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WAVELET TRANSFORM ON SPACES OF TYPE W

R.S. PATHAK AND GIREESH PANDEY

ABSTRACT. The continuous wavelet transform is studied
on certain Gelfand Shilov spaces of type W. The continuity
and boundedness results for continuous wavelet transform are
obtained on some suitably designed spaces of type W defined
on RxR4,Cx Ry and C x C.

1. Introduction. The spaces of W-type were studied by Gelfand
and Shilov [2]. They investigated the behavior of Fourier transforma-
tion on W-spaces. Also, W-spaces are applied to the theory of partial
differential equations.

Pathak [4] and van Eijndhoven and Kerkhof [1] introduced new spaces
of W-type and investigated the behavior of Hankel transformation over
them.

The wavelet transform on Schwartz space S(R) and spaces of Sobolev
type have been studied by many authors, see for example Holschneider
[3]. In this paper, motivated by the work of Pathak [5] and Pathak and
Upadhyay [6] we recall characterizations of W-type spaces introduced
in [2] and study the behavior of continuous wavelet transform over
them.

The continuous wavelet transform of a function ¢ with respect to the
wavelet 1 is defined by

L) oo = Bea) = [ ¢<t>¢(t - ") dt.

a a

provided the integral exists,where a € R4 and ¢ € R. If ¢ € L?(R)
and v € L?(R), then using the Parseval formula for Fourier transform,
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equation (1.1) can be rewritten in the form:

(1.2)  (Wyo)(o,a) = (d,a) = % / ) "% (z)(az) dz,

— 00

where g/b\ and @Z denote Fourier transforms of ¢ and v, respectively.

2. The spaces Wy q, W8 and Wﬁ’i In this section we recall
the definitions and properties of Gelfand-Shilov spaces of W-type. We
also recall the behavior of Fourier transformation on the spaces Wiy o,

WA and Wﬁi as given in [2].

Let p(£), 0 < € < 00, and w(n), 0 < n < 0o, be continuous increasing
functions such that ©(0) = 0,u(§) — oo for £ — oo and w(0) = 0,
w(n) = oo for n = oo. For z > 0, y > 0, we define

(2.1) M(z) = /Oz p(§)d¢, M(x)=M(—z) forz<0
and
(22) Qy) = /wa(n) dn, Q(y) =Q(-y) fory <0.

The functions M (z) and Q(y) are continuous, increasing and convex
with M(0) = 0, M(z) — oo for © — oo and Q(0) = 0, Q(y) — oo for
y — 00. We have the following fundamental convex inequalities

(23) M($1 + $2) > M(Qﬁl) + M(xz), Q(y1 + y2) > Q(yl) + Q(yz)

If the functions p(¢) and w(n) are mutually inverse, that is, u(w(n)) =
n, w(p(§)) = &, then corresponding functions M(z) and Q(y) will be
said to be dual in the sense of Young. In this case, the following Young
inequality

(2.4) zy < M(z) + Q(y)
holds for x > 0, y > 0.
Definition 2.1. The space Wi, @ > 0, consists of all complex

valued infinitely differentiable functions ¢(z), —0o < & < oo, which for
any 6 > 0 satisfy
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(2.5) ‘¢<q> (:c)‘ < e Mlla=del o012 ..,
where positive constants Cys depend on function ¢(z).

Definition 2.2. The space W®# § > 0, consists of all entire
analytic functions ¢(z), z = z + iy € C, which for any p > 0 satisfy

(2.6) |25 ¢(2)] < Cpe?BT0¥ | | =0,1,2,...,

where positive constants C, depend on function ¢(z).

Definition 2.3. The space Wﬁi, a >0, 8 > 0, consists of all entire
analytic functions ¢(z), z = z + iy € C, which for any §, p > 0 satisfy

(2.7) |6(2)| < Cs e~ M@0+ QU(E+p)y]

where positive constants Cj, depend on function ¢(z).

The following properties are satisfied by the spaces Wy o, WB,
Wﬁ’i [2, pages 12-24].

(1) The operation of differentiation is bounded in Wy, WP,
s . . .

Moo and hence is a continuous operation.

(2) The operation of multiplication by x in Wy o and multiplication
by z in WA, Wﬁ’i are bounded and hence are continuous operations.

