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DOUBLE EULER SUMS
ON HURWITZ ZETA FUNCTIONS

MINKING EIE AND WEN-CHIN LIAW

ABSTRACT. In an attempt to derive explicit evaluation of
the double Euler sum with Dirichlet characters defined by

(k) : 1

X

X ._E =
Spua k4 i’

k=1 j=1

we decompose it into double Euler sums on Hurwitz zeta
functions. In this paper, we give explicit evaluation of these
Euler sums on Hurwitz zeta functions in terms of Hurwitz zeta
values and the digamma function.

1. Introduction. For a pair of positive integers p and g with ¢ > 2,
the classical (double) Euler sum is defined as

=1
(1.1) Spq = Z E

=1 7

b1
=7

It is well known that S, 4 can be evaluated in terms of values at positive
integers of the Riemann zeta function when p = 1 or (p,q) = (2,4)
or (p,q) = (4,2) or p = q or p+ ¢q is odd. For explicit evaluations
of the classical Euler sums or related alternating sums, readers may
consult [2, 3, 6, 11, 16, 18]. Note that our S, , is referred to as the
double Harmonic series and denoted by S(g,p) in [12, 13] but is called
double zeta-star value and denoted by ¢*(¢,p) in [1]. It now becomes
more customary to denote the double zeta values by ((s1,s2), which
unfortunately conflicts with equally standard ((s, ) notation for the

2000 AMS Mathematics subject classification. Primary 11MO06, Secondary
11M35, 33B15.

Keywords and phrases. Euler sums, Hurwitz zeta function.

The first author was supported by the Department of Mathematics, National
Chung Cheng University and by the National Science Council of Taiwan, Republic
of China. The second author was partially supported by the National Science
Council of Taiwan, Republic of China, through grant NSC94-2115-M-194-009.

Received by the editors on August 10, 2006, and in revised form on July 6, 2007.

DOI:10.1216/RMJ-2009-39-6-1869 Copyright ©2009 Rocky Mountain Mathematics Consortium

1869



1870 MINKING EIE AND WEN-CHIN LIAW

Hurwitz zeta function. Since our focus is more on representation of
the double Euler sums in terms of the Hurwitz zeta values, we shall
reserve the ¢ notation throughout for either the Riemann or Hurwitz
zeta functions.

As a generalization of double Euler sums, we replace the role of the
Riemann zeta function by the more general Hurwitz zeta function,

— 1
(1.2) C(s,z) = ———, Res>1 z>0.
G

This leads to the consideration of double Euler sums on Hurwitz zeta
functions.

For a pair of positive integers p and ¢ with ¢ > 2 and positive real
numbers x and y with z,y < 1, we define

(1.3) Hpq(z,y) = Z (k +y) Z (j + )P’

k=0 j=0
where
i k if ¢ <y;
k-1, ifz>y.

The following reflection formulae are immediate: For p,q > 2,

(1.4) Hyo(z,y) + Hyp(y, ) = (P, 2)¢(g, y),
if ¢ #y, and
(1.5) Hyq(z,2) + Hyp(z,2) = ((p,2)¢(q, %) + {(p + ¢, @).

Such new Euler sums provide a continuous version of, and actually
building blocks for, the classical Euler sums or various kinds of gener-
alized Euler sums [5, 7, 8, 9, 10, 18].

Example 1. For the classical Euler sums, we have

(1.6) H,,(1,1) = Spq,
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and, for any positive integer IV,

(1.7) Spa = Np+q iiHM( >

a=1b=1

Example 2. Let r = a/b with a and b being relatively prime positive
integers. Then the extended Euler sum considered in [5],

oo

[kr]
(1.8) E() = Z Zl
=17

k:l

can be written as

aN bN
(r) —
(1.9) Epq = apquP+q Z Z < >

Example 3. For Euler sums with Dirichlet character X modulo NN,
as considered in [7],

