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THE CENTRAL LIMIT QUESTION UNDER p-MIXING

RICHARD C. BRADLEY

ABSTRACT. An earlier construction of a (non-trivial) strictly
stationary p-mixing random sequence that fails to satisfy the central
limit theorem, is refined here in order to try to have the fastest
possible ‘“mixing rate’” for p-mixing, depending on the “moment
properties” of the r.v.’s. In particular, the examples here show that
when only finite second moments are assumed, for the central limit
theorem the mixing rate Y;p(2") < oo used by Ibragimov is es-
sentially as slow as permissible.

1. Introduction. First we define some notation. Log denotes the natural
logarithm, and log*x = max{0, log x}. The indicator function of a set
S is denoted by Ig. The notation a < b means a = O(b). The notation
a ~ b means lim a/b = 1. The greatest integer < x is denoted by [x].
A sequence (a,, n = 1, 2, ...) of positive numbers is said to be “‘slowly
varying’” as n — oo if lim, ,[sup,<m<on@,)/linf,<,<2.0,] = 1. When a
subscript itself is of the form a,, it will be written as a(n). The notation
Po( +) refers only to real-valued random variables (instead of general
complex-valued ones).

Suppose X = (X, k € Z) is a strictly stationary sequence of real-valued
random variables on a probability space (2, %#,P). For — 0 = J S L =
oo let #% denote the o-field of events generated by the random variables
(X4, J = k £ L). For any two o-fields o and 4 < &, define the ““maxi-
mal correlation’ [8, 12] by

o(/, B) = sup|Corr(f, g)I  fe L), g € LAAB).

For each n =1, 2, 3, ... define the dependence coeflicient p(n) =
o(F e, F7). By our assumption of stationarity, p(n) = o(FLw, F5:,)
VJ € Z. Also, obviously the sequence p(r), n = 1, 2, . . . is non-increasing
as n increases. The stationary random sequence X = (X,) is said to be
“p-mixing” [18]if p(n) —» Oasn — co.
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Foreachn = 1, 2, . .. define the partial sum S, = X; + Xy + -+ +
X,. Ibragimov [14, Theorem 2.1 and 2.2] proved the following central
limit theorem (or ““CLT”’ for short).

THEOREM O (IBRAGIMOV). Suppose X = (X,, k € Z) is a strictly station-
ary sequence of real-valued random variables such that EX, = 0, EX¢ <
o, Var S, - o0 asn — o, and p(n) - 0 asn —» co. Then Var S, =n -
h(n), where (h(n), n =1, 2, ...) is slowly varying as n — oo. Suppose
that in addition at least one of the following two conditions is satisfied :

(1) E|X,|2*% < o0, for some 6 > 0, or

(i) 254, p(27) < co.

Then S,/(Var S,)V2 — N(O, 1) in distribution as n — 0.

Here N(0, 1) denotes the standard normal distribution. (In checking
Ibragimov’s [14] paper for these results, a look at [2, Theorem 1] or [19,
Theorem 4.1] might be helpful.)

Some background comments are in order. The assumption EX? < oo
is standard in central limit theory, because of its role in the CLT for i.i.d.
(independent, identically distributed) r.v.’s. The assumption Var S, — o
(which holds automatically if X = (X,) is a non-degenerate i.i.d. se-
quence) is made, explicitly or implicitly, in CLT’s for dependent r.v.’s
in order to avoid some totally trivial counterexamples. One such example
is the sequence X = (X,) defined by X, = W, — W,_;, where the
r.v.’s (W,, keZ)are i.id. with P(W, =0) = P(W, = 1) = 1/2; this
sequence X is l-dependent (and therefore satisfies p(n) = 0 Vn = 2),
but Vun = 1, S, = W, — W, (a telescoping sum), which obviously fails
to be asymptotically normally distributed as » — 0. To avoid such
examples we shall henceforth consider only stationary sequences X
satisfying Var S, — o (and EX§ < o0).

In Theorem O, conditions (i) and (ii) cannot be omitted altogether. To
show this, the author [1] constructed a strictly stationary sequence X =
(X,) such that EXy; = 0, EX§ < o0, Var S, — o, p(n) — 0, and subse-
quences of the S,’s (suitably normalized) converge in distribution to other
limit laws besides the normal distribution. In [3, Theorem 1] this con-
struction was refined so as to enlarge the class of partial limit laws of S,
and also to have the sequence X satisfy some additional strong mixing
properties. The purpose of the present paper is to refine the construction
in [1] again, in a different direction, in order to obtain some insight into
the following general question: Suppose X = (X,) is strictly stationary,
with finite second moments, and satisfies Var S, — oo and p(n) — 0;
suppose Eq(|Xy|) < oo where g : [0, c0) — [0, o) is an increasing func-
tion, presumably satisfying x2 < g(x) < x2*9 as x — oo for every ¢ > 0;
then under these conditions, what is the slowest ‘“‘mixing rate” for o(n)
(i.e., rate of convergence of p(n) to 0) that will still imply that S, is asymp-
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totically normally distributed as n — oo ? The approach to such a question
consists of two parts, for a given function g: (1) to prove as “‘efficiently”
as possible a CLT for stationary sequences X = (X,) satisfying Eq(|Xy|)
< oo, with the slowest mixing rate on p(#n) that one can get by with; and
(2) to construct as “‘efficiently’” as possible a counterexample, a strictly
stationary sequence X = (X,) satisfying Eq(]Xy|) < oo, where S, fails
to be asymptotically normally distributed, with the fastest mixing rate
on p(n) that one can achieve. If the mixing rate in the counterexample is
only slightly slower than in the theorem, then (for the given function g)
one has fairly well pinned down the answer to the above question. In this
paper we seek to construct counterexamples as ‘‘efficiently’’ as possible,
given the known techniques. The opposite task, “efficiently’” proving
CLT’s, apparently has not been carried out yet beyond Theorem O (and
will not be pursued in this paper).

