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ASYMPTOTIC EXPANSIONS IN PERFORATED MEDIA
WITH A PERIODIC STRUCTURE
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Dedicated to N. ARONSZAJN

0. Introduction. We consider elliptic equations
¢)) Au, = f
in domains ., which consist of a perforated medium, with a “large”
number of holes or of obstacles of “size”” ¢ and which are arranged in a
periodic manner, also with period ¢. In (1) u, is subject to some boundary
conditions, and we want to study the behaviour of , as e — 0.

This problem has already been considered by L. Tartar [14], D. Ci-
oranescu [5], and D. Ciroranescu and J. Saint Jean Paullin [6] by energy
methods; one obtains in this manner the behaviour of u, as ¢ — 0, and
the periodic structure is not used in an essential manner. For situations
where the “volume” occupied by the holes is “smaller” than in the pre-
sent case, cf. V. A. Marcenko and E. Yu. Hruslov [12] and Rauch and
Taylor [13].

In this paper we show that—by using this time the periodic structure
in an (apparently) essential manner—one can obtain much more, that is,
under suitable hyopthesis on f, one can obtain an expansion of any order
in ¢. We will construct functions uy, u;, u,, ... such that

u, — (uy + euy + -+ e™u,,)
is of order em in a Sobolev space on .. Actually, in the situations con-
sidered here uy = 0, u; = 0.

The method used here is a variant of the method of multi-scales as
used in the book A. Bensoussan, J. L. Lions and G. Papanicolaou [4]
(and as anticipated by J. Keller) for problems of homogenization arising
in composite materials (We refer to the book just quoted for bibliographi-
cal references, in particular to the work of de Giorgi, Spagnolo and their
associates, Bakhbalov, Babuska, Murat and Tartar.) The new part here
is.that in some case, boundary layer terms can be avoided. (The con-
struction of boundary layer terms, when they are needed, is a largely
open question in Composite Materials as well as in Perforated Media.)
The structure of the expansion in perforated media has been briefly given
in the lecture [9] of the Author in Poland and in lectures in the Collége de
France, Fall 1977.

Received by the editors on April 13, 1978.
Copyright © 1980 Rocky Mountain Mathematics Consortium

125



126 J. L. LIONS

The plan of the paper is as follows:
. Setting of the problems.
. Construction of the asymptotic expansion.
. Error estimates.
. Obstacles and rapidly varying coefficients (I).
. Obstacles and rapidly varying coefficients (II).
Various remarks.

AUV AW —

1. Setting of the problems. We define first in a precise manner the
domains (2, which consist of an open set Q = R” from which we take out a
“large” number of “‘small” pieces arranged in a periodic manner.

Let us set

n

Y =1]110,°L

=1
and let us consider an open set ¢ contained in Y; more precisely
(1.1) O0Oc0Oc.

Let S denote the boundary of @; we suppose that S is divided in two
pieces

(1.2) S=SpU Sy

where the index D refers to Dirichlet and N to Neumann.
We define next ¢ @ and the set

(1.3) 7(e0)

where 7 denotes the set of all translations {ek;)%, ..., ek, 9} where the
ks are integers.
If Q is a bounded open set of R* with boundary /", we define

(1.4 Q. = A\(Q N #c0)).
We set
(1.5) S, = 0(z(e0)) N Q

(this is the union of the portions of boundaries contained in Q of all sets
7(e®) which intersect Q).
With obvious notations we have

(16) Se = SsD U SeN'
The boundary of Q, contained in /" is denoted by /', so that
(1.7) . =1.US.

The basic problem we want to consider can now be stated as follows.
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We are given a function fin  (a regularity hypothesis on f will be made
later on), and we consider in Q, the problem

(18) _Aue =fln 'Qe’

(1.9) u,=0on [,

(1.10) u, =0 on S,p,
ou, _

(1.11) ¥ S 0 on S.y

(where 9/0y denotes the normal derivative to S.y, oriented toward the
exterior of 2, to fix ideas and S,y is assumed regular). This problem
admits a unique solution, at least in the Sobolev space H}(Q,) (We denote
by H}(Q) the space of (real valued) functions which are in L%(Q) together
with their first order derivatives (in the sense of distributions) and which
are 0 on /. This space is also denoted by W1.2(Q) or P(Q), etc. It has been
studied as the completion of smooth functions for the norm

)+ () )

2 9y 2

<IQ[V * < 0x, ot 0x, dx

by N. Aronszajn and his associates in a series of papers (cf. Biblio-
graphy)). We want to study the behaviour of i, when ¢ — 0.