Theorem 2.4. If the functions M(z) and Q(y) are mutually dual
in the sense of Young, then the Fourier operator F : Wy o —

WA/ F . Wwh Wit 1/8) 18 continuous and WM@ = Wwe/e)
WP = Wi, 1/p)-

Theorem 2.5. Let Q;(y) and M;(x) be the functions which are dual
in the sense of Young to the functions M(z) and Q(y), respectively.
Then the Fourier operator F : Wﬁ’i o WD e ontinuous and

s n(1/00) Mi,(1/B)
Wira =W, (1))
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In what follows we shall also need the following similar test function
spaces, called spaces of type W, which will be used in the study of the
continuous wavelet transform.

Definition 2.6. The space W/M,a is defined to be the set of all
complex valued infinitely differentiable functions ¢,(c) = ¢(o,a) €
C*(R x R, ) which for any § > 0 satisfy

o [(2) (&)

where positive constants Cy;s depend on the function ¢.

< Ckwe*M[(U/Ha)(a*ts)];

k1=0,1,2,...,

—0,Q,8,a .
Definition 2.7. The space W* Frab is defined to be the set of all

functions ¢, (s) = ¢(s,a) € C*°(C x R ) entirely analytic with respect
to s = o + 47 which, for any p, p’ > 0, satisfy

(29) \(Hia)kﬂs,a)

’

< Chppr SUT(B+)1+r(aB+p")]

k=0,1,2,...,

where positive constants Cy,, depend on the function ¢.

Definition 2.8. The space W28 is defined to be the set of
all functions ¢(s,t) € C*°(C x C) entirely analytic with respect to
s = o +i1,t = a + ivy, which, for any pq, p2 > 0, satisfy

k l
(2.10) ‘(;) <%) ¢(5,t)‘ < Cklplpzen[r(ﬂ+p1)}+ﬂ[v(ﬂ+p2)];

S
k,1=0,1,2,...,

where positive constants Cii,, », depend on the function ¢.

3. The wavelet transformation. In this section we study the
wavelet transform (1.2) on spaces Wy o, WP and WAS}[’ﬂa
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Theorem 3.1. Let M(z) and Q(y) be the functions which are dual

in the Young sense. Suppose p € Wy and (/5 € Wh,a- Then the
~ —~0,9,(1/a),(1/acx
wavelet transform @4(s) = ®(s,a) € W* e/ ), s =0+t for
arbitrary but fired a > 0, that is, wavelet transform (Wy¢)(s,a) is a
. . Ol o T (1/a),(1/ac)
continuous linear map from W** into W* .

Proof. The wavelet transform of a function ¢ with respect to the
wavelet 1 defined by (1.2) is

o0

®(0,a) = L/ 7% $(z)(az) dz.

2 J_

Since $,$ € Wis,q, therefore, the wavelet transform can be extended
to the complex values of s = o + 7 according to the definition

i)((f +ir,a) = 2i /°° ei(tr-‘ri-r)za(m),&;(ax) dr

I
3.1 >

:% .

e g/b\(:c)a(aac) dx.

Integrating by parts k times, we get

~ —1)* < ~ =
9805, 0)| = | S [ e DEG @) Plar) o

IA
w’H
_
_|_
&

ol
]~
N
~
N———
P
3
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Now using Definition 2.1, we get

k
s ~
Il = (]
n=|() ¥
1 & =
SgZ() €740 ()| [ (az) | de
=0
1 k
- —Mz(a—9)] —Mlaz(a—03")]
< o lz:; < ) C(k 1)s€ Cise dx
1 & °°
< = , 2|rz|—Mz(a—68)]—Maz(a—73")]
_2W§<>Ck15015 e dx

_ Ckaaf/ ¢2lrel=Mla(a=8))=Mlaa(a=8")] 4y,

where Cls5 = 1/(2m) Zf:o (’;)C(k,l)(;cl,;,. Now, applying (2.3) and
Young’s inequality (2.4), the exponent in the above integral can be
transformed as follows:

—M[z(a — 0)] + |7z

IN

~Mz(a — )] + M[z(a — 20)] + Q[a 12(5}

—MIbz] + Q [ﬁ]

IN

and
— Mlaz(a — 8")] + |72

< —Mlaz(a — )] + M[az(a — 28")] + Q [ﬁ]

< —MI8'az] + Q[ﬁ]

Therefore, we get the estimate
1] < C]/cééleQ[‘r/(a725)]+Q[T/(a(a726'))] /Oo o~ Mlsz]-M[8'az] g,

