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APPROXIMATION AND DECAY
OF SOLUTIONS OF SYSTEMS
OF NONLINEAR DIFFUSION EQUATIONS

DAVID HOFF
1. Introduction. We consider the system of equations
U, = DU,, + MU, + N(U)

(1) Ulx, 0) = Up(x)
where U € R™ and x € R. U, and N are assumed to be smooth and
D = diag(Ay, © - ,Am) and = diag(p,, * ' *, pm) are constant.

Furthermore we assume that there is a constant K; > 0 such that
@) A — %Ipﬂ = 0 for all i

and that there is a set S = II;-,[a;, b;] contained in the domain of N
such that

3) N(U)twg(U) = 0 for U € 38

where v is the outer normal on S. Under these assumptions § is in-
variant for (1); this means that if Uy(x) € S for all x, then U(x,t) € S
for all x and t. Hence solutions of (1) are a priori bounded so that (1)
has a smooth solution U(x, t) defined for all t. See [1] for details.

We generate approximants to U in the following way: choose in-
crements At and Ax, let ¢, = nAt and x;, = kAx, and approximate
Ui = U(xy, t,) by Vi, where

Vit — an‘l =D k:i - 2an—l + V;::ll
At ( Ax2 )
ﬂ:} - V;:: ; n—-1
+M ( T )+ N(V,-1).

Letting 8 = At/Ax? and a = At/2Ax, we may write this scheme in the
form

Vi = Li(V*-1) = (I — 28D)V,*~! + (BD + aM)V"-!

k+1

4) + (BD — aM)V}~1+ AIN(V,»-1).

The local truncation error 74" is defined by 7,* = U™ — Li(UrY).
Since U is smooth it is clear that
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|[7«"|| = chAt sup||D/U||

where the sup is taken over all x,¢ € [0,¢,],and j =1, - - -, 4 Here
as elsewhere h = At + Ax2; D/ = 3//0x/; ¢ denotes a positive con-
stant independent of At, Ax, t and x; and norms are ® -vector norms.
It will be shown in Lemma 6 that the above sups exist, provided that
they exist for n = 0; moreover, estimates will be obtained to yield

(5) 7| = ce“"hAt.

In § 2 we show that if 8, At and Ax are suitably restricted, then S is
invariant for the difference approximations (4). This ensures that the
V,» are defined for all n and k and enables us to establish that
[U* = Vi"|| = O(h) for fixed t,. In § 3 we impose further restrictions
on N and U, which yield the estimate ||Uy* — V,| = O(h) indepen-
dent of x; and ¢, and which imply that U decays to a root of N as
t = . In § 4 we consider two examples and in § 5 we indicate how

the theory can be generalized.

2. Existence and Convergence of Approximants. In the following,
superscripts will be used to designate the components of vectors, and
the jth standard basis vector for R™ will be denoted by ¢é;.

From (4) V," is defined provided that V;»~! is in the domain of N.
Theorem 1 yields a sufficient condition for the existence of the ap-
proximants.

TueoreM 1. Choosey € (0, 1) and assume

6) B= 1 —_7 for all i,
7 Ax=K,,
Y
=1
@8) At=

2

where K, = sup|aNi/aUi(U)|, the sup being taken over all i and all
U ES. Thenif V,° € Sforallk, Vi* € S for all n and k.

Proor. Assume that V;»~! €S for all k, fixi, and let ¢,” =
(V,”).. We need to show that ¢;* € [a;, b;]. We have, for some W € §,

Ni(V=1) = N(Vi* ! + (@ — o7 1))

il\l n—1 — 4.
+ S Wt = a)

=0 — Ky(cx" ! — a)
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from (3). Therefore from (4),
o = o= (1= 280)(c~1 = @) + (B + am)(cpyi— a)
+ B\ — am)(cpZ| — @) + AIN{(V,"))

= (1- 2B\ — KzAt)(ck"‘l - a)
+ BN+ ap)(eps! — @) + (BN — ap)(cpZ] — @)

Conditions (6)-(8) guarantee that the right-hand side above is a
convex combination of quantities which, by induction, are non-
negative. Therefore ¢, = a;. The proof that ¢;" = b; is similar.

