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A GENERALIZATION OF A RESULT OF A. MEIR
FOR NON-DECREASING SEQUENCES

G.V. MILOVANOVIC AND I.Z. MILOVANOVIC

1. In [3], the following result is given.
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THEOREM A. Let 0 = p; = po =
L2, ...,n.Ifr =z lands

< a,, satisfying a; — a;_y < p; (i
2r + 1), then
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In this paper we shall prove an inequality which is stronger than ine-
quality (1.1). Also, we show a generalization of Theorem A.

I IA

THEOREM 1. Let 0= py = ps = --- =Sp,and 0 =qagy =< a; £ --- £ a,
satisfyinga; — a;y S p;(i=1,2,...,n).IfrZlands +1 22 + 1),
then

s+ 1 Zas Pi +2P:+1 + (s + 1) (s—1r)% Z(p' — pPas!

(1.2)
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2. PRrROOF. Since x — x” (r = 1) is a convex function on [0, o0), the ine-
quality

57 xaxs S -ap EHEL 5j2m),

1=

holds, wherefrom, according to the condition a; — a;_; < p;, we obtain

1 L af + a

Forg; = igla{oi’if—“i, the inequality (2.1) becomes
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1e.,
2.2 att < (r+ Dy,

where ¢; = q; — pjn1aj/2 = q;-1 + p; ajf2.
If we take k = (s + 1)/(r + 1), the inequality (2.2) becomes

(2.3) a7 = (r 4 DFLeL

Note that q;_; < ¢c; £ g;(j=1, ..., n). Using a generalization of
Hadamard’s integral inequality for convex functions, which is proved in
[2], we find that the inequality

k k
k14 (k — 1 C,@«z(qf +q1 _ c,>§ 9; — 4ia
e DaT T )= Ha; = a0
ie.,

. . 2. — p2
kP +2P;+1 @+ k (k- 1) P;+18 Pi gor k2 < gk — gt

is valid. Whence, after summing forj = 1,...,n — 1| and using (2.2) and
(2.3), we obtain the inequality (1.2).
Since

n—1
+DE—-n Z:l(l’gﬂ -pYast 20,

we conclude that the inequality (1.2) is stronger than inequality (1.1).
For p; = ... = p, = 1, the inequality (1.2) is reduce to the inequality
proved in [1].

3. Similary, as in Theorem 1 (also, see [4]), the following result can be
proved.

THEOREM 2. Let f and g be differentiable functions on [0, o) satisfying
f(0) = f'(0) = g(0) = g'(0) = 0. Suppose that f and g are convex and in-
creasing on [0, o). Set h(x) = g(f(x)). Then for any finite sequences (a;),
(p;) such that 0 =ay=ay = --- =a,and 0 < py £ --- £ p,, which
satisfy a; — a;_1 = p(i = 1, ..., n), we have

n—1 . n=1l . .
3.1 h-1 <Z D +2P;+1 h (a,')> éf'1<2 Pi +2P.+1 f(ai)>-
=1 =1
COROLLARY. For h(x) = xs*! and f(x) = x7*1 the Meir’s result is obtained

from the inequality (3.1).

ExaMpLE. Functions f(x) = x2 and g(x) = x3e* satisfy the conditions
of the above theorem. This shows that potential functions are not the
only ones which satisfy the conditions of the Theorem 2.
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