This work is motivated by recent research of two different kinds. First,
for the ‘‘strong mixing’’ [20] condition (which is similar to but weaker
than p-mixing and whose definition need not be given here), Herrndorf
[11] has attacked (the analog of) the question above for a fairly general
class of functions ¢q. For functions g of the form g(x) = x2", where 0 <
0 < oo, fairly precise answers to that question (for strong mixing) were
already provided by a CLT of Ibragimov [13, Theorem 1.7] and some
counterexamples by Davydov [6, Example 1]. For the function g(x) =
x2, counterexamples with an arbitrarily fast mixing rate for strong mixing
were constructed by the author [3, Theorem 2] and Herrndorf [10]. In his
recent paper, Herrndorf [11] gave an (apparently quite “‘efficient’’) proof
of the CLT (in fact, of the weak invariance principle) under strong mixing,
for his broad class of functions ¢, and gave a (non-stationary) “‘efficient”
counterexample for the function g(x) = x2 log*x. The above question,
for p-mixing, comes as an analogy to this work of Herrndorf. Comparing
Theorem O to the results under strong mixing alluded to above, one sees
that the answer to the question for p-mixing is quite different from that
for strong mixing (for a given function g).

The other major motivation for this work is the recent research on
strictly stationary p-mixing sequences X = (X, k € Z) satistying the
mixing rate Y52, 0(2”) < oo used in Theorem O (ii). This mixing rate was
introduced in 1970 by Ibragimov and Rozanov [16], who showed that this
rate implies a continuous spectral density and derived bounds on the error
of the approximation of this spectral density by trigonometric polyno-
mials; see [17, 182, Lemma 17, and 190, Note 2]. Their result implies the
existence of ¢2 = lim, ,,n"1 Var S,, 0 = g2 < co. More recently, using
their ideas from these results, the author [2], under the assumption
Var S, — o0, showed that ¢2 > 0 and derived a bound on the speed of
convergence of n=1 Var S, to ¢2. Peligrad [19, Theorem 4.1] confirmed the
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existence of such a limit ¢2 for some non-stationary sequences. In [19,
Lemma 3.5 and Theorem 2.3] she also established uniform integrability
of (§8%/n,n = 1,2,...)and (with the aid of an extra assumption on another
dependence coefficient) proved a weak invariance principle. (See also
[19, Theorem 2.5].) In [4], asymptotic normality is proved for some es-
timators of probability density, with the same normalizing constants as
in the i.1.d. case. Falk [7] proved uniform convergence of spectral densities
in some stationary random arrays. All of these results seem to depend
critically on the mixing rate 352, p(2”) < co0; and indeed some stationary
Gaussian sequences constructed in [17, p.179-180] show that some of
these results fail under the barely slower rate p(n) < (log n)~1. Because of
this recent prominence of the rate ) o(2#) < oo, it seems worthwhile to
see whether it is in fact the slowest possible rate under which one has the
CLT under just the assumption of finite second moments (as in Theorem
0 (ii)). This is essentially confirmed in Theorem 2 below.

In constructing our counterexamples we shall assume that a sequence
7= (¢(n), n =1, 2, ...) of positive numbers is given, and we shall
endeavor to have p(n) < 7(n). The conditions that we shall impose on this
sequence 7 = (z(n),n = 1,2,...) are as follows:

(1.1 (22232 --- 10,

(1.2) f: k=1z(k) = o (equivalently i 7(27) = 0),
k=1 n=1

(1.3) lim z(2n)/z(n) = 1.

The equivalence of the two equations in (1.2) is an easy consequence of
(1.1). Also, (1.1) and (1.3) imply that 7 is ‘“‘slowly varying’’. Condition
(1.3) is not very restrictive in our context. If lim sup, ., p(2n)/p(n) < 1,
then 372, p(2#) < co and one has the CLT (Theorem O (ii)). Condition
(1.3) is satisfied in natural ‘‘borderline’’ cases such as when z(n) = (log n)~1
Vn z 2 or when t(n) = (log n)~1 (log log n)"1 Vn = 3.

In constructing our counterexamples X = (X,) we shall assume that
a function ¢: [0, o©0) — [0, o) is given, and we shall endeavor to have
Eq(|Xy|) < oo. The conditions that we shall impose on this function ¢
are as follows:

q is continuous and non-decreasing;
9(0) = 0, 9(x) 2 x2Vx 2 0;
(1.4) q(x) « x3as x - oo;
Va > 0, lim g(x + a)/q(x) = 1; and
iC >0 ;1_;:,;1 that Vx = C, Vy = C, gq(xy) = q(x)q(»).
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Except perhaps for continuity, these conditions on ¢ are all used in the
construction of the counterexamples. However, these conditions are not
particularly restrictive. Because of Theorem 0 (i) it would in fact seem
reasonable to consider only functions ¢ such that g(x) = o(x2*%) as x —
oo Vo > 0. Equation (1.4) is satisfied by such functions as g(x) = x2(1 +
log* x) and g(x) = x2 exp ((log*x)1/2).

Our main result is as follows.

THEOREM 1. Suppose 7 = (z(n), n = 1, 2, ...) is a sequence of positive
numbers satisfying (1.1), (1.2), and (1.3). Suppose q: [0, 0) — [0, ©) is a
Sfunction satisfying (1.4), such that for some positive number d,

(1.5) q((n - exp(—d 3] k-1 2(k))2) = o(n) asn — .
k=1

Then there exists a strictly stationary sequence X = (X,, k € Z) of real-
valued random variables such that

(1.6) EX, = 0, EX§ < 00, and Var S, - o0 as n — o0,
(L) Eq(Xo) < o,
(1.8) p(n) < z(n) as n — o, and

(1.9) there exists an increasing sequence n(l) < n(2) < n(3) < ---
of positive integers such that, Vx # 0, lim,,.,P(S,,/(Var S,,))V2 £ x) =
F(x), where

e en gy,

—oo

F) = e Tg,oy() + 30 (1) e 1QR)) V2 _f
=

Of course (1.7) implies the middle equation in (1.6), but this redundancy
doesn’t hurt.

