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EXTENSIONS OF SEMIDEFINITE FUNCTIONS 

J. M. GAMBOA 

Dedicated to the memory of Gus Efroymson 

Gondard and Ribenboim [4] proposed the following problem : let V £ 
Rw be an algebraic set, fe R[x], x = (jcl5 . . . , xn), such that f/v ^ 0. 
Does there exist F e R[x], F ^ 0 over R", such that F/v = flv1 They 
gave a partial positive answer. We prove a stronger result. 

THEOREM 1. Let V a Rn be an algebraic set,fe R[x] with f/v ^ 0 and 
{a e Rn:f(a) = 0} f| Vc = 0 (Vc is the locus of central points of V). Then, 
there exists F e R[x] non negative over Rn such that F/v = f/v. Moreover, 
tfflv > 0, F is positive over Rn. 

In the same paper [4] it is proved that the answer to the problem of 
extending/, if f/v ^ 0, is negative in general. For example, let us take 
V = {y2 — x3 = 0} a n d / = x However, we have been able to prove the 
following theorem. 

THEOREM 2. Iff e R[x] and f/v ^ 0, there exists an odd positive integer 
m and F e R[x] non negative over Rn, verifying Fjv = fmjv 

We look at these problems in two different ways. 
A) We restrict ourselves to the case where V c Rn is a curve. 
B) Given/E R[x] such that/ /F ^ 0, does there exist 

i) A polynomial F e R[x] 
ii) A regular function F 
iii) A rational function F 

such that F g: 0 (where .Fis defined) and//F = F/yl 
If we denote by D(f) the "bad set" of/ (see [3]), we prove the following. 

PROPOSITION 3. Condition ii) is equivalent to condition iii), and both are 
implied by D(f) = 0 . 

So, we are concerned with the existence of polynomial extensions 
(condition i)) or regular extensions (condition ii)) 

Since codimvD(F) ^ 2 when F c R» is a normal algebraic set, ([3]), 
we conclude the following proposition. 
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PROPOSITION 4. The regular extension problem has an affirmative answer 
ifVa Rn is a non-singular curve. 

The situation is not completely known for singular curves, but we 
obtain some negative answers for plane curves. 

PROPOSITION 5. The regular extension problem has negative answer in the 
following cases: 
1) V a Rw is a curve with a point whose multiplicity is greater than two. 
2) F c R» is a curve with a non-ordinary double point. 

We do not know what happens in case F contains an ordinary double 
point. 

Concerning the polynomial extension we know the following sufficient 
condition. 

PROPOSITION 6. Let V c= Rn be a curve andfe R[x] withf/v ^ 0. Let us 
assume that each point of {f = 0) f| V has principal maximal ideal in the 
coordinate ring R[V] of V. Then there exists F e R[x] such that F ^ O 
and Fly = f/v. 

Even for non-singular curves we do not know the answer to the poly­
nomial extension problem. Consider for example V — {y2 — x(x2 + 1 ) = 
0}, a n d / = x. However, a well known result [2] proves that the answer 
is affirmative when Fis a conic. 

For arbitrary dimension, the answer to the regular extension problem 
(and so, to the polynomial extension problem) is negative in general 
Consider for example V = {x2 + y2 4- z3 = 0} and f = —z. 

The problems on extensions are closely related with the problem posed 
by Lam in the conference Boulder. 

Let V cz Rn be an algebraic set a n d / e R[x]. Does / / 7 ^ 0 imply that 
/ i s a sum of squares in R[V]1 

We can also study: does f/v ^ 0 imply t h a t / i s a sum of squares of 
regular functions over VI 

Of course, affirmative answers to those problems would give us affirma­
tive answers to the extensions problems. But the converse is not true. 
For example (see [5]) consider the curve V = {y2 = x(x2 +1 )} . Then 
/ = x3 admits a polynomial extension but it is not a sum of squares in 
R[V]. 

Finally, some few remarks about this question in the local analytic 
case. Let x0 a Rg be an irreducible analytic germ, fe 0[X0] an analytic 
function germ such that//Xo ^ 0. I s / a sum of squares in 0[X0]? 

In the non-singular case the answer is affirmative if dim x0 ^ 2 (see 
[1]) and negative otherwise. 
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In the singular case we prove that the answer is negative when dim X0 = 

1, when dim X0 > 1, we know very little. 

EXAMPLES. 1) X0 = {z(x + y)(x2 + y2) = x4} a n d / = z(x + y). Since 
codim in XQ of D(f) = 1,/is not a sum of squares in 0[x0], 

2) XQ = {x2 + j 3 + z5 = 0}. Each fe 0[X0] with //Xo à 0 is a sum 
of two squares in 0[X0]. 

REFERENCES 

1. J. Bochnak and J. J. Risler, Le théorème des zéros pour les variétés analytiques reelles de dimension 2, Ann. Scient. Ec. Norm. Sup, 4e series, 8 (1975), 353-363. 2. M. D. Choi, Z. D. Dai, T. V. Lam and B. Reznick, The Pythagoras number of some affine algebras and local-algebras, J. reine angew. Math. 336 (1982), 45-82. 3. C. Delzell, A constructive, continuous solution to Hilbert's 17-th problem and other results in semialgebraic geometry. Dissertation, Stanford Univ. (1980). 4. D. Gondard and P. Ribenboim, Fonctions définies positives sur les variétés reelles, Bull, des sc. Math. 98 (1974), 39̂ 7. 5. G. Stengle, Integral solution of Hilbert's seventeenth problem, Math. Ann. 246 (1979), 33-39. DEPT. DE ALGEBRA Y FUND., UNIVERSIDAD DE MADRID, FAC. DE OENCAS, MADRID, 
SPAIN 






