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CONSTRUCTIONS OF WEAK INVERSE PROPERTY LOOPS
K. W. JOHNSON AND B. L. SHARMA

1. Introduction. Examples of loops which satisfy the weak inverse
property and are not Moufang are scarce in the literature ([2], [4]). In a
previous paper ([3]) the authors gave several constructions for families of
commutative loops which satisfy the weak inverse property. In the fol-
lowing, certain families of extensions of groups are given which are non-
commutative non-Moufang weak inverse property loops. A non-Moufang
weak inverse property loop will be called a WIP loop. The method of
construction arises from an examination of an elementary abelian 2-
group of “G-actions’” for an arbitrary group G. This approach is a special
case of that of Albert ([1]), which was found to be too general to be used
in specific constructions. The method of construction, in contrast to that
for the extensions constructed in [3], bears very little relation to that for
any group extension constructions.

In §2 we discuss the extension theory, and in §3 the explicit constructions
of various families are given, together with examples. In §4 are given some
conclusions.

2. Extensions. Let G, H be loops, with identities /, e respectively. A loop
extension (H, E, G) of G by H is defined to be an exact sequence

) e->H->F->G-1

in the category of loops, with morphisms of extensions and equivalence of
extensions being defined as in the theory of group extensions. To sum-
marise the results of Albert, such an extension can be constructed by
defining for each element (g, g;) of G x G amap ¢(g1,82) :H x H > H
which is, in effect, a binary operation under which H is a groupoid,
H(g,, g;). The further conditions necessary on the map ¢(g;, g») are that
for each g € G, H(g, I) be a loop with identity e, that e is a left identity for
every groupoid H(I, g) and that H(I, I) = H. Conversely, given an exten-
sion (H, E, G), maps ¢(g;, g;) satisfying the above properties can be
defined in an obvious manner. Thus an extension can be represented by an
element of Homg(G x G, Homg(H x H, H)) with certain properties,
where Homg denotes the homomorphism functor in the category of sets.

Such a classification appears to be too general to actually construct
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extensions, and a more restricted approach is used here. Let G and H both
be groups, and define on the set H x G a multiplicaton given by

2 (h1, 81) (B2, 82) = ([MiL(g1, &2), h2R(g1, 81T (g1, 82)4, 8182)

where L(g;, &) and R(g;, g2) are 1:1 maps from H onto H, T(g, ) is
a l:1 map of H x H onto H x H, and 4 is the map from H x H to H
defined by (hy, i) — hy o hy, where o denotes the original group operation
in H. Thus, if there are no restrictions on L, R and T the above is a more
complicated version of Albert’s multiplication, up to a few minor modi-
fications. However, if we restrict L and R to be either the identity map on
H or the map p defined by p(#) = h~1for 4 € H, and restrict T to be either
the identity map or the map ¢ : (h, k) — (k, h), then considerable simpli-
fication is possible.

We define a triple (4, R, T) to be a G-action if the following three con-
ditions are satisfied.

(i) For each element (g, g2) of G x G, L(g1, 82), R(g1, g2) and T(g1, &)
are defined, where L and R take on values in the cyclic group of order 2,
{i, p}, and T takes on values in the cyclic group of order 2, {i, z}.

G)L(L D) = RU,T) = i, TU, 1) = i.

(iii) L(g,I) = iand R(I, g) = iforallg e G.

Define the product of G-actions (L;, Ry, T7) and (L,, Ry, T5) to be the
triple (LiLp, RiR,, T T,), where LyLy(g1, 82) = Li(81, 82)L2(81, 82), etc.
Under this product the G-actions form an elementary abelian 2-group.

Given a group H, every G-action defines a loop extension of the form
(1). The loop Eistheset H x G with multiplication defined as in (2), where
o and ¢ are the maps described in the discussion subsequent to (2). If the
operation * on H is defined by

(3) hy x hy = (h1L(g1, &2), h2R(g1, 82))T (g1, &2)4,

then Ay * hy is one of hyohy, hyohy, hilo hy, hyo hil, hyo hyt, b3t o hy,
hito h3', hy' o h', where o is the operation of H, and under all these
operations H is a groupoid, and this implies that H x G is a groupoid.
Condition (iii) ensures that (e, I) is the identity element, and condition
(ii) ensures that H is a normal subloop of E. The map H — E is the usual
embedding # — (h, I) and the map E — G is the usual projection (4, g) —
g. In contrast to the discussion in [1] it is not necessary in our treatment to
have the groupoid H(g, I) defined by the operation « for the pair (g, /) as in
(3) to be a loop.