The probability distribution function Fin Theorem 1 is that of a Poisson
mixture of normal distributions (including the point mass at 0). Other
Poisson mixtures of normal distributions also arise as partial limit laws
of S, (suitably normalized). One can see this by examining the construc-
tion of the sequence X (in §3) or by combining (1.9) with a simple ‘“block-
ing”” argument similar to the proof of [13, 353, Theorem 1.1]. With a
more complicated construction, one can achieve a broader class of partial
limit laws, as in [3, Theorem 1]. But for simplicity we shall confine our
attention to just the partial limit law represented by F.

In some special cases of Theorem ! (including Theorem 2 below), one
can also modify the construction in order to achieve the additional prop-
erty of “information regularity’’ (and hence also ‘““absolute regularity’’)
as in [3, Theorem 1], by using some arguments from the proof of that
result. This too we shall omit, in order to avoid extra complications.
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A simple calculation will show that if x2*% « g(x) as x — oo for some
0 > 0, then (1.5) cannot be satisfied (with z(n) | 0). Of course this is what
would be expected from Theorem O (i).

Theorem 1 is the result of trying to construct the counterexample X
as “‘efficiently’” as possible, given the known techniques. Based on the
hope that Theorem 1 is essentially sharp, one might conjecture that if
X = (X,) is strictly stationary and satisfies (1.6) and (1.7) with g satisfy-
ing (1.4) and n < q((n - exp(—d X3 k71 p(k)))V2) as n — oo Vd > 0,
then S, is asymptotically normally distributed as n — 0.

In the special case where g(x) = xZ, the equation p(n) < 7(n) Vn = 1
(technically stronger than p(n) < z(n)) comes from the proof (in §3) at
no extra cost. Because it shows that Theorem O (ii) is essentially sharp,
this special case is worth stating explicitly anyhow.

THEOREM 2. Suppose © = (z(n), n = 1,2, ...) is a sequence of positive
numbers satisfying (1.1), (1.2), and (1.3). Then there exists a strictly station-
ary sequence X = (X,, k € Z) of real-valued r.v.’s such that (1.6) and
(1.9) hold and p(n) £ t(n) Vn = 1.

The following three corollaries in essence list other special cases of
Theorem 1. The derivation of these corollaries from Theorem 1 is ele-
mentary and is left to the reader.

COROLLARY 1. For each a > 0 there exists a strictly stationary seuqgence
X = (X,) satisfying (1.6) and (1.9) such that EX3(log* |X|)* < oo and
p(n) < (log n)~1.

COROLLARY 2. For each a > 0 and 8 > O such that a« + B =< 1 there
exists a strictly stationary sequence X = (X,) satisfying (1.6) and (1.9)
such that EX§exp((log* | Xp)*) < o and p(n) < (log n)=5.

COROLLARY 3. For each function g: [0, o) — [0, o0) satisfying (1.4)
such that Vo > 0, g(x) = o(x2*9) as x — oo, there exists a strictly station-
ary sequence X = (X,) satisfying (1.6), (1.7), (1.9), and p(n) — 0.

The proof of Theorems 1 and 2 is in §3. §2 is devoted to some pre-
liminary work that will be used in that proof. Many of the arguments in
§2 and §3 will follow the arguments in [1] closely, but they will neverthe-
less be given in full here because of the numerous extra details involved
here.

With trivial modifications of certain arguments in §2 and §3, one can
considerably relax the assumptions (1.3) and (1.4) in Theorem 1. But
since (1.3) and (1.4) in their present form seem fairly natural in our con-
text, we shall stick with them.
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2. Preliminaries. This section contains the preliminary work for the
proof of Theorems 1 and 2 given in §3.

Let C denote the complex numbers. For any continuous function f:
R — C and any ¢ > 0 define the “modulus of continuity’” w(f, t) =
SUP,, yer, 1x—yi=: | f(X) — f(»)|. For any continuous function f: R—C which
is periodic with period 2z, and any integer n 2 0, define the quantity

The following variant of Jackson’s Theorem can be found in Timan [22,
257, eqn. 10] (and applies equally well to complex-valued functions on

R as to real-valued functions). It can also be derived from [24, p. 115,
eqn. (13.8)].

- ; R ik
E(N = il (supld) - 3 ae

LEMMA | (JACKSON). There exists a positive constant A such that for
every continuous function f: R — C with period 2 and every integer n =
0,E,(f) = 4w/, 1/(n + 1)).

The next three lemmas are a review of some elementary trigonometry.
Proofs are sketched in some cases where a convenient reference seems
hard to find.

LEMMA 2. If viZvo2v3 2 ++- 1 0, —x S A= 7, and A # 0, then
Dy etk = lim,, o, 217, vieth exists in C and | 352, viett| < - v/|Al.

This follows from Zygmund [24, p. 3, Theorem (2.2)]. (First recall that
in (2.3), if u, = e and 0 < |A| £ =, then max, |U,| < 2/|e* — 1| < =/

[A].)

LEMMA 3. Suppose © = (z(n), n = 1, 2, ...) is a sequence of positive
numbers satisfying (1.1), (1.2), and (1.3). Then the following three state-
ments hold.

(1) sup,z (n7! By 7(k))/z(n) < .

(i) The function g defined by g(A) = Y32, (sin kR) - k=1 ¢(k) is con-
tinous, and defining B = 4r + 3 - sup,; (n71 X%, ©(k))/v(n) one has
thatVn = 1, w(g, 1/n) £ B - ©(n).

