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AN IDENTITY OF THE SYMMETRY FOR THE
FROBENIUS-EULER POLYNOMIALS ASSOCIATED
WITH THE FERMIONIC p-ADIC INVARIANT
¢-INTEGRALS ON 7Z,

TAEKYUN KIM

ABSTRACT. The main purpose of this paper is to prove an
identity of symmetry for the Frobenius-Euler polynomials. It
turns out that the recurrence relation and multiplication the-
orem for the Frobenius-Euler polynomials which discussed in
[18]. Finally we investigate several further interesting proper-
ties of symmetry for the Fermionic p-adic invariant g-integral
on Z, associated with the Frobenius-Euler polynomials and
numbers.

1. Introduction. The nth Frobenius-Euler numbers H,(q) and
the nth Frobenius-Euler polynomials H,, (g, z) attached to an algebraic
number ¢(# 1) may be defined by the exponential generating functions

> t" 1—gq
H, - = ) 6, 7|,
S Hla) g = ot see 16,
m - 1
-q ,
§ Hn(Qam)_': t ™.
oy n!  et—gq

It is easy to show that H,(q,z) = > (7)z"'Hi(q). Let p be a fixed
prime. Throughout this paper Z,, Q,, C and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational
numbers,; the complex number field, and the completion of algebraic
closure of Q,. When one talks of g-extension, g is variously considered
as an indeterminate, a complex q € C, or a p-adic number g € C,, see
[7-17, 19, 20, 21]. If ¢ € C, then we assume |¢| < 1. If ¢ € ¢,
then we assume |1 —g¢|, < 1. For # € Q,, we use the notation
[aly = (1—¢%)/(1—q) and [a]_y = (1 (—q)*)/(L+4q), see [5, 6]
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The normalized valuation in C, is denoted by |- |, with |p|, = 1/p.
We say that f is a uniformly differentiable function at a point a € Z,
and denote this property by f € UD(Z,), if the difference quotients
Fi(z,y) = f(z) — f(y)/xz — y have a limit [ = f'(a) as (z,y) — (a,a).
For f € UD(Z,), let us start with the expression

S X A= X V2,

7 o<j<pi 0<j<p™

representing a g-analogue of Riemann sums for f, see [5, 6]. The
integral of f on Z, will be defined as limit (n — oco) of those sums,
when it exists. The g-deformed bosonic p-adic integral of the function
f € UD(Z,) is defined by

- / ) du(e) = i

Thus, we note that

Z f(x)q", see [5].

q 0<z<dp™

q—1,
1q(f1) = 14(f) + (¢ — 1)f(0) + 10gqf (0),

where fi(z) = f(z +1), f'(0) = df (0)/dz.
The Fermionic p-adic invariant g-integral on Z, is defined as

) )
D= [, 1@ ) = Jin oo 3 @0, s l5]

In [22], Tuenter provided a generalization of the Bernoulli number
recurrence

m—1
B,, = ai—am) Za’( > sz I, see [1, 3, 4],

7=0

where a,m € Z with a > 1, m > 1, attributed to Deeba and Rodriguez
[3] and to Gessel [1]. Define S, (k) = 0™ + 1™ + --- + k™, where
a,m € Z, with a > 0 and m > 0. Tuenter proved that the quantity

Z (T) a1 Bjb™ 1S, j(a — 1), see [22],

j=0
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is symmetric in ¢ and b, provided a,b,m € Z, with a > 0,b > 0
and m > 0. In this paper we prove an identity of symmetry for the
Frobenius-Euler polynomials. It turns out that the recurrence relation
and multiplication theorem for the Frobenius-Euler polynomials was
discussed in [18]. Finally we investigate the several further interesting
properties of the symmetry for the Fermionic p-adic invariant g-integral
on Z, associated with the Frobenius-Euler polynomials and numbers.

2. An identity of symmetry for the Frobenius-Euler polyno-
mials. From (2) we can derive

(3) gI_o(f1) +I-4(f) = [2]4f(0), where fi(z) = f(z+1).
By continuing this process, we see that

L g(fa) + (~)" Lo (f) = (20, 3 (-1 (1),
=0
where f,(z) = f(z +n).

When n is an odd positive integer, we obtain

(4) 0" Iq(fn) + Io(f) = 2 ) (-1)'F(1)d"-

(5) ST o) = T o) = 2, S (-1 D)
=0
From (1) and (3) we derive
=t _ 1_(_(])71 _ = -1 ﬁ
© [ ) = g = S el

Thus, we note that
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and

/Z (y+x)"dp_g(z) = H,(—q %, x).

Let n € N with n =1 ( mod 2). Then we obtain

20, ) (-1)'"1 =q"Hp(—q7 " n) + Hi(—q71).

¢"Hn(-q ')~ Ho(-q ") =2l ) (-1 1q'1™

By substituting f(z) = e*! into (4), we can easily see that

n ,nt 1
n (z+n)td B Tty —[2 qg'e” +
f, e @+ [ @) =2,
(7) n—1

=2, S (=1)glet.