(k) o= 1
qu_p

1 J:l

M8

(1.10) SX =

p,q

x~
Il

we note that

2

(1.11)

N -1 a b
Spa = Np+q Z x(b <N’N>

a=1 1

o
Il

We may rewrite SX, as

p,q
(1.12)
1 N-1
X
§ 2NPt+q X(b)
b=1
N-1
a b N—-a N-b
H, |~ = ~1)H, A
Xa_l{ PaQ<N’N>+X( ) pvQ( N ? N >}
N-1
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Consequently, S;,fq can be explicitly evaluated provided that the quan-
tities in the braces of (1.12) can be evaluated, which is the case if
X(—=1) = (=1)P*9=1, This was proved, without giving explicit evalua-
tions, in [7].

This last example motivates us to consider, for 0 < z,y < 1,

(1.13) Tpq(x) := Hpo(l,2) + €Hp o(1,1 — )

and

(1.14) Gp.a(2,y) = Hpg(2,y) + eHpq(1 — 7,1 —y),
where

(1.15) e:=(-1)v = (-1,

so that ¢ = 1 if the weight w = p+ ¢ is odd and € = —1 when w is
even.

The exact purpose of the paper is to give explicit evaluations of
T, q(x) and G, 4(x,y). It will be easier to work with their companions,
which we now define. For 0 < x < 1 and a pair of positive integers p
and g with ¢ > 2, define
(1.16) Epq(@) == Hpq(x,1) + eHp o (1 — z,1).

In view of the reflection formula, which follows from (1.4),

(1.17) Eyp () + Ty p(x) = {(p,2)¢(q) +£C(p, 1 — 2)C(q)

and the differentiation formula

(1.19) Brale) = o205 (1) Brato)

Theorem 1 and Corollary 1 below suffice to effect explicit evaluation of
Tpq().
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Theorem 1. Let Ep, 4(x) be defined by (1.16). For positive integers
qg>2,letw=1+q andec=(—1)?. Then

Ei4(z) = %{C(w —1,1-2z)—el(w—1,z)}rcotmz
(1.19) (a=1)/2
- Y (CO{(w-261—2)+e((w—22)},
=0

where, as is customary, (0) = —1/2.

Corollary 1. For positive integers p and q with ¢ > 2, and w = p+q
and € = (—1)P*9=1 we have
(1.20)

Epq(z) = (1)p1{% <j_12>

x{((w-1,1—2)—el(w—1,2)} T cot

(L ) ek i g Cotee s o))
(=1

x {C(w—€—-1,1—2)+e(-1)"¢(w—€—1,z)}

[(a=1)/2]
w—20—-1
( o )cm)

X {C(w—20,1—2)+el(w—2¢,2)} }

£=0

As regards the evaluation of G 4(z,y), it is convenient to employ the
notation for the digamma function:

(1.21) P(z) =

Theorem 2. For 0 < x < y < 1 and positive integers q > 2, let
e =(-1)2. Then
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(1.22)
2G14(z,y) = {C(q,y — ) —eC(g,1 + & — y)} {m cot mz — wcot my}

+{¢(g,y) +e¢(g,1 - )}
x {—p(x) — (1 —z)+ ¢y —z) + (1 +z —y)}

> {lg+1-Ly —x)+e(-1)*C(g+ 16,1+ z—y)}
=2

< {¢y) + (—1) (61— y)}

Remark 1. Since we have the following differentiation formulae,

G AN
(1.23) Grate) = U () Guaten
and

-1/ 0
120)  Guynlew)= = (a—y)cp,q(a:,yx

it is not difficult to derive explicit evaluation of E, 4(z,y)+ Hp (1 — z,
1 —y) for odd w and of Hp 4(z,y) — Hp (1 — z,1 — y) for even w from
Theorem 2 if one so wishes.