2. Construction of the asymptotic expansion. We are going to look for
u, in the form (this is a formal expansion for the time being, and such
expansions (with technical differences) have been systematically used in
A. Bensoussan, J. L. Lions and G. Papanicolaou [4])

(2.1) u, = Uy -+ euy + e,
where
(2'2) uj = uj(x’ y), Yy = X/S,

and where the functions u; have the following properties:

uix, y)is defined forxe Q,ye ¥ — 0;

u;(x, y) is Y-periodic, that is, u(x, y) admits the period
(2.3) . .
y%in the variable y,, k = 1, ..., n;

uilx,y) = 0forxeQ, yeSp.

We remark that condition (1.10) will be satisfied by virtue of the structure
of the functions u;, provided the series converges.

We now make a formal identification. Let us consider (1.8) first. The
operator d/dx; applied to a function u,(x, x/c) becomes
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0 0

et A + ox;
so that
2.9 4 =¢e24, + 274, + 04,
where, using the summation convention,
@.5) 4, = _Bxa%y .
Then (1.8) is equivalent to
(2.6) — dyuy =0,
2.7 — dyu; — 24, uy = 0,
(2.8) — dyuy — 2441 — dauy = f,

etc.
We now consider (1.11). We denote by v,(y) the jth component of
v. Then

2.9 %) = ¢ 1)) —a% +v;(») 78%- = ¢! —ay%)— + i) Aai—j .
It follows that (1.11) is equivalent to

(.10) a?)‘(’g}) — 0, ye Sy,

@.11) a% +pj—g%~=o, ye Sy,

2.12) ai(% + »j-g% =0, ye Sy,

etc. For fixed x € Q, uy(x, y) should satisfy in ¥ — ¢ the equation (2.6),
with boundary conditions (2.10) and uy(x, y) = 0 for y € S;, and u, being
Y periodic. It follows that uy = 0. Then (2.7), (2.11) and u(x, y) = 0 for
ye Sp and Y periodic imply that u; = 0.
It follows that conditions on u, reduce to

—du, = f(x)inY — 0,
= U _ o,
(2.13) uy(x,y) = 0 for ye Sp, () 0 for y e Sy,
uy is Y-periodic.

In (2.13), x is a parameter. Therefore, let us introduce w = w(y) as the
solution of
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—dw(y)=1inY — 0,

(2.14) w = 0 on Sp, 3() = 0 on Sy,
w is Y-periodic.
Then
(2.15) Uy = uy(x, y) = w(nf(x).
Let us proceed with the computation. The equation “following” (2.8) is
(2.16) —dyuz — 24.4us = 0,
i.e., assuming f smooth,
@.17) — Ay = 23;” g){

with the conditions
uy(x, y) = 0 for y e Sp,

(2.18) a% = —v,(y)w(y) ; f for y e Sy,

u3 is Y-periodic.

Here again x is a parameter. We define wi(y) as the solution of

-4, w'—Zame o,

0y;
2.19) wi = 0 on Sp, a?)—z”ﬁ = —2,()W(y) on Sy,
w' is Y-periodic.
Then
(2.20) uz = wi(y) af (x)-

One easily obtains the general structure of u,,, m = 3:

u,, = wP(y)Dsf(x) (where the summation is extended

(2.21)
toall p, |p| = m — 2), w» e H(Y — 0).

In (2.22) the w® can be recursively defined.
In the next section we shall justify the above construction.

3. Error estimates. We prove now the following Theorem.
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THEOREM 3.1. Let the functions u,, us, ... be defined by (2.15), (2.20), ... .
Then u, being the solution of (1.8), ..., (1.11), and assuming that

3.1)  fe2(Q) = space of functions with compact support in Q,
one has
(3.2) |, — (Buz + -+ + emu,)| gy S Cem
where C does not depend on ¢.
REMARK 3.1. Hypothesis (3.1) can be weakened (cf. Remark 3.3 below).

REMARK 3.2. Since u,, = u,,(x, y) = u,(x, x/¢), one has

lemttn| 1y = O(em1)
so that the term ¢”u,, is indeed needed in (3.2).