Let Ex = Uy — Vi*and Er = sup | Ex"||-

THEOREM 2. Assume that sup,||D/Uy(x)|| < o for j = 4 (so that (5)
holds), and assume that (6)—(8) are satisfied. Then E* = e“(E® + ch).

Proor. Ex* = Li(Ur~1) = L(V*~1) + 7"

= (1 - 28D)Ey"~! + (BD + aM)E27! + (8D — aM)E;-
+ AtJE 1 + 1

where the entries of the matrix J are derivatives of N evaluated at

various points in S. Computing the ith component of both sides above,
and using (6)-(8) we obtain

I(Ekn)il § (1 + cA t)E"_l + ”‘Tkn”
so that, using (5),
Er= (1 + cAt)E*-1 + ce‘"hAt.

An easy induction then finishes the proof.

Theorem 2 establishes the first-order convergence of the approxi-
mants. However, the given bound tends to infinity as ¢ — % with h
fixed, whereas Theorem 1 implies that E* = diam(S). We can combine
Theorems 1 and 2 in the following way:

CoroLLary 3. E"= §(t,, h) diam(S) + [1 — &(t,, h)]e(E® + ch)
where § € (0, 1), 8(t, h) = O(h) for fixed t,8(t,h) - 1 as t — ©, and

[1—=8(th)]et—0ast— =,
Proor. Forany § € (0, 1)
Er = §diam(S) + (1 — 8)ectn(E® + ch).
Choose 8 = h/(h + e~ <'t") where ¢’ > c to obtain the result.
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Corollary 3 again asserts the first-order convergence of the approxi-
mants but now indicates that, for fixed h, E* may tend to diam(S) as
t, = ©. We will show that this behavior may actually occur. First
note that (1) includes as a subcase the ordinary differential equation

U, = N(U)
U(0) = U,

If we take V.0 = U, for all k, then (4) becomes Euler’s method.

Now suppose m = 2 and that S contains three zeroes of N, two of
which are attractors and one of which, U, is a saddle. Then for ap-
propriate U, the solution U(t) of (9) tends to U exponentially as
t — ©, whereas V" will tend exponentially to one of the attractors,
provided that the stable manifold for U is not a line. Thus E" tends
exponentially to a quantity which could be as large as diam(S).

WA}
N\

3. Decay to Equilibrium and Uniform Convergence. In this section
we investigate the convergence of the approximants under hypotheses
which preclude instabilities such as that occurring in the above
example.

9)

DEFINITION. A square matrix A = (Aj) is diagonally dominant (d.d.)
if

(10) A= Y |Ayl foralli
#i
and is strictly diagonally dominant (s.d.d.) if strict inequality holds in
(10) for all i.
If P(U) is a vector field we denote by Jp(U) the Jacobian matrix of P
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evaluated at U. We continue to assume that (2) and (3) hold.

THEOREM 4. Suppose —]Jy is s.d.d. in S. Then N has one and only
one zero in S.

Proor. By Gerschgorin’s Theorem ([5], pg. 76)
sgndet Jy(U) = (—1)mforall U € S.

Thus any zeroes of N in a neighborhood of S must be isolated, so that,
by enlarging S if necessary, we may assume that N # 0 on 4S. We
then have

deg(0,N,S)= Y sgndetJy(U)= (—1)"p

N@U)=0

where p is the number of zeroes of N in S. (See [68] for the definition
and properties of deg).

Now let N,(U) = sN(U) + (1 — s)(U — U) where U is the midpoint
of S. ThenO QE N,(3S) for any s € [0, 1] (since N*vs = 0); hence

(—1)mp = deg(0, N}, S) = deg(0, Ny, S) = (—=1)™
andp = 1.
We denote by S,,(U) the cube {V € R™s.t. |[U — V|| = h}.

TueoreM 5. Suppose N(U) = 0. If — Jy is d.d. in a nezghborhoodr
T of U and if S,(U) C T, then Sy(U) is invariant for (1 ). Conversely, if
S,(0) is invariant for (1) for small h > 0, then — Jx(U) is d d.