(iii) The function h defined by h(A) = Y32, (cos kA) - k=1 ¢(k) satisfies
exph(A) ~exp P k-1 z(k)asA — 0 +.

Property (i) is simple. In (ii) the continuity of g is shown in Zygmund
[24, p. 182, Theorem (1.3)]. Property (iii) is practically in [24, pp. 188-189].
In (iii), of course, #(A) will diverge if A = 0 mod 2z. For convenience the
proofs of (ii) and (iii) are sketched here.

Proor oF (ii). Using (i), define the positive number b = sup,; (n~!

L= w(k)/v(n).
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If0 < A < 1,then0 £ J P (sinkd) - k- 17(k) £ TP kA - k™1 7(k)
< b - z((1/4)), and by Lemma 2,

' 2 (sin k2) - k-1z(k)| < 7 - 21 + (1/2) < 7 - z([1/A]),
k=1+(1/2)

and hence |[g(A)| < (b + 7) - 7((1/2)).
If neN and 0 < g < I/n, then [g(W)| = (b + 7) - c([1/p]) = (b +
) « z(n).

IfneNand 1/n £ py, v £ 7 with g — v| £ 1/n, then, using Lemma

2 again,
lg(u) — ) < 3. Isin kg — sin ky| - k-1 (k)
k=1
+ } > (sin kg) - k"lr(k)i
k=n+1

i (sin ky) - k71 T(k)i

k=n+1

+

< §1k~ lu = vl -k lo(k) + m-ntem) - (ot + b

< (Un) - Yok + 2z - o(n) < (b + 27) - 7(n).
=
Using the preceding two paragraphs and the fact that g is an odd func-
tion with period 27z, one can show that, for all » € N and any two real
numbers g and vy with [g — | £ 1/n, the inequality [g(x) — g®)| =
[2(b + ) + (b + 27)] « 7(n) holds. Thus (ii) holds.

PROOF OF (iii). First recall that Vx e R, {1 — cos x| < (1/2) - x2.
Foreach1,0 < A < 1,
$72)) (173 i
D>, (cos kA) - k~tg(k) — > k7! z'(k)‘{
=] =1 !
wa (e
= )0 (1)2) - (kAY¥kY (k) = )3 (1/2) « A%k - w(k)
k=1 =1
W

= (1/2) - [yt - 35 o(k)

k=1

and this converges to 0 as A — 0+, by (i); also, by Lemma 2,
L2, (cos kD) ko) | S 7 A <(U/AD - 27
k=(1/A)+1

which approaches 0 as 1 — 0+. Hence lim; o, |#(2) — 2P k-1 z(k)|
= 0. Now it is clear that (iii) holds.

DEFINITION 1. A function f: (0, r] —» (0, c0) (where r is any positive
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number) is “slowly varying” as A — 0+ if lim, o [Sup,cr; 20 f(1))/
[inf,cp,20/()] = 1.

LEMMA 4. Suppose f: [—=, ] - [0, 00) is a continuous even function,
Sf(A) >0 Vie[~n, x] — {0}, and f is slowly varying as A — 0+. Then

j‘ i n~Y(sin?(n2/2))/(sin%(2/2))] - f(A)dA ~ 2n - f(1/n) asn — .

This follows from careful but elementary calculations, using simple
properties of the Fejer kernel.

Now some more notation is needed. In what follows, we shall some-
times be dealing with more than one strictly stationary sequence at the
same time. In order to avoid confusion we introduce the following nota-
tion for a given strictly stationary sequence X = (X, k €Z): for — o0 <
J £ L £ oo, the g-field #% will be denoted #4(X), and forn = 1,2, ...
the dependence coefficient p(n) will be denoted p,(X).

Also, for any sequence 7 = (z(n), n = 1, 2,...) of numbers satisfying
(1.1), (1.2), and (1.3), define the constant B, = 4z + 3 - sup,,(n~1 237,
7(k))/z(n). (This is the constant B in Lemma 3 (ii).)

Finally, to choose one specific value for 4 in Lemma 1, define A4;
to be the least positive number such that E,(f) £ 4, - w(f, 1/(n + 1))
for every n 2 0 and every continuous function f: R — C with period 27.
(The letter J in A stands for ““Jackson”’.)

LEMMA 5. Suppose © = (z(n), n = 1, 2, ...) satisfies (1.1), (1.2), and
(1.3). Then there exists a stationary real Gaussian sequence U = (U,
k € Z) such that

(i) p,(U) £ t(n) Vn 2 1, and

(i) Var (Uy + -+ + U,) ~ 2zn - exp[—(4;B,)! Lisk1(k)] - o
asn — .

This is a refinement of [1, Lemmas 2 and 3]. The key role played in the
proof of [1, Lemma 2] by the results in Helson and Sarason [9, 21] was
suggested to the author by M. Rosenblatt. A similar role is played here
by a trick from [17, p. 179] closely related to [9, 21].

PrOOF OF LEMMA 5. On [—7, 7] define the functions /4 and f by A(R) =
—(A;B,)™1 132, (cos k) - k71 z(k) and f(2) = exp h(A).

By Lemma 3 (iii), f(A) ~ exp(—(4;B,)"1 L}P k~1z(k)) as A = 0+.
Also, f'is an even function; and by Zygmund [24, p. 184, Theorem (1.8);
p. 188, Theorem (2.15)], fis a continuous function provided one defines
f(0) = 0. Also, lim,_,,, >32%,.1 k1 (k) = 0, and it follows that the function
exp[ — (A4;B;)t TP k~1z(k)] is slowly varying as 2 — 0 +, and hence
the function fis also slowly varyingas A —» 0 +.