2. The p =1 case. A key step to evaluating E, ,(z) or G, 4(x,v)
is the explicit evaluation when the index p is 1. As Hy 4(z,y) cannot
be evaluated directly, we shall start with obtaining explicit evaluation
of suitable combinations of H; 4(x,y) for various arguments x and y.
We need the Kronecker limit formula for the Hurwitz zeta function, see
e.g., [17, page 271, Section 13.21],

(2.) dm {2 f = vt
and its consequence

— [ 1 1
22) I ] S (OB (0}
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‘We shall also need
(2.3) Y(z) —Y(l—2z) = —mcot Tz

and the following partial fraction decomposition, see [3, 14]:
1 B z”: e (w1 01
(X +a)iXr g—1 Jaw-txt
q
e 4 1
(2.4) —1)P w - -
+;( ) p—1 )av= X + a)t

a2y Lof1 1)
g—1)av 1| X X+a
Proposition 1. For 0 < z < 1 and a positive integer q with q > 2,
we have

_|_
—_

Hi (L) = 5¢(+ 1) + (g, 0){(x) +7}

(2.5) q-1

1
3 C(lz)C(g+1—-¢,x),
l=

(V)

where vy is Euler’s constant defined by

. "1
v = nll)nolo <ZE —logn>.

k=1

Proof. By definition, we have

Ed
[u

HLq(l,l‘)

Mg

(k+x) 0]—i—l

El
Il
=

E'qg

= 1
p Z (k+j+14z)(j+1)

If we let p = 1 in the partial fraction decomposition (2.4), then

1
1 1 (1 1 K 1
(2.6) ———=—{__ N
(X+a)1X o1|X X+a = af(X + a)rti-t
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Using this we rewrite Hy 4(1,z) as

=1 (1 1
Hy ,(1,z) =
La(L,2) E:@+mﬁ;;{j+l k+j+1+m}

oo oo 1
: Zj;o(k+:c)f(k+j+1+m)q+l—“

which, in view of (2.2) and the fact that (1) = —~, is equal to

2.7)
Hyqo(Lz) = (g, @) {7y + ¥ (2)} + Hig(z,2) + (¢ - 1)C(g + 1,2)
- Z Hg’qul,g(Q?, x)
=1

In the sum of the righthand side, the first term corresponding to £ =1
cancels with Hy 4(z,z) and, by (1.5), the remaining sum is

g—1 q—1
1
Y Higii—i(z,@) = 3 D (Hegi-e(z, @) + Hyp1-e(, @)
=2 =2
142
I cla+ 1~ ta) +Cla+ 1)
=2
q—2 142
ZTCq+lx 52 Clg+1—2¢ ).
=2
Substituting this in (2.7), we finish the proof. o

The following propositions can be derived in a similar manner, and
so we omit the proof.

Proposition 2. For 0 < x < 1 and a positive integer q > 2, we have

(2.8) Hyg(z,z)+ Hiq(l —z,1)

S0+ 1—ta).
=2
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Proposition 3. For 0 < z < y < 1 and a positive integer q > 2, we
have

(2.9) Hiq4(z,y)+ H14(1 — 2,y — 2)
=gy —2){-¢(@) + ¥} + g y) {—v(1 —z) +¥(y —2)}

g—1

=Y LLy)lg+1— Ly — ).

(=2

3. The ETD system and proof of Theorem 1. As suggested by
(1.17) and (1.18), it is more natural to start our evaluation with E4 (),
than those of E, 4(z), and hence the evaluation of T, 4(z) follows at
once.

For 0 < < 1 and a pair of positive integers p and g with ¢ > 2, we
recall

(3.1) E,q(x) == Hp, 4(x,1) + eHp (1 — z,1),
(3.2) Tpq(x) :=Hpq(1,2) +cH, 4(1,1 — ),

where ¢ = (—1)P*9~! and define

(3.3) D, (z) :=Hp4(1 — 2,1 —z)+cH, (x, ).

