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COMPLETE CONTINUITY PROPERTIES FOR
THE FREMLIN PROJECTIVE TENSOR PRODUCT OF
ORLICZ SEQUENCE SPACES AND BANACH LATTICES

QINGYING BU, DONGHAI JI AND XIAOPING XUE

ABSTRACT. In this paper, we show that if ¢ is an Orlicz
function then &p@FX, the Fremlin projective tensor product
of an Orlicz sequence space £, and a Banach lattice X, has
the complete continuity property (respectively, the analytic
complete continuity property) if and only if both £, and X
have the same property.

1. Introduction. Randrianantoanina and Saab in [14] showed
that, for a finite measure p, the Bochner function space Lj(u,X),
1 < p < o0, has the complete continuity property whenever the Banach
space X does. Bu in [1] showed that, for a o-finite measure p, the
Bochner function space Ly (¢, X), 1 < p < 00, has the analytic complete
continuity property whenever the Banach space X does. Moreover,
Randrianantoanina in [13] obtained several results about the complete
continuity property and the analytic complete continuity property in
the Kothe-Bochner function space E(X), where E is a Kothe function
space and X is a Banach space. In 2004, Dowling in [5] showed that
L,[0,1]®, X, the projective tensor product of L,[0,1], 1 < p < oo,
and a Banach space X, has the complete continuity property and
the analytic complete continuity property whenever X has the same
property. In addition, he also showed in [6] that if U is a Banach space
with an unconditional basis and X is a Banach space, then U®,X,
the projective tensor product of U and X, has the complete continuity
property and the analytic complete continuity property if and only if
both U and X have the same property.

Fremlin in [7, 8] investigated the positive projective tensor product
X®pY of Banach lattices X and Y, for convenience, called the Fremlin
projective tensor product. Dowling in [6] showed that {,QrX, 1 < p <
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00, has the complete continuity property and the analytic complete
continuity property whenever the Banach lattice X has the same
property. In this paper, by using the sequential representation of
(,®rX given in [3], we show that £,®pX, where £, is an Orlicz
sequence space and X is a Banach lattice, has the complete continuity
property and the analytic complete continuity property whenever both
£, and X have the same property.

Notations. For a Banach space X, X* denotes its dual space, and
By denotes its closed unit ball. For a Banach lattice X, X+ denotes
its positive cone. For T = (z;); € XN and n € N, we write

Z(>n)=(0,...,0,Zpn, Tpi1,---).

2. Concepts and definitions. A bounded linear operator from a
Banach space X to a Banach space Y is called completely continuous
(or Dunford-Pettis) if it takes weakly null sequences in X into norm
null sequences in Y. A Banach space X is said to have the complete
continuity property (CCP in short) if, for any finite measure space
(Q, X, v), each bounded linear operator from L;(v) to X is completely
continuous, or equivalently, if for any finite measure space (2,%,v),
each countably additive v-continuous X-valued measure p of bounded
variation has a relatively compact range, i.e., {u(4) : A € ¥} is a
relatively compact subset of X (see [12]).

Let X be a complex Banach space, T = {z € C : |z| = 1} be the
unit circle of C, let B be the o-algebra of Borel subsets of T and let A
be the normalized Lebesgue measure on T. A countably additive X-
valued measure p of bounded variation is called analytic if its Fourier
coefficients fi(n) = [ e ™" du(t) = 0 for all n < 0. A complex Banach
space X is said to have the analytic complete continuity property if each
analytic X-valued measure has a relatively compact range (see [15]).

Next let us introduce the complete continuity properties associated
with subsets of a discrete abelian group. Let G be a compact metrizable
abelian group, let B(G) be the o-algebra of Borel subsets of G, let A
be a normalized Haar measure on G, and let " be the dual group of
G. For a real or complex Banach space X, we denote by Ly (G, X),
respectively Lo (G, X), the Banach space of (all equivalence classes
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of) A-Bochner integrable functions on G with values in X, respectively
(all equivalence classes of) A-measurable X-valued functions that are
essentially bounded. If y is a countably additive X-valued measure on
B(G), we say that it is of bounded variation if sup ) 4. ||n(A)[| < oo,
where the supremum is taken over all finite measurable partitions of
G. The measure p is said to be of bounded average range if there is a
positive constant ¢ so that [|u(A)|| < cA(A) for every A € B(G). We
denote by M1 (G, X) the space of all X-valued measures on B(G) that
are of bounded variation and by M (G, X) the space of all X-valued
measures on B(G) that are of bounded average range.