Let U = (U, k € Z) be a stationary real Gaussian sequence with
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spectral density /. By Lemma 4 and [15, p. 322, Theorem 18.2.1], Var(U; +
<+« + U,) ~ 2zn - f(1/n) as n > co. Property (ii) in Lemma 5 can now
be seen easily from the above arguments.

To verify property (i) in Lemma 5, first note that the conjugate function
of h is h defined by A() = —(A;B,)"! L, (sin kA) - k1 (k) (which is
continuous by Lemma 3). Foreachn = 1,

0.(U) S E,_1(exp(ih)) < A; - w(exp(ih), 1/n)
< Ay - w(h, 1n) £ A; - [(4;B)7 - B, - ©(n)] = 7(n).

Here the first inequality comes from [17, p. 179, lines —7 to —5], the
second from the definition of A, the third from some simple arithmetic in
[17, page 132, lines 4 to 6], and the fourth from Lemma 3 (ii), the definition
of B,, and elementary properties of w(-, -). This completes the proof of
Lemma 5.

The next lemma is due to Csaki and Fischer [5, p. 40, Theorem 6.2].
(See Witsenhausen [23, p. 105, Theorem 1] for a short proof.)

LEMMA 6 (CsakI and FISCHER). Suppose o/, and B,,n = 1,2, ..., are
o-fields and the o-fields (o#,, Vv %,),n = 1,2,. .., are independent. Then

P<\/ ﬂ", \/ .@") = Sup p(ﬂm gn)
n=1 n=1 n=1

LEMMA 7. Suppose N = 2 is an integer and v = (t(n), n = 1,2, ...)
satisfies (1.1), (1.2), and (1.3). Then there exists a stationary real Gaussian
sequence W = (W,, k € Z) such that

() ps(W) £ () Vn 2 1;
(i) Var(Wy, + -+ + W,) > 0 asn - o0;
(iii) Var(W, + -+ + W,) < n-exp(—(4;B,) 1 Yt k1z(k)) asn —
00; and
(iv) therv.’s Wy, W, . .., Wy are independent.

ProOF. Define the sequence 7 = (y(n), n = 1, 2, ...) of positive num-
bers by r(n) = 7(Nn). Note that (1.1), (1.2), and (1.3) still hold with ¢
replaced by y. Hence, by Lemma 5, there exists a stationary real Gaussian
sequence U = (U,, k € Z) such that

2.1 0,(U) £ 7y(n) Vi 2 1
and
22)  Var(U, + -+ + U,) ~ 2zn - exp(— (4,8, 31 k=L (k)
k=1
— 00 aS n — 00.

For each J =1, 2, ..., N let (Wjy, k€Z) be a stationary real
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Gaussian sequence with the same distribution as U, with these sequences
(Wian. keZ), J =1,..., N, being independent of each other. By an
elementary argument, the sequence W = (W,, k € Z) is a stationary real
Gaussian sequence.

By a simple argument using (2.1) and Lemma 6, one can show that
(W) = ©(n) Vn = 1. Also, it is clear that Var(W; + --- + W,) » «©
as n — o (by (2.2)), and that Wy, ..., Wy are independent r.v.’s. Thus.
in Lemma 7, only property (iii) remains to be verified.

First note that, foreachn = 1,

<n—1 ?: 7(k)> Jr(n) = <(nN)—1 ?;1 N r(Nk)) /=(Nn)
(O "; o)) fe(Nn).

It follows that B, < B,. Hence, by (2.2),asn — oo,
Var(W1 + A + Wn) ~ N' Var(U1 + e 4+ U("/N))

~27n - exp(—(A B,)1 (%) k-1 T(k)>
2.3) R =

(n/N)
< 2zn - exp(—- (A;B)! kg k-1 T(k)).

Also, Vn = N,

(n/N) (n/N)
L KL = N - 35 (N (V)
=1 k=1

(n/N) N—1

> k_; f\;_‘b(Nk + j) L o(Nk + )

/;{ ~17(2)
< /‘\”::1 /-1 r(/)) - <I;\“_;11 /-1 z'(/)).

Since the very last sum is a constant (i.e., not depending on »), property
(iii) in Lemma 7 now follows from (2.3). This completes the proof of
Lemma 7.

1\

DEFINITION 2. Suppose N 2 2 is an integer and 7 = (¢(n), n = 1, 2,
...) is a sequence of positive numbers satisfying (1.1), (1.2), and (1.3).
A sequence Y = (Y,, k € Z) of real-valued r.v.’s is said to satisfy ‘“Condi-
tion (N, 7)”° if Y is strictly stationary and has the following properties:

(i) EYy = 0 and EY} = 1/N;
(i) p(Y) Se(m)Vn=1,2,...;
(iii) Var(Y; + +++ + Y,) > o0 asn > o0;
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(iv) Var(Y, + -+ + Y,) < n - exp[—(QA;B) t Lk 1z(k)] asn —
00 ;
(v) Y1, Y,, ..., Yyare independent r.v.’s;

(vi) VxeR, P(Yy £ x) = (1 — 1/N),0y(x) + (1/N) Q)12 f%, e 2
du; and

(vi)) VxeR, P(Y; + -+ + Yy £ x) = Gy(x), where

Gu(x) = <1 _1%>N I, oy (x) + 21(1}3(]%)]( _%>N—J(27;J)~1/2

J' ¥ k@D gy
— oo

LEMMA 8. Suppose N = 2 is an integer and v = (t(n),n =1, 2, ...)
is a sequence of positive numbers satisfying (1.1), (1.2), and (1.3). Then there
exists a (strictly stationary) sequence Y = (Y,, k € Z) of real-valued
r.v.’s which satisfies Condition (N, 7).