Let (L, R, T) be a restricted G-action if L(g, g~') = R(g, g)~! for all
g € G. This ensures that the two-sided inverse of the element (4, g) in the
corresponding extension E is (A1, g~1), and of course implies that right
and left inverses coincide. We calculate the conditions on a restricted
G-action (L, R, T) such that for an arbitrary group H the extension E
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defined by (2) is weak inverse. Thus we take arbitrary elements x =
(h, g1) and y = (h,, g;) of E, and consider the identity x(yx)~! = y~1

yx = ([hL(g2, &1), MR(&2, 81T (82, 814, &281)-
(yx)71 = (A" R(g2, 81)s h7'L(g2, 8117 (g2, 82)4, (828D,
4 x(yx)71 = ([hiL(g1, (82807, [h'R(g2, £1), hz"L(g2, 81T (g2, g4
R(g1, (8281)" V1T (8280714, g2

Thus the condition that the right-hand side of (4) is y~1is that
(5) [ L(g1, (g28)7Y), [h'R(g2, £1)> h2"L(g2, £1)]
T(g2, 81)4R(g1, (8281) " DIT (81, (81820 D4 = h3.
We tabulate in table I the various possibilities for (5) to be satisfied.

TABLE 1

L(gs, g1) R(g2, 81) T(g2 g1) L(g1, (8281)7Y) T(g1.(8280)7Y) R(g1, (8280)7H)
i i i i i i

i i T i i T
i 0 i 0 i i
o i i 4 o T
i o T 0 i T
0 i T 0 0 i
0 [/ i i o T
0 0 T i 0 i

Thus it may be seen from the above that if the restricted G-actions (L;,
Ry, T)) and (L,, R,, T,) satisfy (5), then so does the product (L;L;, RiR,,
T,T,). Thus such actions form a subgroup of the group of all G-actions.

3. Constructions. From the discussion in §2, in order to construct a WIP
loop extension of a group G by a group H, it is sufficient to give a re-
stricted G-action (L, R, T) such that for arbitrary (g, g2) in G x G the
values of L, R and T on (g5, g;) and (g1, (g2g1)~1) coincide with one line of
table I.

(a) Let H be an arbitrary non-commutative group, and let G be Cj, the
cyclic group of order 3 generated by «. Let

LI, a®) = L(a% a) = p
R(a, I) = R(a?, @) = p
T(a2, @) = T(a?, a?) = 7 .

I

Let, L, R and T take on the value i on all other pairs.
Then in the corresponding extension E right and left inverse coincide,
and the proof that Eis WIP is contained in tabel II.
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TABLE 11
(880 =08 (g1(gg)™H=7r LB RPB) TP Ly RG) T()
(I, a?) (a?, o) P i i 0 o T
(a, I) U, a?) i p i o i i
(a2, ) (o, I) p 0 T i 0 i
(a2, a?) (a?, a?) i i T i i T

For all other pairs the appropriate line in the table consists of i only.
The non-commutativity of H is necessary for E to be non-associative.
If 4 and & are elements of H which do not commute, then

(A, a®)(k, a®))! = (kh, )71 = (h7k7, 0?)
(k, a7t (h, o)1 = (k71 (A7, @) = (k7171 a?).

Thus the loop E does not satisfy the inverse property, and hence is not
Moufang.

The loop of smallest order in this family is the loop of order 18, cor-
responding to H = Ss, the symmetric group on 3 letters. If we let x; = e,
x; = (123), x3 = (132), x4 = (12), x5 = (13), x5 = (23), and let (x,,
a’) = 6j + i, then the multiplication table of this loop is that given in
table III.

