1m, + l21, and no matter how many counters
alliance 1 takes, alliance 2 can leave fewer than l2; counters and force
alliance 1 to lose. Alliance 2 can do this for games up to l11 4+ Kk1m, + 121
counters; hence, Ni3 = l11 + K1m, +l21. The similar process repeats up
to the last round 2j in the first cycle; hence (3) holds. O

However, in several situations the values in (3) would indicate rounds
that coincide. The following example shows that the formulas in
Proposition 8 need to be modified in that case to skip overlapping
values as appropriate.

Example 9. Consider the game with 11 players. Suppose each
player can take 1 or 2 counters; alliance 1 is formed by players 1, 5, 7,
8, 9, 10 and alliance 2 is formed by players 2, 3, 4, 6, 1.

In this game

N1121<N12:5<N13:8:N14.

In the given game, alliance 1 loses games with up to Ni; = 1 counter,
alliance 2 loses games with up to N12 = 5 counters and since N14 = N3,
then alliance 1 loses games starting with Nis + 1 up to N5 = I17 +
k13 +1lo1 + koo + 1331 =1+ 6+ 1+ 2+ 4 = 14 counters. Inequality (2)
is not satisfied; therefore, several rounds coincide in this example. The
following proposition generalizes the results in Proposition 8 in case
inequality (2) does not hold.
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Proposition 10. Suppose alliance 1 can take

li1, - ,lin, counters on his first turn;
lo1,...,l2n, counters on his second turn;
lj1,--- ,ljn,; counters on his j-th turn

in one cycle. Also assume alliance 2 can take

ki1, ... ,kim, counters on his first turn;
koi,... ,kam, counters on his second turn;
kj1,...  kjm; counters on his j-th turn

in one cycle. Then the mazimum number of counters in each round
for alliances in the first cycle can be calculated using the formulas (3),
where we skip the round i + 1, if Ny; > Nyjq1.

Proof. If the conditions in (2) are satisfied, the desired result is
obtained in Proposition 8. Suppose the conditions (2) are not satisfied.
Consider the smallest index %, such that Ny; > Ny;y1. If 7 is odd,
alliance 1 will be losing games with up to Nj;42 counters, i.e., the
round 7 + 1 is absorbed into round ¢. If ¢ is even, alliance 2 will be
losing games with up to IVy ;42 counters, i.e., round ¢ + 1 is absorbed
into round ¢. Hence, if Ny; > Nj;11, one will skip round i + 1. ]

Next, we prove that the formulas similar to the ones in Proposition 10
also hold for later cycles.

Proposition 11. Suppose alliance 1 can take

li1,... ,lin, counters on his first turn;

lo1,... ,lan, counters on his second turn;

lj1, ... yljn; counters on his j-th turn
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in one cycle. Also assume alliance 2 can take

ki1, ... ykim, counters on his first turn;
ko1, ..., kam, counters on his second turn;
kj1,...  kjm; counters on his j-th turn

in one cycle. Then the largest number of counters in each round for
alliances can be calculated using the following formulas, where r denotes
the cycle:

Ny=(r-1)(mn+n+1)+In

Ny =(r—1)(mn+m+n)+li,, + ki

Nz =(r—1)(mn+n+1)+1i1 + kim, + 121

Neg = (r—1)(mn+m+n)+lin, + ki1 +lon, + ko1

(4) :
NT(ZJ'*D = (7’ - 1)(mn+n+ 1) + 111+ klml + .- +lj1
Ny2jy = (r = 1) (mn+m+n) +lin, + ks + - + Ljn, + kj1,

where we skip the round if the previous value is larger than or equal to
the following one.

Proof. We compute Ny; by extending the formulas in Proposition 10.
Hence, to get Naj, we add | to the smallest number of counters that
alliance 1 can remove in the first cycle and the largest number of
counters that alliance 2 can remove in the first cycle, i.e.,

Not=li1+n+14+nm=1li1+mn+n+ 1.

However, if Ny(2;) > Na1, we skip the round Na;. Similarly, to compute
Nao, we add l1,, + k11 to the largest number of counters that alliance 1
can remove in the first cycle and the smallest number of counters that
alliance 2 can remove in the first cycle, i.e.,

Ngg:llnl+k11+(n+l)m+n:lln1+k11+mn+m+n.

In case N1 > Nag, we skip round two in the second cycle.
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Similarly, in each cycle, N, can be computed using the following
rules.

1) If k is odd, add the sum of the number of counters that alliance 1
can remove in the previous cycles and the largest number of counters
that alliance 2 can remove in the previous cycles to Ny, i.e.,

Ny =Ny +(r—=1)(mn+n+1).

