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THE TOPOLOGY ON CERTAIN SPACES OF
MULTIPLIERS OF TEMPERATE DISTRIBUTIONS
JAN KUCERA AND KELLY MCKENNON

AsstracT. In [2] and [3] the space S’ of temperate distri-
butions was characterized as a union of Hilbert spaces L_g,
gEN = {0, 1, 2, --*}. Then spaces ©, were defined to consist
of all functions u for which mappings f— uf: L_5—>S" are
continuous, and it was proved that() ey Og = Oy, where
© p is Schwartz” space of multipliers on 5’, see [6]. In [4],
two topologies for ©, were suggested. It is shown in this
paper that those topologies coincide and each ©,4, equipped
with this topology, is a bornological, complete, and reflexive
space. In addition, bounded sets in © are characterized.

1. Notation. For « € N* and x € R* we write |a] = a; + a; +
ot oay, X% T X, MK 02 ¢ ¢ K@, and D = a|“|(6x1°16x2°‘2 PN
dx,*)~L. Further, C*(R") is the space of all functions which have
continuous derivatives of all orders on R", Cy*(R") is the space of all
fE€ C=(R") with compact support, LS(R"), where 1=s< +
(resp. s = + ), is the space of all functions whose s-th power is in-
tegrable on R" (resp. functions which are bounded almost everywhere
on R"),

S={fEC™R"): sup |x*DFf(x)| < ©,a B E N"},
*ER"
and S’ is the strong dual of S. It is convenient to introduce a weight
function W(x) = (1 + ||x||2)V2, where |x|2= %2+ x2 + - - + x,2

We use the so-called Sobolev (generalized, weak) derivatives. A
function g is the Sobolev derivative of order a of a locally integrable
function f if, for any ¢ € C, *(R"), we have

= (—=1)ll
[ gpax=(-1p [ Dy
In [1] we defined for each ¢ € N a Hilbert space

P . Rn v, 2= —ld PDaf]2
Lo= {f: B> C:|fl; .aéq jm |[We-lDefi2dz <+ }

and denoted by L_, its strong dual. The derivatives in the definition
of L, are Sobolev. But it can be shown that each f€ L,,,, where
r= 1+ [(1/2)n], has continuous classical derivatives of all erders
=<q. The projective limit of (), ey L, equals S. The set of all func-
tionals from {J, ey L_g, restricted to S, equals S'. By [3] the inductive
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topology of |, en L_, equals the strong topology (S, S) of S .

For any p,q € N, O, is the set of all functions u : R*— C for which
the mapping f— uf: L, — L, is continuous. Since ©,, is a subspace
of the Banach space £,(L,, L,), of all continuous operators from L,
into L, it is a normed space. In fact, it is also Banach. The norm on
O, qisdenotedby || - |- Foranyq € NthespacelJ, en O, 4, equipped
with the inductive topology T;, is denoted by ©,.

2. Auxiliaries.

Lemma 1. Let X, Y be Banach spaces, Y reflexive, Y C X, and the
identity mapping id:Y— X continuous. Let xy € X\Y, y, €Y,
and let V be a bounded closed convex neighborhood of 0 in Y such
that yo € V. Then there exists a bounded closed convex neighbor-
hood U of 0 in X such that V C U and x, ¢, Yo QE U.

Proor. We show first that V is closed in X. Let a be an element
of the closure of V in X. There exists a net {a,},e; C V such that
a,—a in X. Since V is weakly compact in Y (Alaoglu Theorem),
there exists K C I such that {a,}.ex weakly convergesin Yto b € V.
Therefore for all f€ X' CY' we have f(a)=lim,ek f(a.) =
£(b), and by the Hahn-Banach theorem a = b.

Again, by the Hahn-Banach theroem, there exist f,g € X' such
that f(x) > 1, g(yo) > 1, and f(x)<1, gx)<1 for all xEV.
Since V is bounded in X, we have d = sup{|x||x, x € V} < + =, and
the set U=fI(=,1])Ng(~=, )Nz EX: [|a]x=d}
has the required properties.

Lemma 2. For any pair p,q € N, the space WL, = {u: R"— C;
W-ru € L,} (with the norm of an element u € WPL, given by
|W=rul|,) is a Hilbert space. The indictive limit U,ey WL, equals
( (Dq, Tz)

Proor. Fix p,q EN and put r=1+ [(1/2)n]. Since W—r-r &
L, we have W-r—u € L, for any u € O,,. Moreover, |[W-"""u|, =
[W="="||, - |u|lpo Therefore, the identity mapping id: ©O,,—
Wr+rL, is continuous, which implies the continuity of

id: 0,= U 0,,» U wrrL, = U WrL,.
PEN pEN pPEN
On the other hand, choose p,q € N. There is a constant A> 0
such that |DYW»(x)| = AW»(x) for all x € R* and ally E N*, |y| = gq.
It was shown in [1] that there exists another constant B> 0 such
that |Wr+9-BIDf| o = B fl|p+q+, for all 8E N, |§|=p + ¢, and
€ L,,q+r» Wwherer =1+ [(1/2)n].