TaBLE II1
1 2 3 4 5 6 7 8 910111213 14151617 18
23 1 6 4 5 8 9 7121011 15131417 18 16
31 256 4 9 7 811121014 1513 18 16 17
4 5 6 1 2 3101112 7 8 91617 18 13 1415
56 4 3 1 2111210 9 7 81718161513 14
6 4 5 2 3 1121011 8 9 7181617 141513
7 9 810111213 1415161718 1 2 3 4 5 6
8 7 9121011 151314171816 2 3 1 6 4 5
9 8 7111210141513 181617 3 1 2 5 6 4
101211 7 8 9161718131415 4 5 6 1 2 3
111012 9 7 8171816151314 5 6 4 3 1 2
121110 8 9 7181617141513 6 4 5 2 3 1
131415161718 1 3 2 4 5 6 7 8 91011 12
141513181617 3 2 1 6 4 5 8 9 7111210
151314171816 2 I 3 5 6 4 9 7 8121011
16 17 18131415 4 5 6 1 3 2101211 7 9 8
171816151314 5 6 4 2 1 3111012 8 7 9
181617141513 6 4 5 3 2 1121110 9 8 7

(b) Let G = C,,, generated by a. Let the pair (af, a’) be abbreviated
to (i,j). Let L take on the value i, except for the following pairs, on which
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it takes the value p; (0, n +7r), 0= r<n, (n,n+1), (n, 2n = 1),
mnn+1,2n-1),Qu—-1,n+1),(n+r,n—r),0=r<n Let
R take on the value p on the following pairs, and /i otherwise; (r, 0),
l<rEn@n+1L,n,2n—1,n,mnH+ 1,2 —1),2n — 1,n + 1),
(n+r,n—r),0 = r < n Similarly, let T be / other than on the pairs
below, on which T takes the value z; (n + r,n —r),0 S r <n,(n + 1,
2n — 1), 2n — 1, n + 1), (n, n). Then L(g™1, g) = R(g™1, g) is satisfied,
and the condition that a corresponding extension be weak inverse is
demonstrated by table V.

TABLE IV
(g2,81) = B (g1, (g2607Y) =7 LB RPB) T(P) L) R(n) T(7)
0Zr<n (0,n+r) (n+r,n—vr) 0 i i p p T
(n,n+1) n+1,2n-1) 0 i i P 0 T
(n,2n — 1) 2n—-1,n+1) p i i 0 o T
1sr<nm+rn—r)y (n—r0) 0 0 T i 0 i
(n+1,2n—1) 2n — 1, n) 0 0 T i 0 i
2n—1,n+1) (n+1,n) 0 0 T i 0 i
(n+1,n) (n,2n — 1) i 0 i 0 i i
@2n — 1, n) (n,n+ 1) i 0 i P i i
(n, m (n, 0) p p T i 0 i
l<rzn (r,0) (0,2n —r) i 0 i [/ i i

Thus, if we take H to be an arbitrary group which is not of exponent
2 (in which case the above construction is the direct product), we obtain
a WIP loop. Then for arbitrary elements 4, k of H,

[, ™)k, a2 D]t = [(hk)7L, a"] 1 = (hk, a),
(k, a2n1)"Yh, @)1 = (h-1, @)(h !, ar1) = (h~lkL, an).

Thus if k is an element such that & # k=1 and & = e, the inverse property
is not satisfied, and hence the loop constructed is not Moufang.

The smallest member of the family is of order 12 (when H = C3) and
its multiplication table is given in table V.

If H = {e, B, 8%}, then the element (&, o/) is denoted by 3/ + i.

(c) Let G be Cy,,,1, n = 2, generated by a. We list below those elements
on which L, R and T are non-trivial;

L: O,n+r)l £2r=<n(n2n),nn+?2),
m+r+1,n—=—rN0=r=n@n+22n,12nn+ 2).

R: (r,0)1 £r =n Q2nn),n+ 2,n),
m+r+1,n—-—rV0Zr=<n(n+2 2n),2nn+ 2).

T: m+r+1,n—r)0=r=n(n+22n),2nn+ 2).