2) If k is even, add the sum of the largest number of counters that
alliance 1 can remove in the previous cycles and the number of counters
that alliance 2 can remove in the previous cycles to Ny, i.e.,

Nk = N1 + (r — 1)(mn+m +n).

In these formulas we skip the round k+1 in a cycle r, if Npg > Np(x41),
1 <k <2j—1orround 1 in cycle r if Ny > Ng_1)2jy, 7 > 1. In
larger cycles we might need to skip several rounds in a row. ]

Proposition 12. Suppose alliance 1 can take

li1,- .. ,lin, counters on his first turn;
lo1,...,lan, counters on his second turn;
lj1,... ,ljn,; counters on his j-th turn

in one cycle. Also assume alliance 2 can take

ki1, .- ,kim, counters on his first turn;
koi,... ,kam, counters on his second turn;
kj1,... ,kjm; counters on his j-th turn

in one cycle. The length of round j of alliance 1 losses reduces by m —1
in each cycle.

Proof. We notice from formula (1) and from formulas (4) in Proposi-
tion 11 that in each cycle the sum of the smallest number of counters
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that alliance 1 can remove in a cycle added to the largest number of
counters that alliance 2 can remove in a cycle is m — 1 more than the
sum of the largest number of counters that alliance 1 can remove in
a cycle added to the smallest number of counters that alliance 2 can
remove in a cycle. The proposition follows. ]

Proposition 13. Suppose the largest round of alliance 1 losses in
the first cycle has length k. Then alliance 1 wins all the games starting
from cycle r, where r satisfies

(5) r> k1+1.

Proof. Given the formulas (4) in Proposition 11, for any particu-
lar game we can compute the largest number of consecutive losses for
alliance 1 in the first cycle. Let’s denote this value by k. By Propo-
sition 12, alliance 1 losses are decreasing in each cycle by m — 1. In
cycle r, every round for alliance 1 has reduced by (r —1)(m —1). Hence
alliance 1 will not lose in cycle r, where r satisfies

E—(r—1)(m—-1)<m-1
Thus, (5) follows. u]

Corollary 14. If any n+1 players form alliance 1 and the remaining
n players form alliance 2, then for a sufficiently large game, the larger
alliance will win.

Corollary 15. If the largest round of alliance 1 losses in the first
cycle has length k, then alliance 1 wins all the games that start with
more than r - max{Nya;_1, N12;} counters, where r is defined in (5).

Example 16. Consider the game from Example 9. Suppose each
player can take 1 or 2 counters; alliance 1 is formed by players 1, 5, 7,
8, 9, 10 and alliance 2 is formed by players 2, 3, 4, 6, 11.

Since N]_1 = 1, N12 = 5, N13 = N14 = 8, 7JV]_5 = 147 and N16 = 17,
then k£ = 9. We get that r > 10 by Proposition 13. Therefore alliance 1
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can win all the games more than r - max{Ni5, N1g} = 170 counters.
This number is high due to the large second round for alliance 1 in the
first cycle.

We can generalize these results to any misére Nim game with two
alliances. First, let’s state a proposition for alliances with equal
numbers of players.

Proposition 17. If any n players form alliance 1 and the remaining
n players form alliance 2, then this game is reducible to two-player
misere Nim, where each player can take n,...,mn counters.

Proof. The proof follows from [3, Proposition 4] and from the formula

max(Alliance 1) + min(Alliance 2) = mn +n
= min(Alliance 1) + max(Alliance 2). ]

In this situation, each alliance has an unbounded set of games they
can win. The key for us in our main work is that we can quantify the
size of a game where the larger alliance’s advantage is impossible for
the other alliance to overcome.

Main Theorem. If any n+ j (j > 1) players form alliance 1 and
the remaining n players form alliance 2, then for a sufficiently large
game, the larger alliance will win.

Proof. Alliance 1 can take n + j up to mn + mj counters in one
cycle and alliance 2 can take n up to mn counters in one cycle. Since
both alliances play wisely, then one of them will take away the largest
possible number of counters, the other one the smallest possible number
of counters [3, proof of Theorem 8]. Modifying formulas (1) in the proof
of Proposition 5, in each cycle,

(6) max(Alliance 1) + min(Alliance 2) = mn +n + mj
> min(Alliance 1) + max(Alliance 2) = mn + n + j.

Substituting (6) in the proofs of Proposition 12 and Proposition 13, the
Main Theorem follows. ]
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The final result shows that if the game starts with a large enough
number of counters, the larger alliance will win the game no matter
how the alliance members are distributed. Furthermore, given the
distribution of the players in alliance and the number of counters to be
removed, one can exactly determine (by modifying formula (5)) how
big of a game is necessary.
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