For vy € T and f € L1(G, X), we define the Fourier coefficient of f at
7y by

ﬂwzljmwww@.

Similarly, for u € M; (G, X), we define the Fourier coefficient of u at
7y by

mw=4wwmw

Let A be a subset of I'. A measure p in M;(G,X) is called a A-
measure if [i(y) = 0 for all v ¢ A. A Banach space X is said to have
the type I-A-complete continuity property (I-A-CCP in short) if every
A-measure p in M, (G, X) has a relatively compact range, and to have
the type II-A-complete continuity property (II-A-CCP in short) if every
A-measure p in M;(G,X) has a relatively compact range (see [16];
also see [4]).

Remark 1. If G = {—1,1}N, the Cantor group, then I' = {—1,1}(N)
and Fourier coefficients of measures on B(G) with values in a real
Banach space are well-defined. If A = T', then I-A-CCP and II-A-
CCP are equivalent, and equivalent to the usual complete continuity
property (see [5, 15]).

Remark 2. If G =T, then I' = Z and Fourier coefficients of measures
on B(G) with values in a complex Banach space are well defined. If
A = Z, then I-A-CCP and II-A-CCP are equivalent, and equivalent
to the usual complete continuity property. If A = N U {0}, then I-A-
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CCP and II-A-CCP are equivalent, and equivalent to the usual analytic
complete continuity property (see [5, 15]).

3. CCP for Orlicz sequence spaces. An Orlicz function is a
continuous nondecreasing and convex function ¢ : [0,4+00) — [0, 4+00)
such that ¢(¢t) = 0 only at ¢t = 0 and lim;, 1 ¢(t) = +oco. Every
Orlicz function ¢ has a right derivative p and

p(t) = /Otp(u) du, t>0.

If p satisfies p(0) = 0 and lim;, . p(t) = +oo (these restrictions
exclude only the case that (when ¢(t) is equivalent to t) ¢, = ¢1),
then the right inverse g of p,

q(s) =sup{t:p(t) <s}, s>0,

is a right continuous nondecreasing function such that ¢(0) = 0 and
q(s) > 0 whenever s > 0. Define

p*(s) = /0 q(u) du, s>0.

*

Then ¢* is also an Orlicz function and ¢ is its right derivative. ¢* is
called the function complementary to ¢ (see [9, page 147]).

We say that an Orlicz function ¢ has its complementary function if
its right derivative p satisfies p(0) = 0 and lim; o p(t) = +00. An
Orlicz function ¢ is said to satisfy the Ag-condition (at zero) if there
exist K > 0 and ¢y > 0 such that ¢(2t) < K¢(t) for every 0 < t < to.

The Orlicz sequence space £, is defined by

l, = {a = (a;); € RN : Zcp(|)\ai|) < 400 for some A > 0}.
i=1

The space £,, equipped with the norm

||a||¢¢ = inf {)\ >0: Z@(%) < 1}, a=(a;); €y,
i=1
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is a Banach space (see [9, Chapter 4]). For a Banach space X, the
X-valued Orlicz sequence space £, (X) is defined by

0,(X) = {f = (z;); € XN : Z@(HAQJ,H) < oo for some A > O}.

i=1

Then £,(X), equipped with the norm

. - T —
el 0 =t {3 0530 (150) <1}, 2= @i e g0,
i=1

is a Banach space. It follows from [9, page 138, Proposition 4.a.4]
that an Orlicz function ¢ satisfies the Aj-condition if and only if
lim,, [|Z(= n)lle,(x) = 0 for each T = (z;); € £,(X).

First we characterize compact subsets of £,(X) as follows.

Proposition 1. Let ¢ be an Orlicz function satisfying the Aq-
condition. Then a subset B of £,(X) is relatively compact if and only
if for each i € N, the set {z; : T = (z;); € B} is a relatively compact
subset of X, and

(1) liTILnsup{HE(Z n)lle,(x): T € B} = 0.

Proof. Suppose that B is a relatively compact subset of £,(X). It
is easy to see that {x; : T = (x;); € B} is a relatively compact subset
of X for each ¢ € N. Next assume that (1) does not hold. Note that
lim, [|[Z(> n)le,(x) = 0 for each T € £,(X) since ¢ satisfies the Aa-

condition. There exist an g9 > 0, Z*) = (:cgk))i € B for each k € N,

and a subsequence ny < m; < ng < mg < --- such that
z(k) (> > k=1,2
T n €
H (_ k) 0, (X) = <0, ) 4y ’
and
Hz(k)(z m))|, )§50/2, m>my, k=1,2,....
]
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For each k,7 € N with k£ > j,

Hf(m _ =)

> ||z (> _ = (>
o 2 [FOE ) -7 )

Ly £o(X)

Lo(X
Z =) —50/2 :50/2.