Proposition 4. For 0 < x < 1 and each positive integer q with
q>2, and e = (—1)9, we have
(3.4)
Ey4(z) + D14(x) =C(¢g+1,1—2) +eC(¢+1,2)

=g, 1 =) {¥ (=) + v} —eC(q,2) {¥(1—z) + 7}
> CO{¢lg+1—t1—2)+e((g+1— L)}
=2

Proof. This follows from

E14(x) + D1 g(x) = e {H1q(z,z) + Hy 4(1 —z,1)}
+{H1,,(1-2,1—2)+ Hy4(z,1)}

and the evaluation obtained in Proposition 2. ]
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Proposition 5. For 0 < x < 1 and each positive integer q with
q>2,lete =(—-1)9. Then

(3:5)  Eng(x) = Diy(z)
= (g1 —2){(1 — ) + 7} + C(q, z) {o(z) + 7}

+Z DO {Clg+1—6,1—2) +eC(g+1—£,x)}.

Proof. To ease the burden of carrying around the ¢ factor in our
derivation, we shall deal only with the case ¢ = 2n throughout, the
case of odd ¢ being similar.

Specializing the parameters (p,q) = (2n — 1,2) in (2.4), we get
(3.6)

2n—1
1 1 1
S — 1)t (on — ¢ _
(X +a)2x2n1 ZZZQ (U Cn =0 iy T X T a)

1 1 1
2n —1
+(2n ) { X X+o }
It follows that

Hypo12(z,z) =¢(2n+1,x)
2n—1

n Z D20 — 0¢(2n+1 — 0)¢(L, x)

— Hznflyz(]., .’13) + ( n — 1)H1’2n($, ].)
Replacing z by 1 —  and adding together, we get
(3.7) Tan—12(x) + Dap12(x)
=(2n+1,2)+((2n+1,1 —z) + (2n — 1)Eq 2, (2)

2n—1

+ Z D20 —0)C(2n+1—0) {C(t,z) + (6,1 — z)}.

In the same way, we get
(3.8) Top—12(x) + Dap12(z)
=(2n+1,z)+¢2n+1,1—2)+ 2n — 1)¢{(2n,z) {y + ¥(x)}
+(2n—-1)¢(2n,1 — ) {y+¥(1 —2)} + (2n — 1) D1 2n(x)
2n—1

+Z D' (2n—0{¢(2n+1—6,2) + ((2n + 1—£,1—z)} {(¢)



DOUBLE EULER SUMS ON HURWITZ FUNCTIONS 1879

if we begin with

o0 o0 1
Hn— la = . . .
n-12(12) ,;;0 (k+j+1+2)2(j+ 1)1

Subtraction of (3.8) from (3.7) then yields the result. O

Proof of Theorem 1 and Corollary 1. The evaluation of E; ,(z) follows
from Propositions 4 and 5. Now Corollary 1 is an easy consequence by
virtue of (2.3) and the facts that

d
%C(sa 1- 33) = SC(S +1,1- 33),

d
%C(Sax) = _SC(S + 17$)a

and
d

@) — (1 -2)] =((2,2)+((21-2). D

Remark 2. Note that D, ,(z) can be expressed in terms of E, ,(z)
and T, ,(z) with the same weight u + v = p + ¢q. Besides, just like
the differentiation formula (1.18), the higher derivatives of Di 4(x)
recursively give the evaluation of D, ,(x) also.

4. The KL system and the proof of Theorem 2. From now
on, we assume that 0 < z < y < 1. The evaluation of

Gp,q(2,y) = Hp o(2,y) +eHpg(1 — 2,1 - y),

where ¢ = (—1)P*971 is a bit tricky. To this purpose, we introduce

two families of Euler sums, where each member consists of four terms

and is defined as

(4 l) prq(x’ y) = prq(x’ y) + €HP7(I(1 - m’ ]' - y)
+eHpq(y —z,y) + Hpg(l+z—y,1—y),

Lpq(z,y) :=eHpq4(y, ) + Hpq(l —y,1 — )

(4.2)
+ Hpqg(y,y —x) +eHyp (1 -y, 1+ 2 —y)
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and
(4.3) K, (z,y) = Hp4(z,y) + eHp (1 — 2,1 —y)

- 8Hp,q(y —z,y) - Hp,q(l +r—y,1-y),
(4.4) L, (z,y) == eHy 4(y,z) + Hpq(1 —y,1 - )

— Hpq(y,y — ) —eHpo(l —y,1+z —y).