(here again we have abbreviated (o/, a) to (i, j)).
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TABLE V
1 2 3 4 5 6 7 8 9 10 11 12
2 3 1 5 6 4 9 7 8 12 10 11
31 2 6 4 5 8 9 7 11 12 10
4 6 5 7 8 9 10 11 12 1 2 3
5 4 6 8§ 9 7 11 12 10 2 3 1
6 5 4 9 7 8 12 10 11 3 1 2
7 9 8 10 11 12 1 3 2 4 5 6
8 7 9 11 12 10 3 2 1 6 4 5
9 8 7 12 10 11 2 1 3 5 6 4
10 11 12 1 3 2 4 6 5 7 9 8
11 12 10 3 2 1 5 4 6 9 8 7
12 10 11 2 1 3 6 5 4 8 7 9

L(g, g71) = R(g, g~1) is then satisfied, and we again demonstrate that
any corresponding extension is WIP by table VI.

TABLE VI
(82,80 =8 (g1, (g2207Y) = v L(B) R(P) T(P) L(y) R() T(p)
1Z2rsn O,n+r) (n+r,
n—r+1) 0 i i 0 0 T
(n, 2n) 2n,n + 2) 0 i i o 0 T
(,n+2) (n+2,2n) 0 i i 0 T
0LZLrn (n+r+1,
n—r) (n—-—r0) I [/ T i 0 i
(n + 2,2n) (2n, n) o 0 T i 0 i
(2n, n + 2) (n + 2, 2n) 0 0 T i 0 i
1sr=n (r,0) O0,2n+1—-r) i [/ i [/ i i
(2n, n) (n,n +2) i 0 i 0 i i

On all other pairs the corresponding values for L, R and T are all i.
Again, we take H to be of exponent greater than 2, and take the corre-
sponding extension. For arbitrary 4, k in H,

[, am2)(k, o))t = (W)Y, )71 = (hk, o),
(k, a2y (h, a2)"1 = (K71, a)(hL, 1) = (k~Yh Y, o).

Thus, if 4 is the element e, and & is an element of H such that k # k~1, the
inverse property is not satisfied, which implies that the loop is not Mou-
fang.

The smallest example of this family occurs when H = C3, G = Cs, and
its multiplication table is given in table VII. If H is generated by 3, then
the element (&, a/) is denoted by 3i + j.

It may be noted that the above constructions apply also when H is an
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TABLE VII
1 2 3 4 5 6 7 8 9 10 11 x2 13 14 15
2 3 1 5 6 4 8 9 7 12 10 11 15 13 14
31 2 6 4 5 9 7 8 11 12 10 14 15 13
4 6 5 7 8 9 10 11 12 13 14 15 1 2 3
5 4 6 8 9 7 11 12 10 14 15 13 2 3 1
6 5 4 9 7 8 x2 10 11 15 13 14 3 1 2
7 9 8 10 11 12 13 14 15 1 2 3 4 5 6
8 7 9 11 x2 10 14 15 13 2 3 1 6 4 5
9 8 7 12 10 11 15 13 14 3 1 2 5 6 4
1011 x2 13 14 15 1 3 2 4 5 6 7 8 9
11 12 10 14 15 13 3 2 1 5 6 4 8 9 17
12 10 11 15 13 14 2 1 3 6 4 S 9 7 8
1314 15 1 3 2 4 6 5 7 8 9 10 12 11
1415 13 3 2 1 5 4 6 8 9 7 12 11 10
1513 14 2 1 3 6 S 4 9 7 8 11 10 12

arbitrary inverse property loop. Further non-commutative WIP loops
may be obtained by the methods of [3], where central extensions of an
abelian group A4 by an abelian group G were constructed. If A is the centre
of a non-abelian group H, then as in group extension theory, a loop
extension of 4 by G corresponds to a loop extension of H by G, and if H
is not commutative the resulting extension will not be commutative.
These extensions are rather different from those in families (a), (b) and (c)
above, in that all the latter are split in the sense that the loop E has a
normal subloop H; = {(h, I), he H} isomorphic to H, and a normal
subloop G, = {(h, I), h € G} isomorphic to G, such that H; ] G; = (e, I).
This is not so for those extensions constructed by the methods of [3].

4. Summary and conclusion. We have thus constructed non-commutative
WIP loops for all composite orders except 8 and 2p, where p is an odd
prime. It is not known whether non-commutative WIP loops exist of order
a prime (in [3] commutative WIP loops were constructed for all primes of
the form 3n + 1). In addition, a general method has been obtained to
construct certain types of loop extensions, and further applications of this
method will be given elsewhere. It seems to be of interest to investigate
further the group of G-actions.
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