Lo (X)

Thus the sequence {Z(¥)}$° in B cannot have any limit point in £, (X),
which shows that B is not a relatively compact subset of ,(X). This
contradiction shows that (1) holds.

On the other hand, suppose that each {z; : T = (z;); € B} is a
relatively compact subset of X and (1) holds. Take a sequence {Z(™ }$°
in B. By the diagonal method, there exists a subsequence {E(m’“)}‘fo of
{z(™)}%° such that

(2) lillcn ™) exists in X for each i € N.

For each ¢ > 0, there exists, by (1), an ng € N such that

By (2), there exists a kg € N such that for each k,j € N with k, j > ko,

Thus for each k,j € N with &k, j > ko,

no
< Hx(m’“) — glma)
lo(X) ; ' '

+ HE(’"“(Z no + 1)

:L.Z(mk) . mz(mj)

<E/2n0, i:1,2,...,n0.
X

Hf(mw _ z(my)

X

Lo (X)

+ Hf“”a‘)(z no + 1)

£ (X)
<e/2+¢e/d+e/d=c¢.

Therefore {Z(™*)}$° is a Cauchy sequence in £,(X) and hence a
convergent sequence in ¢,(X). This shows that B is a relatively
compact subset of £,(X). O



FREMLIN PROJECTIVE TENSOR PRODUCT 1803

Corollary 2. Let p be an Orlicz function satisfying the As-condition.
Then a subset B of £, is relatively compact if and only if for each
i € N, the set {a; : a = (a;); € B} is a bounded subset of R, and
lim, sup{[|a(> n)||¢, : a = (a;); € B} = 0.

Next we present a characterization of ¢,(X) having types of CCP.

Theorem 3. Let ¢ be an Orlicz function satisfying the Ag-condition.
Let G be a compact metrizable abelian group, I' the dual group of G and
A a subset of I'. Then {,(X) has I-A-CCP, respectively II-A-CCP, if
and only if both £, and X have I-A-CCP, respectively 1I-A-CCP.

Proof. We will give the proof for II-A-CCP. The similar proof for
I-A-CCP will be omitted. We need only to show that if £, and X have
II-A-CCP then ¢,(X) has II-A-CCP.

Let p : B(G) — £,(X) be a A-continuous, A-measure of bounded
variation. We want to show that {u(E) : E € B(G)}, the range of p, is
a relatively compact subset of £,(X). For each i € N, define

pi: B(G) — X, Er— p(E);,
where p(FE); is the ith coordinator of p(E). Note that for each

E € B(G), [|[mi(EB)l|x < [[u(E)lle,x)- Each p; is also a A-continuous,
A-measure of bounded variation. Since X has II-A-CCP,

(3) {u(E)i = ui(E) : E € B(G)}
is a relatively compact subset of X for each ¢ € N. Define
f:B(G) — Ly, Er— ([1(B)illx)i-
Note that, for each E € B(G), |[z(E)|le, = ||[#(E)|le,(x)- Thus fz is a

A-continuous, A-measure of bounded variation. Since £, has II-A-CCP,
{i(E) : E € B(G)} is a relatively compact subset of £,. By Corollary 2,

lim sup {H(O,...,O,||,u(E)n||X,||p(E)n+1|X,...) e

:EeB(G)}_O.

®
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That is,
(4)
lirlbnsup {H (07 -0, /“I’(E)nnu’(E)T%Flv - )

-EeB(G)} =0.

o (X)

It follows from (3), (4) and Proposition 1 that the set {u(E) : E €
B(G)} is a relatively compact subset of £, (X). O

4. CCP for the Fremlin projective tensor product. Through-
out this section, X will be a Banach lattice. For an Orlicz function ¢,
define

£ (X) = {z: (z:); € XN : (:v*(|mi|)>i €, for all z* € X*+}

and
el o0 = sup { | (o) |, s € B},
for all 7 = (x;); € €5,(X).

Then (5,(X) is a Banach lattice (see [3]). For an Orlicz function ¢ that
has its complementary function ¢*, define

£5%) = { = (@9s € X Yot (o) < 400,

i=1
for all (z}); € Z;(X*)*’}
and

IZllez (x) = sup {;xfﬂxiD : (2})i € B (xo+ } for all 7 € £7(X).

Then ¢%(X) is a Banach lattice (see [3]).