Proor. Recall that S,(U) is invariant for (1) iff Ntug W0 =0 on
as,,(U) Suppose that —Jy is d.d. in S,(U) and let U € GS;,(U) say
= Ui + h. Then forsome W € S

Ni(U) = Ni(0) + VN"(W)‘(U - 0)

= N N ;
=Soht #21 w N (- )

dNi aNi

IA

(aU' #, I o >
0.

A

Similarly N(U) = 0if U' = Ui — h. Thus Nvg, )= 0.

Conversely, suppose S,(U) is invariant for small h. Fix i and let o; =
sgn dNi/aUi(0). For small h> 0 define U, by U/ = Ui+ oh for
j#iand Uy = Ui + h. Then U, € 35,(0) and
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. , IN: N
0> Ni(U,) = Ni l7 + — (W + E — (W),
- ( h) ( ) a Ui ( h)h ]%l a U’ ( h) Jh

where W), € S,(0). Since Ni(U) = 0 we have

aNi N
0= W(Wh) + § U (Wh)O’j.
J#i

Now let h — 0 to obtain the result.

Lemma 6. Assume that sup,|D/Uy(x)| = K for 1= j = p and let
o = sup((ONY/aU)(U) + 3, . +|(dN¥aUF)(U)|), where the sup s
taken over all i and all U € S. Then sup,|DJU(x, t)| = Ket for 1 =
i=p

Proor. We give the proof for p = 1. Let V(x,t) = ne~"U,(x, t)

where ¢’ > o and n > 0 is to be chosen. By differentiating (1) we
obtain

V, = DV, + MV, + {Jy(U) — a'}V.

Let D=D®D,M=M® MU= [V], and NO) =[yyai o] .
Then

(11) 0,= D0, + MU, + NO).

A simple computation shows that

15([4] )=l @ Usw)= o,

Thus for UES and ||V| = ho, —J5([y]) satisfies the diagonal
dominance condition in the last m rows, where hy, depends only on
N, S,and o’. An argument similar to that given in the proof of Theorem
5 then shows that S X §,,(0) is invariant for (11). Now choose n =
holK so that ||V(x, 0)|| = ho. Then ||V(x, t)|| = ho for all x and ¢, and
|Uxlx, )| = (hom)e't = Ke*'t forany ¢’ > 0.

Lemma 6 establishes (5). Note that if —Jy is s.d.d. in S then the o
occurring above is negative.

LemMa 7. Let R= {Ri} and T = {T\} be sequences in S. Then if
—Jn is s.d.d. in S and (6)—(8) hold,

ILk(R) — Le(T)| = (1 — cA?) sup 1B = T

Proor. Let E; = R; — T;. Then using (6)-(8),
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I[Lx(R) — Li(T)]¥| = (1 — 28\ + At W(W))I(Ekﬂ
+ (BN + a/-“i)l(Ek+l)i| + Bh — am)l(Ex_y)l
rars 2w | 1

=01- cAt sup || E;|
j

where c is defined by
_ ON' 5 l
aU: — 10

Recall the definitions E;* = Uk" — Vi*and E" = supy| E¢"||.

TueoREM 8. Let —Jy be s.d.d. in S, assume that (6)-(8) hold, and
assume that sup,|DJUy(x)| < ® for j=4. Then if U is the unique
zero of Nin S,

inS.

(a) Ers (1 - in’l )"(EO + ch),
®) V=01 = (1= 5= )" sup vie - 0,
(c) |U(x, t) = U|| e~ sup ||Uy(x) — U

Proor. We have |r"| = ce~“~hAt from Lemma 6, so that from
Lemma 7

[E] = | Le(U1) = Li(ve=H] + ||
= (1 — cAt)E*~1 + ce—“"hAt.

(a) then follows by induction.

To prove (b) take R, = V" and T, = U in Lemma 7 and note that
Li(T) = U for all k. (c) follows from (b) and the convergence of the
approximants.

CoroLLarY 9. The hypothesis “— ]y s.d.d.” may be replaced in
Theorems 4, 5 and 8 by “there is a constant diagonal matrix A> 0
such that — AJyA~liss.d.d.”

Proor. Make the change of variable W = AU in (1) and (4).