PrOOF. Define the number p = I/N. It follows from (1.3) that
lim, ,.z(1 + ((n — 1)p/2))/z(n) = 1. Let ny = 1 be an integer such that
Vn = ny, (1 + ((n — 1)p/2)) £ (4/3) - z(n). Using (1.3) again, let ¢ > 0
be sufficiently small that Vn = 2, 4((n — 1)p)~1c < (1/3) - z(n). Let the
sequence y = (y(n),n = 1, 2,...) of positive numbers be defined by

(2.4) r(n) = min{c, (2/3) - z(ny), (1/2) - =(n)}.

We need several elementary properties of this sequence y. First, (1.1),
(1.2), and (1.3) hold with ¢ replaced by y. Next, the following equations
hold:

2.5) 4-((n=Dpty() = (13)c(n) Vn 2 25
(2.6) (1 + ((n — Dp/2)) £ (2/3)2(n) Vn = 2;
and

2.7 B, < B,.

Here (2.5) holds by (2.4) and the definition of ¢. To see (2.6), note that
(1) if 2 < n < ng, then (1 + ((n — Dp/2)) = (2/3)z(ny) = (2/3)z(n) by
(2.4); and (ii) if instead n > ngy, then (1 + ((n — D)p/2)) = (1/2) - =(1 +
((n — 1)p/2)) = (2/37)(n) by (2.4) and the definition of ny. To see (2.7),
note that (i) if n satisfies y(n) < (1/2)z(n), then (1) = -+ = 7¢(n) =
min{c, (2/3) - 7(ny)} and (11 Ty 7(R))/r(n) = 1 S (n~' Ty o(k))/2(n)
by (1.1); and (ii) if instead #n satisfies y(n) = (1/2)z(n), then
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= <n—1 );1 r(k)) J(n).

Now (2.7) is clear from the definition of B,.

Let V = (V,, k € Z) be an i.i.d. sequence such that P(V, = 1) =
1 — P(Vy =0) =p.

Let the random integers (k(/), 7€ Z) be defined by the two conditions
{k(0),7eZ}y =k :V,=1} and ... k(=2) <k(-1) <k (0)=0<
1 £ k(1) < k(2) < k(3) < ....Deleting a set of probability zero from
the probability space  if necessary, we assume that k(¢) (w) is defined
V/eZ,Vwe Q.

Using Lemma 7, let W = (W,, k € Z) be a stationary real Gaussian
sequence independent of V such that

2.8) EWy,=0 and EW}=1,
(2.9) 0.(W) = r(n) Vnzl,
(2.10) Var(Wy + -+ + W,) > 0 asn — o,

Q@.11)  Var(Wy + -+« + W,) < n - expl— (4;B)"1 Y k-1 y(k)]
as n — oo, -

and

(2.12) Wi, ..., Wy are independent r.v.’s.

(The normalization (2.8) does not affect any of the properties in Lemma
7.)

Define the random sequence Y = (Y,, kK € Z) as follows. For each
k € Z and each sample point w € Q,

W (w) if k(/)(w) = k for some 7/

Yi(w) ‘={ 0 ifkée{k()(w):reZ)

An elementary measure-theoretic argument will show that Y is strictly
stationary. (Perhaps the easiest way to show this is to show that the se-
quence ((V,, Y,), k€ Z) of random vectors is strictly stationary.) Prop-
erties (i), (iil), (v), (vi), and (vii) in Definition 2 are all elementary con-
sequences of the definition of Y and are left to the reader to verify. Prop-
erties (ii) and (iv) in Definition 2 will be verified here.

To start the proof of (ii), note first that

01(Y) = po(F2(V) V L W), F5(V) V FT(W)
= (W) = r(D) = (1)
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by Lemma 6, (2.9), and (2.4). Next, an elementary measure-theoretic
argument will show that if n 2 2, fe Lo(F2.(Y)), g€ FAFI(Y)), Ef =
Eg =0,Ef2=Eg¢=1,andJe {0, 1,...,n — 1}, then
E(glVi+ -+ + Vi =)
= Pj+1(W)-
It follows that, Vn = 2,

MﬂéZﬂ%+m+Vm=qum
j__

SPVi+ - + Vo = ((n = 1Dp/2)) - p(W)
+ P(Vi+ oo + Voor > ((n = Dp/2)) + pr4con-v pry (W)
S 4((n = Dp) L (W) + p14cin-1 pro (W)
S 4((n — Dp) Ly + (1 + ((n = 1)p/2))
= (1/3)z(n) + (2/3)z(n) = z(n),

where the last two inequalities come from (2.9), (2.5), and (2.6), and the
third inequality comes from Chebyshev’s inequality and the fact that the
rv. V1 + -+ + V,_; is binomial with parameters » — 1 and p. This
completes the proof of (ii) in Definition 2.

To verify (iv) there, first note that, by (1.1), for 7, one has that lim,,_,.
X, k71 y(k)=0and it follows that the quantity exp(—(4;B,)™! 1i,
k=1y(k)) is slowly varying as n — co. From this fact, (2.11), and the ele-
mentary equation

Var(Yy+ -+« + ¥, = 3 P(Vi+ - + V,=J) - Var(Wy + -+« + W)),
=
it is easy to show that

Var(Y, + -+ + Y,) <n - exp<—(A,B,)~1 ; k—lr(k)>
=1

< n - oxp(— (4,801 3 k71 (k)
=

<n- exp(—(2A,B,)‘1 f_} k1 z(k)),
k=1

where the second <« comes from (2.7) and the third <« from the fact (see
(2.4)) that y(k) = (1/2)z(k) for all except finitely many values of k. Thus
(iv) in Definition 2 is verified. This completes the proof of Lemma 8.

Finally, when dealing with a function ¢ satisfying (1.4), it will be handy
to also work with another, closely related function.
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LEMMA 9. Suppose q: [0, o0) = [0, 00) is a function satisfying (1.4).
Define the function Q: [0, o) — [0, 0©) by Q(x) = q(x12). Then the
following four statements hold:

(i) Q is continuous and non-decreasing, Q(0) = 0, Q(x) = x Vx = 0,
and Q(x) < x32 as x — 0.
(ii) Va > 0, lim,_..Q(x + a)/Q(x) = 1.
(iii) There exists o > 0 such that

(2.13) 2(xy) = 0X)Q(0) VxZa,y 2 a.