For Banach lattices X and Y, the projective cone on the algebraic
tensor product X ® Y is defined to be (see [11, page 229])

Cp= {ka@)yk:neN, zr € XY,y EY"'}.
k=1



FREMLIN PROJECTIVE TENSOR PRODUCT 1805

Fremlin [7, 8] introduced the positive projective tensor norm on X @ Y
as follows:

fullo) = sup { [ blen )l su =3 s o € XY, e M,
k=1 k=1

where M is the set of all positive bilinear functionals ¢ on X x Y with
|| < 1. Let X®&pY denote the completion of X ® Y with respect to
the norm || - ||;5|. Then X®pY with C, as its positive cone is a Banach
lattice (see [7, 8]), called the Fremlin projective tensor product of X
and Y. Bu, Buskes and Lai in [3] gave a sequential representation of
Q,(X\)FX as follows.

Proposition 4. Let X be a Banach lattice and ¢ an Orlicz function
that has its complementary function. If ¢ satisfies the As-condition,
then £,@p X is isometrically lattice isomorphic to (7(X).

Recall that a Banach space X is said to semi-embed into a Banach
space Y if there is a one-to-one continuous linear operator from X to
Y such that the image of the closed unit ball of X is closed in Y (see
[10]). A Banach space property P is said (i) to be separably determined
if a Banach space X has P whenever every separable closed subspace of
X has P, and (ii) to be separably semi-embeddably stable if a separable
Banach space X has P whenever X semi-embeds into a Banach space
Y with P. Conditions (i) and (ii) imply that if a Banach space X has
P, then so does every closed subspace of X. Conditions (i) and (ii)
also imply that if X and Y are isomorphic Banach spaces and Y has
P, then X has P, see [6].

Theorem 5. Let X be a Banach lattice, and let ¢ be an Orlicz
function that has its complementary function and satisfies the Ao-
condition. Let P be a Banach space property such that P is separably
determined and separably semi-embeddably stable. If ,(X) has P, then
E¢®FX also has P.

Proof. To show Zg,@) rX has P, it suffices to show that every separable
closed sublattice S of ¢,®rX has P. By [3, Proposition 6.3], there
exists a separable closed sublattice Z of X such that S is a sublattice
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of £¢®FZ. By Proposition 4, to show S has P, it suffices to show
¢7(Z) has P. By [3, Proposition 3.6, £7(Z) semi-embeds into £, (Z).
Note that, for each 7 = (2;); € (((2), limy, [|[Z(= n)llex(z) = 0 (see 3,
Proposition 3.5]). Thus ¢7(Z) is separable and hence, to show (7 (Z)
has P, it suffices to show £,(Z) has P. Note that £,(Z) is a separable
closed subspace of £,(X). £,(Z) has P and the proof is complete. o

Note that I-A-CCP and II-A-CCP are separably determined and
separably semi-embeddably stable (see [16]). The following result is
a consequence of Theorem 3 and Theorem 5.

Corollary 6. Let X be a Banach lattice, and let ¢ be an Orlicz func-
tion that has its complementary function and satisfies the Aq-condition.
Let G be a compact metrizable abelian group, I' the dual group of G and
A a subset of I'. Then €¢®FX has I-A-CCP, respectively II-A-CCP, if
and only if both £, and X have I-A-CCP, respectively II-A-CCP.

It is known that ¢y does not have the (analytic) complete continuity
property. Thus, if £, has the (analytic) complete continuity property,
then £, contains no copy of ¢y and hence, no copy of . By [9, page
138, Proposition 4.a.4], ¢ satisfies the Ay-condition. Thus, we have our
main results as follows.

Corollary 7. Let X be a Banach lattice, and let ¢ be an Orlicz
function that has its complementary function. Then €¢(§FX has the
complete continuity property, respectively the analytic complete conti-
nusty property, if and only if both £, and X have the same property.

Note that if an Orlicz function ¢ does not have its complementary
function then ¢(t) is equivalent to ¢ and hence £, = ¢. In this case,
l1®pX =11®,X. Thus /1@ X has the complete continuity property,
respectively the analytic complete continuity property, whenever X
has the same property (see [6]). Now we can formulate Corollary 7 as
follows.

Corollary 8. Let ¢ be an Orlicz function. Then &P(/X\)FX, the Fremlin
projective tensor product of an Orlicz sequence space £, and a Banach



FREMLIN PROJECTIVE TENSOR PRODUCT 1807

lattice X, has the complete continuity property, respectively the analytic
complete continuity property, if and only if both £, and X have the same
property.
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