REMARK 3.3. If we assume that fe C7~2(Q) and that
(3.3) D*f =0on ["for |p| <m -2,
then due to the structure of the formula (2.21), one has
3.49) uix,y) = Oforxel.

If we do not assume (3.3), then (3.2) is not correct, since v, = 0 on [,
and e%uy + --- + e™u,, is not zero on /.. In such a case, one would need
boundary layer correctors; the structure of these correctors is not known
to the author. Of course (3.1) is unnecessarily strong; the estimate (3.2) is
valid if one assumes that

(3.5) fe Cmi(Q), Dbf = 0 on [ for every p, |p| < m — 1.
PrOOF OF THEOREM 3.1. Let us introduce
(3.6) Qe = U, — (521«12 + -+ ekuk)

where k will be chosen later (and we shall then make precise the hypotheses
on f which are sufficient to insure the validity of the argument). We have

(3.7) —do. = e*1g,
where
(3.8) g = [dayy + 24, ] + eduy.

We assume that
(3.9) fe CKQ), D*f = 0 on [ for every p,
By virtue of (3.9) and of (2.21), we have

p|§k—2.
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(3.10) ¢. = 0on/[,,
since u, = 0 on S,p, and by construction of the #; we have
(3.11) . = 0on S,p.

On S,y we have

a‘Pa = ok = —y, Qu_k
(3.12) = o he= v 5
Multiplying (3.7) by ¢, and using Green’s formula, we obtain

(3.13) j | . |2dx ='f et hopedS, + -1 j g.pedx.
ge SEN gs

Let us verify that

(3.14) ”&”LZ(QQ =C
and .
(3.15) ]| eesy < Ce

Here and in what follows, the C’s denote various constants.
Indeed by virtue of (3.9) and of (2.21), we have

lgx, M= C X 2[Iw(f”(y) |+ VWP ()]

(3.16) =
+C 2 wo)l

1p1=k—3

But given a function @ € H(Y — ), we have

[ 102xie) + (9,080 ax = €
which, together with (3.16), implies (3.14). Similarly,

|h(x, )| = C 3 |wo(y)]
1pl=E—2
and, given @ € HI(Y — 0), we have
5 O%(x/e) dS,y < CeL.
SeN

Hence (3.15) follows. It follows from (3.13), (3.14), (3.15) that
61D [ [Vofrde s Cot iy + o fpulsy

But one can show (cf. D. Cioranescu [5], D. Cioranescu and J. Saint Jean
Paulin [6]) that
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(.18) jn oPdx < CL Vo2 dx

for every p € HY(Q,) such thatp = O on S, U 7, and with C independent
of e. Let us check that

(3.19) oy < © j [2* + |Vol?] dx
Sen e Jo,
for all functions ¢ as in (3.18). Indeed if we introduce functions c;(y) €
C1(Y) such that ¢,(y) = v,(»y) on S and ¢; = 0 near the “boundary” of Y
(considered as a parallelotope in R*) (we need here that S be a C! variety),
and if we extend c; by periodicity, then

(x/e) -0 (o?) dx = j' 2ds,, — L | 96 2
f, etx0 g @ dx = [ Sy — §. oy (el

so that (3.19) follows.
Using (3.18) and (3.19), the estimate (3.17) gives

1
<j |V¢>5|2 dx>2 < Cek 1,
2
and again using (3.18), we have
(3.20) o]l mray = Cer

We now choose k = m + 1. Then the hypothesis (3.9) becomes (3.5). We
have

u, — (uy + - + emu,) = @, + emlu,

so that using (3.20),
(321) ”ue— (8ZHZ + e+ Emum)”Hl({);) é C€m + $m+1 Hu”H'lHHl(Qs)'
But
»
ot = wO() D) + 1 8 (D),
lpl=m—1,
so that

(p)
Dun)|SC ¥ o)+ E RG]

1pl=m—1 | pl=m—1

and therefore |[um*1||;1 g, < Cle so that (3.21) implies (3.2), and the
proof'is completed.

4. Obstacles and rapidly varying coefficients (I). We consider now an
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extension of the above situations. The geometrical data are the same but
in Q, instead of considering the operator — 4 we consider the operator

4.1 Ae = —_a%<a,.,(x/e) a%)

where
(4 2) a;’j(J’) € LOO(R”), a,‘j is Y-periodic,
. a;(») &€, = a&é, a > Oae. iny.