— 00

< C Qr((1/e)+p)+2[r((1/ac)+p")]
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In the above, we set 1/(av —2d) = (1/a) + p and 1/(a(a —2§")) =
(1/ac) 4+ p’ where the quantities p and p’ are arbitrarily small together

F —2,09,(1/a),(1/ac
with § and ¢’. Thus, ®(s,a) € W* (1/a),(1/ )'

Theorem 3.2. Let the functions M(x) and Q(y) be the same as in
Theorem 3.1. Suppose that 1,//)\ € WP and q/ﬁ\ € WP, Then the wavelet
transform (Wyo)(o,a) is a continuous linear map from Wy 1,53 into
WM71/5, that s, ‘5(0’, (J,) € WM71/5.

Proof. Since qg € WP following the technique of [2, page 22|, the
expression for the wavelet transform defined by (1.2) can be written as

B(o,0) = 5 / " T G 4 ig)(a(e + iy) da
(3.2) e
1 iocz 1 i _ -
=55 | €T de, 2=z +iy.

For nonnegative integers k and [, after differentiation of (3.2), we get

<%>k<%>l§(a, W)= o o; em(iz)ka(z)<%>l$(az) da

L em(iz)ka(z)z’(a(zz)>lz$(az)dw

2 ) o

L ~ A~
- e 2k p(2)h D (az) du.

2r J_ o

Now, using the inequality |z|' < (|2|'*2 + |z|')/(2? + 1) and conditions
for including ¢, 1 in W*#, we obtain

o\ o\'x
(ar) (5a) %o
1 [ e g
el ] s e [ O TP

1 o0
<

_g_oo

7|

IN

Y [Ok+l+2,p + OkH,p]eQ[y(ﬂ-i-P)]



626 R.S. PATHAK AND G. PANDEY

-0 a / > dzx
< Ol oV OB+ Olau( ) /_ s

< C]/c'lpp,e*ffy+ﬂ{y(ﬁ+p+a(ﬁ+p'))], for all p,p’ > 0

(3.3)
< C}/cllppl670y+9[y(1+a)(ﬁ+p)]’ for p=p'.

Until now y has been an arbitrary number. Using the technique [2,
page 22|, let us now choose the sign of y in such a manner that the
equality oy = |o||ly| and the absolute value of y are satisfied so that
the Young inequality (2.4) becomes equality

ol =0+ 05+ )+ | s

Then, the exponent in expression (3.3) becomes

o] }
—oy+ Qy(l +a + =-M |:— .
y+Qly(1 +a)(8 +p)] AT a)(B+p)
Replacing 1/(8+ p) by (1/8) — 6§ where ¢ is arbitrarily small, we obtain
the estimate for the expression (3.3)

() () e

Hence, wavelet transform 5(0, a) € WN/MJ /B o

< C,'g'we_M“Ul/(H“)((l/B)_6)].

Theorem 3.3. Let functions M(z) and Q(y) be the same as in
Theorem 3.1. Suppose ) € W1/B) qnd ¢ e Wnr,g. Then the wavelet
transform (Wy@)(s,t) extends to an entire function of s = o + iT,
t = a+ iy and it is a continuous linear map from WA/B) into
W.(1/8),(1/8)

Proof. The wavelet transform of a function ¢ with respect to the
wavelet 1) defined by (1.2) is

- 1 [

®(0,a) =

€7 3(2)P(az) da

2 ) o

1 * eiaza(m) /OO eifaz@dg dz.

27 —o0 —o0
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Since both (Z and ¢ € Wy g, from [2, page 20] we have

1 [ .~ © I
D(o+ir,a+iy) = 3 / ez(cr+zr)w¢($)/ eié(ativ)z (€) d¢ dx
T J—o0 —o0
so that

(3.4) B(s,t) = L /00 ) /OO et (€) dé dax.

27 —o0 —o0

For k,l € Ny, after differentiation of (3.4),we get

a\"( o\~ L[ e s

(5:) () 360 =5 [ e=tiade)
X [ et (i) *y () de da
= L[ (i) )

— 00

X / h et ek (€) de d.