TOPOLOGY ON CERTAIN SPACES 379
Ifu € WrL,and f € L, 4, then

luflla = [W-PuWrfq

= ( )y ja" qu—IalDa(W_p“Wpf)lzdx> 12

lal=q

< a
B la|2§q B+y2+s=a [B,‘)’,S]
([, 1wa-HDA(W-ri)Drwe Difl2 dx )
Rﬂ

A

43 2 Loyl

li=q Biyis=a - B>Y,

<JR,. !Wﬂ+q—luIDﬁ(W_,,u)D6f|2dx)1/2

= AB|fllprars X X [ * ]

llSq B+y+b=a B,v,d

1/2
(] . 1Dow-ru)zdx )
R
= Cllfllp+a+r - 1Wulq

for a sufficiently. large constant C. It implies u € O,,q4,, and
lllp+q+ra = C||W—"u|,, ie., the identity mapping id: WrL,—
Op4q+rq is continuous and the mapping id:LEEN WrL,— U, en
Opigirg = Upen Opy = O is continuous, too.

LemMma 3. The space O, is the strong dual of the Fréchet space
.N, en W-"L_, with the duality form

(4, 0) = (u,0) = (Wru)(W-rp): [\ W-rL_, x U WrL,— C.

p EN pEN
Proof follows from [5], Chapter IV, Theorem 4.4.

LemMa 4. Let BC (), en W-rL_, be bounded and A the unit ball
in L_,. Then there exists¢ € S such that BC ¢ A.
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Proor. For each p EN there exists C,>0 such that BC
C,"'W-7A. Let B°, resp. A°, be the polar of B, resp. A. Let v €
C,WrA° = (C,"'W~PA)°. Then for each u € C,~'WP A we have
C,Wru €A, C,m'W-Pp € A°, and [(u,v)| = |(C,WPu)(C,~'W-7p)|
= 1. Since BC C,~'W-7 A, it follows that [{WPu, W-rp)| = |(u, v)|
= l1forallu € B,ie.,v € B and C,Wr A° C B°.

Take ¢ € C*(R) such that 0= y(t)=1 for t ER, Y(t) =0 for
t<Oand y(t) = lfort> 1. Then

tim sup (] - = W],
= lim sup > > </3)

d—o hLEA® lal|=q B=a

12
([, 1WeHDPhDe-s(y (] — AW-HI2dx )

= 3 3 (&)imprwd - - oWl =0
lel=q B=
where || - || is the norm in R* and || * || « is the norm in L=(R"). There-
fore for each p € N, there exists d, such that
sup ”‘b(” ) ” - dp)W_lh”q =S Cp 27
hea

Choose {d,},en so thatd,,;, =1+ d,, p EN. For any p € N and
any h € A° we have

o(| - || = d)Wrh = Wrriy(|| - || — d,)W~'h E2-1-PC,, ,WP+1 A",

Put ¢ !(x)= (12)C, + X 51 ¥(|x| — d,)W»(x), x E R Then
¢ €E Sand, forany h € A,

o h=(1R)Ch+ 3 o(| - || - d,)Wrh € (1R)C, A
p=1

+ Y 2-1-rC,, \WrtlA C ¥ 2°C,Wr A
=1

r=1

C ¥ 27B =B,ie,¢-!A CB.
p=1
Further, |¢W"||, < o for each p € N. Therefore WL, C L,
and B CU,ey WL, C ¢-'L,. Take u € B. Then |(u, v)l—
[((W+Pu) (W-rp)] =1 for each p EN and v € B N WrL,. Finally,
¢ wED andgp~!A CB. HenceforanywEf/)ﬂAC%ﬁqu°
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we have |(¢~w)w| = |u(@ ') =|(y,¢ '@)| = 1. Since D is dense
in L,, this implies¢~'u € A, i.e., BC ¢ A.

Topology of ©,. We have already introduced the inductive topology
T; of ©;=U,en ©,q In [4] for each ¢ € S a seminorm |ju 4 =
[dull; was defined on ©,. Let T be the topology of ©, generated by
the system {|| - ||¢;¢ € S}. Evidently the topology T is for any
s, 1=s=+o, generated by the seminorms |¢Dul:,
¢ €ES,a € N*, |of = g, where || * |1+ is the norm in L¥(R").

THEOREM. (O, T3) = (O,, T).