We consider the problem

4.3) Aqu, = fin Q,,

(4.4) u, =0on/,,

4.5 u, = 0on S,p,

(4.6) af’i = Oon S,y.

in (4.6) 0= gm0y =l
0V 4 H 0x;

Physically, problem (4.3) ... (4.6) corresponds to a composite material
with a periodic structure (the period being ¢ Y') and which is perforated (the
“holes” or “obstacles’” being ¢,) with the same periodic structure. We
want to study the asymptotic behavior of u, as ¢ — 0.

3

Asymptotic expansion. We use for u, the same ‘““ansatz” than in (2.1),

(2.2), (2.3). We now have
Ae = E*ZAI + 5_1A2 + €0A3,

A== 2 (a2 ),

@.7) 5%
Ay = — a‘?)j <aij(y)’a%;> - 'aii:j(aij(Y) a—zj—> )
bm - )
and
po = e a0 )+ a0 52
(.8 )

0
= 1. % 4 a.; (y) -2
€ v, a;(yvi(y) ax,
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We obtain by identification
Ay =0inY — 0,

4.9) 5
uy = 0 on Sp,- 2“0 = 0 on Sy,
al«‘Al
Uy is Y-periodic
so that
Uy = 0
and, in the same manner, ; = 0. Then
Ay uy = f,
(4.10) uy; = Oon Sp, %L = 0 on Sy,
VAI

uy is Y-periodic.

This is the analogue of (2.13), with — 4, replaced by 4;. We introduce
w(y) as the solution of

Aw =1inY — 0,
(4.11) w=00nSp,-2" —0onSy,
31),41

w is Y-periodic
and we obtain

(4.12) ux(x, y) = w)f(x).

We proceed as in §2 and we find (2.21) for the general structure of
u,,(x, y), where the w'» are computed as in §2 but using A;, 4, 43 in-
stead of —4,, —24,,, —4,. The error estimates are unchanged.

5. Obstacles and rapidly varying coefficients (II). We consider now a
situation somewhat analogous to that of §4, but where the coefficients
a,;; have a “much smaller” period than the period of the holes. Let us set
Z= H;?:l 10, 2% [and let us consider functions a;,(z), ay(z) such that

a;(2), ay(z) € L=(R"), a;; and a, are Z-periodic,

5.1
G:D a;/(2)6:5; = aki€;, ap(z) Z a, ¢ > Oae.inz.
We set now

A AN R x
(52) As = axi <a;] < 82 ) axj > + a0< 82 )

and we consider the problem
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5.3) Acu, = fin 0O, (where @, is defined as in §1),
5.4) u,=0on/,,
(5.5) u, = 0on S.

(We suppose that S, = S; if Sy is of positive measure on S, there are
some technical difficulties that we want to avoid here.) We want to study
the asymptotic behavior of v, as ¢ — 0.

Asymptotic expansion. We look for u, in the form

(5.6) u, = uy(x, y, z) + euy(x, y, 2) + -+, ¥y = x/e, z = x/e?,
where

uix, y, z) is defined for xe 9, ye Y — 0, ze Z,
.7 u; is Y-periodic in y, Z-periodic in z,
ux,y,z2) =0ifxeQ,zeZand ye S.

With these notations, we find that
A = 674/‘11 + 6_3142 + €~ZA3 + 6_1A4 + EOAs.

A= = (a5,

(58 2=~ aaz <""f(z)"a§y‘j'> - az— <“”'(Z) 7’%>
v ) 0 5) o )
B d) &)

As = — 687, <a,~, _5%;) + ay(2).

We use (5.6) and (5.8) in (5.3). We find that
Ay =0
which, since u, should be Z periodic, implies that
(5.9 o = u(x, ¥)-
The term in ¢—3 gives

Alul + Azuo = 0,
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da;; oy,
5.10 Ay = T4 0
( ) 1 9z, 9y,
We introduce y/(z) by
. 0a; : . ..
(5.11) Ay = — _azi, ¥’ is Z-periodic

(which defines y/ up to an additive constant). Then the general solution of
(5.10) is

(5.12) = = @) 91 + i, ).
Vi

The term in ¢~2 gives
(513) Aluz + Azul + A3U0 = 0

which admits a Z-periodic solution iff

0.