(iv) If a > O satisfies (2.13), Z is a N, 1) r.v., and ¢ Z «, then
Eq(lc'2Z]) = Q(c) - (Q(a) + Eq(IZ])).

PRrROOF. Statements (i) and (iii) are trivial and (ii) follows from the cor-
responding statement in (1.4)since (x + @)V2 S xV2 + aVx =z 1, a >
0. To see (iv), note that

Eq(|cV2Z]) = j o QCZAP + j(m 0(cZ?)dP

< 0 + | o0@ddrp
£ 00 - 0@ + ) - Eq(Z)).

3. Proof of Theorems 1 and 2. What we shall prove is the following
statement.

PROPOSITION 0. Suppose © = (z(n), n = 1, 2, . ..) satisfies (1.1), (1.2),
and (1.3), and q satisfies (1.4) and

(1.52)  q((n-exp(— (24,B,)"1 2-;1 k-12(k)V2) = o(n) asn — 0.

Then there exists a strictly stationary sequence X = (X,) satisfying
(1.6), (1.7), (1.9), and

(1.82) 0,(X) S 7(n) Vn = 1.

Theorem 2 follows immediately from this statement (using g(x) =
x2). To derive Theorem 1, one simply has to replace the sequence ¢ =
(z(n)) in Proposition 0 by ¢t = (cz(n), n = 1, 2, .. .), where c is an ap-
propriate positive constant, and use the elementary fact that B, = B,.

PRrROOF OF PrROPOSITION 0. Let the sequence 7 = (¢z(n), n =1, 2, ...)
and the function g: [0, o©0) — [0, c©) be arbitrary but fixed, satisfying
the conditions in the hypothesis of Proposition 0. Foreachn = 1,2, ...,
define the quantity e(n) = exp[—(24;B,)"! X7, k™1 7(k)]. As in Lemma
9, define the function Q: [0, ) — [0, ) by Q(x) = ¢q(x/2). Let a be
such that (see Lemma 9)
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3.1 a1
and
(3.2 Oxy) = Q(x)-00) VxZa,y2a.

Since lim,,_,o, 237%,1 k"1 (k) = 0, one has that (e(n),n = 1, 2, ...) is
slowly varying as n — o0, and hence

3.3) n-en) > o0 asn— oo.
Let L be a positive integer such that
3.4 Lz2andVrzZ L, 7-e(d) Z a.

For each m =1, 2, ..., we shall define a positive integer N,, = L,
a positive number C, = a, a strictly stationary sequence Y ™ =
(Y™, k € Z) satisfying condition #(¥,,, 7), and a positive number d,, =
a such that Var(Y{™ + ... + Y{) < d, -n-e(m)Vn = 1. The de-
finition will be recursive and is as follows.

To start off, define N; = L and C; = a. Using Lemma 8, let YV =
(Y0, k € Z) be a strictly stationary sequence satisfying condition #(L, 7).
Using (iv) in Definition 2, let d; = a be such that Var(Y{® + -+ + Y1)
Sdy-n-eln)vn z 1.

Now suppose M = 2 and that, form = 1,..., M — 1, the following
are already defined: the positive integer N,, = L; the number C,, = «a;
the strictly stationary sequence Y™ = (Y, k € Z) satisfying condition
F(N,,, 7); and the number d,, = « such that Var(Y{™ + ... + Y{) <
d, - n-e(n) Vn =z 1. Using Lemma 9, (3.3), and assumption (1.5a) in
the hypothesis of Proposition 0, let N,, be a positive integer such that

(3.5) Ny > Ny_q, Ny > L,
ONy - e(Ny))/ Ny
(3.6) M-1

S M2 (QM -5 Cudy)) - Mty (Col N,

(37) VX ; NM . G(NM), Q(X + C1 + 0 + CM—I) é 2Q(X)

By (3.1), (3.4), (3.5), and the above assumptions that C,, = « and d,, =
aVm £ M — 1, one has that

(3-8) Ny - e(Ny) 2 aand <M . MZ_:1 C,,,d,,,) Za.
m=1

Define Cpy = (Npr - e(Ny)) - (M - 3421 C,d,). By (3.1) and (3.8), Cyy =
a. Using Lemma 8, let Y™ = (Y{M, k € Z) be a strictly stationary
sequence which satisfies condition #(Ny, 7) and is independent of the
family of sequences YU, Y@ .  YM-D_ Using (iv) in Definition 2,
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let dyy = a be such that Var(YM™ + ... £+ Y)Y < dyn-e(n)Vn 2 1.
This completes the recursive definition.
Foreach M = 2,

(39) O(C1) S QW olNa) - QM - ' Coily),
(3.10) CyzNy-e(Ny) 21,

and

@3.11) O(C1 + -+ + Cx) < 20(Car).

Here, (3.9) and (3.10) follow from (3.2), (3.8), and the definition of Cy,
(and also (3.1)); (3.11) holds by (3.7) and (3.10). Also, for each M = 2,

3.12) %—Z = _Q_(ATC;{_) S M™% ming,cpy ']%L’

by (1.4) (which implies Q(x) = x Vx = 0), (3.6), and (3.9). By (3.5) we
also have that the sequence (Nj, N,, ...) of positive integers is strictly
increasing.

By the above definitions, the random sequences Y, Y@ y® .
are independent of each other, and (using Definition 2) for each m = 1,
P(Y§™ # 0) = 1/N,, EY{ =0, and Var Y§{ = 1/N,. By (3.12),
T Cp + Var Y§™ = £5.,(C/N,) < o0, and, by (3.10), Tiy(1/N,,)
< oo. By the Borel-Cantelli Lemma,

(3.13) P(Y{™ # 0 for infinitely many m) = 0.