— 00

Now, using the definitions for $ and v, we obtain

- (3) (3) e

1 > ST . 7
o | 1 ll(iz) ()]

x / €8 |G E)| dE de

< L[ ey pe- M9
2 J_ o

% / e*“/ﬁ&gom,e*M[&(ﬁ*t?')] d¢ dzx

— 00

(3.5)

IN

1 o0
7 Cori5Cors / elel-Mlz(5=0)]
Tr — 00

" /°° = MIEG-5] g¢ g
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Applying Young’s inequality (2.4) in the exponent (3.5), we get

]

B—20

2| — M[z(5 - 6)] SQ[ ]+M[le(ﬂ—25)] — Mlz(B - 6)]

< Q[ﬁ] — M[6z]

and

e - MIE(8 - ] < 0 510 | + Mgl (5 - 2] ~ Mle(6 - )

IN

Y - ey o8t
e G (CRE IR CRE)
Setting 1/(8 —26) = (1/8) + p and 1/(8 —26") = (1/8) + p’ where
p and p’ are arbitrarily small together with § and §’, expression (3.5)
becomes

1 okt
1| < %COM(SCOM@Q[T/(B—%)]eﬂ[v/(,@ 26")]
y / o~ Msa] / e~ MIE((B=8)=2(8-2)] ge gy

B) < Clype W10,

where I; denotes the double integral which is estimated as follows:

I - /°° o~ Ml6a] /°° ¢~ MIE(B—8)-2(8-26))] ¢ gy

o0

_ / T Ml / = e Mt du dz
oo —o00 (/6 - 61) - (/6 - 25/)CE

- / T Ml g, / h e M do
- e (B=0) = (B—20)z

__ A /oo e~ Ml dx
B2 ) Oz ’

where




WAVELET TRANSFORM ON SPACES OF TYPE W 629

and

M A M5
A/ ldu, = g5l MLzl 6),

where H denotes the Hilbert transform. Since e~ M2 ¢ LP(R) for
p > 1, from [7, page 275], we have

e h@)|

<c, He—M[Jz]

p

Since the same LP estimate is valid for first order derivatives, from
the Sobolev embedding theorem, we have that the Hilbert transform
H (e M=1)() belongs to L>=. Hence,

‘Il| < 0.

Consequently, it follows from (3.6) that ®(s, t) € WA/B),(1/B), o

Theorem 3.4. Let Q;(y) and M;(x) be the functions which are dual
in the sense of Young to the functions M(z) and Q(y), respectively.
Suppose 1 € Wy, g and (;5 € Wﬁﬁ Then, for a fized a € Ry,
the wavelet transform <I>(s,a) as a function of s = o + it belongs to

Wi};%‘;g with A = B + a/B.

Proof. By [ , page 24] the expression for the wavelet transform of
the function ng € WM can be written as

~ 1 oo ~
@(g' -+ iT, a) — 2_ / 1(0+rr (z+1iy) ¢($ + zy)
T J-_—x

~ /Oo eiéa(m+iy)md§ da;

1

(3.7) ®(s,a) = Py

[ ¢ 3w + iy) [ 49 G E) de d,

where s = o + i7 and z = = + dy. Carrying out the transformations
used in Theorems 3.1 and 3.2, an estimate of the absolute value of (3.7)
yields
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~ 1 oo ~ oo -
blna)l <5 [ 1RO [ 1 0@ dedo
1 oo

1 e~ Ty (5 e~ Ml(a=0)z]+Q((B+p)y]
2 J_ o g

« /OO e—ayﬁcoé,e—Mﬂ(ﬂ—é')ﬂ d¢ dz

1

2

IN

CispCogre T+ UB )] / el Mi(@-8)a]

— 00

y / " lavel =M [=5)E] g¢ g

— 00

1

27
x/ e*M[ﬁw]/ e~ Mil6'¢] d¢ dz

< Gl e OV HOB+o+(a/B=28 )l nlr/(a-20)]

IN

C5,Clogre VLB ulr/(2=20)] 0 (o)/(8-26")

<O, e v BToH /Bl Sl (1)),

<0n setting ——— = 2 + p 1 1 + /)
g 5_251_5 P 06—25_0[ P
<O ey tOlBH@/B) 0" )yl 2l (1/ ()]

pp'p )
where p+ p// _ pIII

= Cpprpme M [0/ (B+(a/B)+6")] (alr ((1/c)+0")]
= C;,p/pme_Ml [0’/(}\+p’”)] eQI[T((l/a)‘i'P’)];
a
where A=3+ —
B
- C"s”ﬂ’eiMl{U((l/)‘)ﬂs”)}te["((l/a)er’)];
1
where T =3 N
Thus, &(s,a) € Wzﬁll((i;i;’ A=pB+(a/B). O
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