We note, however, that the constants change and that the invariant
cubes of Theorem 5 become invariant parallelepipeds.
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If B is a square matrix let B be the matrix obtained by replacing the
off-diagonal entries of B by their absolute values. The following gives
a simple criterion for applying Corollary 9 when m = 2.

TueoreMm 10. Let B be a 2 X 2 matrix. Then there is a diagonal
matrix A > 0 such that — ABA-! is s.d.d. iff B has negative diagonal
elements and positive determinant.

Proor. Let B = [25] and assume a,d < 0 and ad — bc > 0. Then
—alb> c¢/[—d >0, so that if —a/b>n> —cl/d, then —a > nb and
~d > (1m)c. That is,

[0y ot 0
[o.] 20 1]
is s.d.d. The converse is proved in a similar manner.

4. Examples. In this section we give two examples illustrating the
application of Theorems 8 and 10. It will be seen that our hypothesis
on N implying the decay of U is the appropriate generalisation of
conditions found earlier for these particular examples in [4] and [2]
respectively.

- Consider first the FitzHugh-Nagumo equations (see [4]),

Ot=vxx+f<v)—
U = €Uy, + o0V — yu
where € = 0; o,y > 0; and f(v) = —v(v — a)(v — b) witha>b>

0. In [4] the existence of a famlly of invariant rectangles of arbitrarily
large diameter contammg [9] is proved.
We have that [J] is a zero of N(U) and that

& _[f0 1

]N([o]> [a —.y]'
By Theorem 10, Corollary 9 holds provided that —f'(0) > o/y. In
this case there is a family of invariant rectangles R, centered at [o] ;
moreover, if Uyx) € Ry, for all x where —f'(v) > oy holds in R,
then the solution U(x, t) decays exponentially in ¢, uniformly in x, to
[0] and the errors E" tend to 0 uniformly in ¢, as h — 0.

A similar example is provided by the following model for the co-

existence of two species whose population densities u and v obey the
system

Uy = €Uy, + uF(u, v)

0 = €30, + VG(u, v)
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where ¢,20, F, <0< F, and G, <0< G, See [2]. To be
specific take F(u,v) = v — u(a — u)~! and G(u,v) = u — v(b — v)~!
where @, b > 0. Assuming that ab > 1, the field N = [4{] has a zero
in the first quadrant at

[uo] = (@b-1) [(1+b)—1].

vo 1+a)?
v
F=0
G=0
.//
u
A simple computation shows that at ]
—a(l + b) 1
Jo=(@b—1 1+a? 1+5D
v= b=l 1 —b1+a)

1+a (1+b)2

Thus Theorem 10 applies because ab > 1 and we conclude that [4]
is an attracting equilibrium in the sense described in the first example.
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5. Concluding Remarks. The results of § 2 and § 3 remain valid for
the boundary value problem for (1), for the case that D, M and N
depend on x and ¢, and for the case of several space variables. Further-
more, the results of § 2 can be proved in case D and M depend on U
(the proof of Theorem 1 is in fact unchanged); and the results of § 3
can be proved if D and M are sufficiently weak functions of U. Here
we use the same difference equation as (4), but with D and M evaluated
at Vk"~1.

In approximating the solution of a boundary value problem for (1)
it is feasible to employ the implicit scheme

Vit — Vel (v;;} A A R b )
At =D [(1 6) Ax2

VZ+1 - 2Vk" + V;:_1>
+o ( Ax2 ]

V= Vi Vier = Vi
+M[(1-0)( 2Ax >+0< 2Ax )]
+ N(Vi»-1).

Again, the stability and error estimates in § 2 and § 3 can be obtained
using similar techniques. We note, however, that to obtain the in-
variance of S for (12), it remains necessary to restrict 8 as in (6) unless
6 = 1. Compare the case N= 0 (heat equation) in which a weaker
form of stability can be obtained unconditionally (i.e., with no restric-
tion on B) provided 6= 1/2; see [5] pp. 16-18. In other words, the
strong stability of Theorem 1 is obtained unconditionally only for the
pure implicit scheme = 1. For details and proofs see [3].

(12)
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