Let Sk q(n) = Y1 o(—=1)!1%¢". Then S 4(n) is called the alternating
sums of powers of consecutive g-integers. From the definition of the
Fermionic p-adic invariant g-integral on Z,, we can derive

(8)

2l J7, e dp—q(x)
n (z+n)td / xt g _ Z,
qg'e U—_qg(x) + e du_qg(x .
/ p )+ [, o) = e

By (8), we easily see that

/ q("_l)ze"”d,u,q(x)
z

p

_ 1+g¢
_qnent+1'

Let wy, w2(€ N) be odd. By using double Fermionic p-adic invariant
g-integral on Z,, we obtain

pr pr €(w1z1+wzzz)t dﬂfq(fﬂl) d,Udfq(3?2) [Q]q(qunwz ewiwat + 1)

fZ ewlwzth(wlwzfl)w d,u,q(x) (q@wlt + 1)(qew2t + 1) .

P
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Now we also consider the following Fermionic p-adic invariant g-
integral on Z, associated with Frobenius-Euler polynomials.

gy Ly et (o) de ()
(9) pr ewlwzwtq(wlwzfl)x d,u,q(it)
B [Q]qewlwzmt(qwlwzewlwgt + 1)

(ger* + 1)(ge™* +1)

From (8) and (9), we can derive

[2]q fzp et dp—q(z) B wil L
fzp ewrwtglwi—e dy_ (z) 2], ; (=1)'qe
(10 =3 (il 3 et

2]y Jy, € dpu () >

pr ewlwzth(w1w2—1)zd'u,_q($)

_ <ﬁ f:Hi(_q—l,W)f,—fti> <[2]q§;s,,qw2 (w1 — 1)1;’—!3#)

et (zl+w2z)td‘u_q(l,1)> (

1=0
- Z (Z < '>Hi(_q_1’w2m)5”i7q“’2 (wy — 1)wiw31> nl’
n=0 i=0 ? n!

where H,,(—g~!, ) are the nth Frobenius-Euler polynomials.
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On the other hand,
(12)

I= <L/Z ew2($2+w1z)td‘u_q(x2)> ( [2]4 fz,, ety _g(z1) >

2lo Jz, Jz, evrrtqtore e du_, ()

> wht!
JEDIEFATEIEY
=0
~ & n — i, n—1 "
=2 (Z <i>Hi(—q L wi2) S ger (w2 — 1whwy >E

n=0 *i=0

1 > _ whtt
_—<2Hi(—q 1,w1:c) ;

By comparing the coefficients ¢™ /n! on the both sides of (11) and (12),
we obtain the following theorem.

Theorem 1. Let wq,w2(€ N) be odd, and let n(> 0) with n =1
(mod 2). Then we have

n

n i) n—i
(1s) > <i>H"(‘q_l’w2$>5ni,qwz (w1 — 1wiwy

i=0
- n —1 i, n—i
= Z ; Hi(—q ", w12)Sy—i g1 (w2 — Dwyw] ",
i=0
where H,(q,z) are the nth Frobenius-Euler polynomials.
Setting x = 0 in (13), we obtain the following corollary.

Corollary 2. Let wy,w2(€ N) be odd, and let n € Z be odd. Then
we have

n n _ 1. n—i
Z (1>Hz(q 1 S,—i quz (w1 — 1)wiw}

i=0

~ (n - i n—i
=> <Z~>Hi(—q ) Sn—iger (w2 — Nwpwi ™,
i=0

where H;(—q™') are the nth Frobenius-Euler numbers.
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If we take wp =1 in (13), then we have

00 o) = 3 (1) Ha )80 ol —

=0

Setting = 0 in (14), we obtain the following corollary.

Corollary 3. Let wi(> 1) be an odd integer, and let n € Z, with
n=1 (mod 2). Then we have

o) =3 (T Hla™) S alan =

7

From (7) and (8), we derive

(15)
I (ewlwzwt/ ew1z1td‘u (x ))( [2]q fzp ewzzztd‘u_q(l'Z) >
=\— —q(z1
[2],1 z, 1 pr ewlwzmtq(w1w2—1)”3d,u_q(1:)
ew1waet wix o wal w
— (T/ et 1td’u_q(x1)> ([2]q Z (71)1(] 2l zlt>
q Z, 1=0
wi;—1
= Z (,l)lqwzl/ e(w1+wzz+(w2/w1)l)tw1d‘u_q(xl)
1=0 Zp
o wi—1 w m
— n -1 l wlen -1 —2l i
S (w2 (W ineg w20 )

On the other hand,

W1 WoT wiTyt
e t/ ev2eatdy  (x,) [Q]qupe vrtdpq(21)
[2]q z q fZ 6w1w2th(w1w271)zd‘u_q($)

P

(- [ emsan o)) (1 S (caygeitetmtrmmsen)

P =0

(16)

I




246 TAEKYUN KIM

wo—1
— Z (_1)lqwll/z €(z2+w1z+(w1/wz)l)thd,u,q(.’132)

= P

oo wa—1 n
_ n 1wl -1 w1 t
_Zo<w2 E (-1)'q 1Hn<—q ,w1m+w—2l>>a.

=0

o

By comparing the coefficients ¢" /n! on the both sides of (15) and (16),
we obtain the following theorem.

Theorem 4. Let wy,wz(€ N) be odd, and let n € Z, withn =1
(mod 2). Then we have

w1 —

1
n w - w
wy Z (-1)'q¥*'H, < —q L war + w_jl)
1=0

w2 —

1
w
= wy E (—l)lqwllHn< —q Y wx+ w—ll)
1=0

2

Setting wa = 1 in Theorem 4, we get the multiplication theorem for
the Frobenius-Euler polynomials as follows:

w1 —

1
_ n _ l
Hn(_q 1,’LU1.’13) =w Z (_]-)lqun(_ q lam + w_l)
=0
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