Il

(5.14) j (o + Agu) dz

We replace in (5.14) u; by its value (5.12) and we use (5.9); we obtain

(5.15) oAuy =0 for xeQ, yeY — 0,
where
52
o = —dq;j - ATATT
(5.16) 0v:0y;

1 oy’
4 = 127 J,| 0 — @) T ) |az, (2] = T2

The operator .o/ is the homogenized operator corresponding to the 2 Z-
periodic structure; it is an elliptic operator (cf. A. Bensoussan, J. L.
Lions and G. Papanicolaou [4] and the bibliography therein). Therefore
as a function of y, uy should satisfy (5.15) together with the boundary
conditions

uy = 0 on S, 1y is Y-periodic.
Therefore

u0=0

and (5.12) reduces to u; = i;(x, y) Then (5.13) reduces to
A1u2 + Azal = 0,

so that
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(5.17) = — yi(2) BB 4 ay(x, y).
8y,~

The term in ¢! gives
(518) A1u3 + Azuz + A3l71 = 0,
which admits a Z-periodic solution iff

j (AZUZ + A3a1) dz = 0,

z
hence
oy =0

and we conclude as for u, that &#; = 0. Therefore u, = #iy(x, y) and (5.18)

gives

(5.19) us = — /(2 %Emz, + #3(x, »).
Vi

The term in &0 gives
(5.20) A1u4 + A2u3 + A3142 =f

and (5.20) admits a Z-periodic solution u, iff

I.IZMI'SZ(AZUS + Asup) dz = f,
ie.,
(5.21) ALy =f, xe, yeY — 0,
with @, subject to
(5.22) ity is Y-periodic, il = 0 on S.
We introduce w(y) by

Aw =1in Y — 0,

(5.23) . L
w is Y-periodic, w = 0 on S.
Then
(5.24) Uy = (X, y) = w(f(x).
Then (5.19) gives
(5.25) o= = 2) - (MG + Folx, ),
j .
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where #i3 is to be defined. For that one solves (5.20) in u4 and one considers
the term in &l

(526) A1u5 + A2u4 + A3U3 + A4u2 = 0;

equation (5.26) admits a Z-periodic solution us iff
jZ (Aguy + Asuz + Agug) dz = 0,

which gives an elliptic equation

(5.27) /i = given function of x and y in ¥ — 0.

The boundary condition us(x, y, z) = 0 on S gives
- iy OW
U3(x, y) = XJ(Z) p) (y)f(x) on S
Vi

which is in general impossible to satisfy. Therefore in order to obtain
higher order expansions, boundary layer terms ‘“‘near” S, are necessary;
but the construction of these terms is an open question.

In order to define #; one can take for instance

iy =0foryesS

and one continues the computation in this way.
We can prove the following

THEOREM 5.1. We suppose that
(5.28) fe Co(Q), Dtf = 0 on [ for every |p| < 4.
Then, assuming S smooth,
(5.29) it = W)y < C,
where w and o/ are defined by (5.23) and (5.16).

ProOOF. We introduce
(5.30) 0. = u, — (2ug + -+ + &kuy)

and we shall choose below k < 6 (so that (5.28) is sufficient to have all
terms well defined). We obtain

(5.31) A, = ¥ 3 g,
8. = Aguy + Asup_y + Ay g + Asty3
(5.32) + €(A3uk + A4uk_1 + A5uk_2) + 6Z(A4uk + Asuk_])

+ e3Asu,,
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(5.33) ¢. =0on /[,
and
(5.34) 0. = —(Bus + --- + efu) on S,.

In (5.33) we have used the structure of u,(as a combination of D?f). Since
we assume S smooth and since o7 is elliptic with constant coefficients, all
functions w(y), ..., w®(y) are smooth so that, if we choose k = 3,

| 4pe|| L0y = O(e?),
lell =000 = OC?).
so (5.29) follows.

6. Various remarks.

REMARK 6.1. The above methods are quite general for elliptic problems.
For the case of higher order equations with singular perturbations, we
refer to B. Desgraupes [7]. The case of elliptic systems can lead to some
new difficulties. For the case of Stokes system, we refer to J. L. Lions
[10].

REMARK 6.2. Some of the results of this paper can be obtained by prob-
abilistic arguments; cf. A. Bensoussan [4].

REMARK 6.3. Similar methods apply to problems of evolution. Cf. J.L.
Lions [11].

REMARK 6.4. Spectral problems for domains with holes (or obstacles)
are studied in Kesavan and Vaninathan [8] and in the thesis of Vanin-
athan [15].
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