Define the random sequence X = (X, k € Z) as follows:
X, =3 Clrypm Vkel.
m=1

We have that for each k € Z this sum converges a.s. and in .%,.

Now let us verify the properties of the sequence X listed in Proposition
0. The facts that X is strictly stationary, EX, = 0, and EX} < oo are ele-
mentary. The fact that Var(X; + --- + X,) — oo as n — oo follows from
Definition 2 (iii) and the elementary equation

(G.14) Var(X; + -+ + X,) = 31 C,, Var(Y{™ + -+ + Y{™) Vnz L.
m=1

Also, by Lemma 6 and Definition 2 (ii), p,(X) £ sup,z; p.(Y ™) = z(n)

Vn = 1;thatis, (1.8a) in Proposition 0 holds. Now we only need to prove

statements (1.7) and (1.9).

ProOF OF (1.7). For each finite subset S of {1, 2, 3, ...} (including the
empty set @) let Hgdenote the event {{m: Y{™ # 0} = S}. In what fol-
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lows, it is understood that S ranges over just the finite subsets of {1, 2,
.. .}. By (3.13), the events Hg form a countable partition of the probability
space (2, except perhaps for an event of probability 0. Similarly, for each
m=1,2, 3,... the events Hg with m € S form a countable partition of
the event {Y§™ s 0} except perhaps for an event of probability 0. From
(3.4), (3.5), and Definition 2, as noted above,0 < P (Y{™ # 0) = 1/N,, <
1 Vm Z 1, and hence, by using (3.13), one can show that P(Hg) > 0 for
every finite subset S < {1, 2, .. .}. Since ¢ is a non-negative function, one
has that for every S, E(q(|Xy|)|Hs) is well defined in [0, c0) U {0}, and
that

(3.15) Eq(1Xol) = s E(q(1Xo)|Hs) - P(Hs)

(which at this point is not assumed to be finite).

Define the quantity r = Q(a) + Eq(|Z]), where Z is any N(0, 1) r.v.
Then r < oo by (1.4) since E|Z|3 < oo. For each non-empty finite subset
S < {1, 2, ...}, the conditional distribution of X, given H, is that of a
normal r.v. with mean 0 and variance };,,cs C,,, by Definition 2 (vi) and
the fact Y§V, Y, ... are independent r.v.’s, and hence E(q(|Xy|)|Hs) <
I+ Q(X mesCm) by Lemma 9; and since Q(3,,csCm) < 2Q(max,,csCy) <
2 ¥,,es0(C,) by (3.11) (and the fact that Q is non-decreasing), one has
that E(q(|Xg)) |Hs) £ 2r - 33,,esQ(C,,). For the empty set @ one has
E(q(|Xo)IHy) = 0 since g(0) = 0 by (1.4). Hence, by (3.15),

Eq(1Xol) = 2 E@(Xo)IHs) - P(Ho)
< 5 52 0(C,) - P(HY)

3 3 2r-Q(C,) - P(Hs)

m=1 {S:m&S}

=2 30C) - ¥ PHY

=2 3 0(C,) - P(Y§™ # 0)

m=1
=2r- 3 0(C,)IN,
<
(where the last step holds by (3.12)). Thus (1.7) holds.

PrOOF OF (1.9). For each M = 2 the following statements hold:

(3.16) Cy - Var(YM™ + .. + Y = Cyy,
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. CpVar(Y(™ + o + Y
(3.17) e
< %, Codd + Nog - eNyg) = CulM,
and
_;'>;H Cp - Var(Y{™ + -+ + Y{fip)
(3.18) "

= 2 (Cw/Ny) - Ny < 2 (1/m2) - C,y.
m=M+1 m=M+1

Here (3.16) comes from Definition 2 (i) (v), (3.17) comes from the de-
finitions of d,,, 1 < m = M — 1, and of Cy, and (3.18) comes from
Definition 2 (i) (v), the fact that (N,, m = 1, 2, .. .) is increasing, and
(3.12). Now, by elementary arguments, we have that, as M — oo,

(3.19) Var(X1 + o0 + XN(M)) ~ CMa

(3.20) Var(Ci (X1 + -+ + Xyan) — (Y™ + -« + Y) - 0,

and
(3.21) Cat'MX1+ ++ + Xyan) = (Y + -0 + Yfy) -0

in probability.

Now, VJ = 0, 1,2, ..., limy,(}) (1/N)(1 = I/N)N-T = (1/J!)e"!
by Poisson’s classic limit theorem; and it follows that Vx e R, limy_,,
Gn(x) = F(x) where Gy and F are as in Definition 2 and the statement
of Theorem 1. By Definition 2 (vii) and (3.21) and an elementary theorem
on convergence in distribution, we have that(X; + --- + Xyun)/CI? —
F in distribution as M — oo; and, by (3.19) and another elementary
theorem, (X; + --+ + Xyan)/(Var(X1 + -+ + Xyan))Y2 = F in dis-
tribution as M — oo. This completes the proof of (1.9) and of Proposi-
tion 0.

REMARK. Proposition 0 remains valid, if in (1.5a), the number 24;B,
is replaced by a well chosen positive absolute constant (i.e., not de-
pending on 7). To see this, one can apply Proposition O itself with ¢ re-
placed by 7 = (y(n), n = 1, 2, ...) defined by 7(n) = min{c, z(n)},
the constant ¢ > 0 being chosen small (depending on 7) so that sup,.;
(n1 37, 7(k))/r(n) is close to 1; the rest of the argument is elementary.

Acknowledgment. The author thanks N. Herrndorf for a preprint of
[11].
Added in proof. M. Peligrad has proved the conjecture in §1.
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