Note that the desired quantity Gy, 4(x,y) is actually equal to

1 _ 1 _
i(vaq(l‘ay) + Kp,q(x’y)) = i(LP#I(]' - Y 1- l‘) + Lp,q(]- - Y 1- LE))

In view of (1.23) and (1.24), the task of deriving G, 4(x,y) comes down
to evaluating Gy 4(z,y), and therefore it suffices to evaluate Ly 4(z,y)
and Ly ,(z,y) instead.

Proposition 6. For each positive integer q with ¢ > 2, lete = (—1)4.
Then

(4.5) Lig(z,y) = C(g,y —2) {—¢(1 —y) + (1 — z)}
+¢(g, 1 —2) {—(y) +¥(y —2)}
+el(g,2) {—v(1—y) + (1 +z—y)}
+eC(g, 1 +z—y){-—¥(y) +¢(z)}
=Y C1-z)(g+1— Ly —2)

=2

q—1
—eY C(b1+z—y)(g+1—La)
=2

Proof. This follows from

Lyg(z,y) ={H1q(1—y,1 - )+ Hy o(y,y — x)}
+e{H1,,(1—y,14+z—y)+ Hi4(y,x)}

and Proposition 3. ]
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Proposition 7. For each positive integer q with ¢ > 2, lete = (—1)9.
Then

(4.6)
Ly (z,y) = g,y — 2) {—¢(z) + ¥(y)}
+eC(g, 1+ —y){-y(l —2) +¢(1-y)}
—e¢(g, ) {-¢(y — =) + ¥(y)}
—C(q,l—m){—¢(1+w—y)+w(l—y)}

+Z D (g+ 1 — Ly — z)¢(¢, x)

+EZ D (q+1— 61 +2 —y)C(61 — ).

Proof. We begin with

Ky 1o(z,y) = {Hy-12(7,y) +eHy—12(1 — 2,1 —y)}
—{eHy 12y —z,y) + Hy 12(1+z—y,1—-y)}.

Employing (2.4) with p and ¢ replaced by ¢ — 1 and 2, respectively,
we get
1
(X + a)2Xa!

It follows that, with e = (—1)9,

Hy1ae,y) = s(ij(—n“(q L0+ by - 2)c(l,)
=2
a—12y —z,y) + Hi 4(y,y — x)
T (g=1)(a - 1)C(ay — ) {—v(a) + ¢<y>})-
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We then apply the same process to other terms defining K" ; 5(z,y)
and sum together to get

(4.7)

Kq_fl,Z(l‘ay) = Kq_ (x,y) 75(q7 l)Ll_,q(‘Tvy)

+sZ g = 0¢(g+1 -ty — z)¢(¢, 2)
+Z DY g —0¢(g+1 -1+ —y)¢(61—x)

_ Z 1) (g - 0C(g+1 -4, 2)¢(l,y — z)

g—1
82 DY g - 0C(g+1-0,1—2) (01 +z —y)
=2

elg —1)¢(q,y — 2) {—¥(z) + ¥(y)}
(q )C(q,l+w— {-vQ-z)+y(1-y)}
— (¢ = 1)¢(g, 2) {-¢(y — =) + ¥(y)}

—elg —1)¢(g, 1 —2) {—¢(1+z—y) +9(1 —y)}.

Thus, our assertion then follows from an elementary calculation. ]

Proof of Theorem 2. Adding (4.5) and (4.6) together and changing
the variables (z,y) — (1—y, 1—z), we immediately derive Theorem 2. O
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