Proor. It was shown in [4] that T; is stronger than T. To prove
the other inclusion, choose U € T;, 0 € U. By Lemma 3, there exists
a bounded set B in ﬂ,, eny W-PL_, such that the neighborhood V =
{u € O,:|(u,v)| <1 for all v € B} is contained in U. The inner
product ( -, * ) was introduced in Lemma 3. By Lemma 4, there exists
¢ € S such that BC ¢ A, where A is the unit ball in L_,. Since for
any u € O, we have sup{|(u, v)| : v € B} = sup{|{u, pw)|; w E A}
= sup{|lw(¢u)| :w € A} = |pul, = ||uls, the T;-neighborhood
V of 0 contains the T-neighborhood {u € O, : |ju[ 4 < 1} of 0. Hence
veT.

3. Bounded sets in ©,.

ProposiTioN. Let BC (©,, T;) be bounded. Then there exists
p € N such that BC WPL,.

Proor. Assume that B\W”L, # @ for every p € N. Then there
exist sequences p; < p, < ‘- and {fi}xen C B such that f; €
WPL,\WP?-1L,. Choose a closed bounded convex neighborhood
V) of 0 in WnL, such that f; €V, When V), V,, -, Vi_; are
chosen, we choose, according to Lemma 1, a closed bounded convex
neighborhood V; of 0 in WPL, so that V;_; C V, and s~!f EE Vi
foralls=1,2, - - -, k. Then Uyen Vi is a convex neighborhood of 0
in ©, which does not absorb the bounded set {fi}xecn, Which is a
contradiction.

Tueorem. Let B C ( O,, T;) be bounded. Then there exists p € N
such that B is bounded in WPL,.

Proor. There exists p € N such that BC WPL,. Assume that B
is not bounded in any W*L,, s=Z p. Put V, = {x € W’L,: |[Wrx],
=1} and take f, € B\pV,. For the induction, assume that V, C
Vor1C -+ CViy and f,,f41, - fior, are chosen. Since
sup{|[W~*f|lq: fEB} = + o for any s=p, there exists f, €B
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such that f; € kV;_,. By Lemma 1 there exists a closed bounded
convex neighborhood Vi of 0 in WXL, such that V,_; C V, and
fs ¢SVk for s=p,p+1, -+, k. Therefore Uyen Vi is a convex
neighborhood of 0 in ©, which does not absorb the bounded set
{fx}xz» C B, which is a contradiction.

MISECLLANEA. O, is a reflexive, complete, bornological space.

Proor. The Fréchet space F = [\, ey W-"L_, is barreled. By [5],
IV, 58, it is semi-reflexive. Hence, by [5], IV, 56, it is reflexive.
Finally, the strong dual ©, of a reflexive Fréchet space F is reflexive,
complete, and bornological.

Sisdensein O,

Proor. Since O, is reflexive, the strong topology on ©’, is the
Mackey topology of the duality ( ©',, ©,). Hence convex subsets of
©', have the same closures in both the weak* and norm topologies,
see [5], IV, 3.3. Thus, we need only to show that S is weakly dense in
o',
If g€ O, g#0, there exists fES such that (fg)=
I fedp 75 0, where u is the Lebesgue measure on R", ie., S
separates points of ©, with respect to the duality and by [5], IV, 1.3,
S is weakly dense in ©',,.

ExampLE. O, is neither Montel nor nuclear. Let Q(r) = {x € R"
x| = r}. The set B= {u € Ly; |ufl, =1 and suppu C (1)} is
bounded and closed in ©,. To show that it is not compact, take
uEB, u#0, and put u(x) = u(kx), x € R*, v = wflu)s' k= 1,
2, + + . Thenv, € Band for any w € S we have

[(or, w)] = | fﬁnvkadx
Jﬂ(k"l) U@ dx |
(L,(k-l) Ivkw|zdx)1/2
-<fn(k-1) dx>1/2

o= - Joul, - wOk=D)
= |lof- - p(Q1)) - k=12m—0

A

A
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as k— . Since S is dense in O',, {vx} converges weakly to 0 in

Oq-
On the other hand, take ¢ € S5 such that ¢(x) = 1 for x € Q(1).
Then the seminorm [|vi||¢ = [|pvill; = 1 for any k = 1,2, - - . There-

fore, neither {v;} nor any of its subsequences converge to 0 in ©,.
Hence ©, is not Montel.

Since ©, is complete and B is closed in ©,, B is not precompact and
©, is not nuclear.

ProrosiTioN. The inclusion O, C £(S, L,) holds. The bounded and
the pointwise topology of £(S, L,) coincide on O,.

Proor. Since the topology T of ©, is the pointwise topology, it
remains to show that T is stronger than the topology of ©, relative to
L4(S, Ly).

The identity mapping id : ©,,— Liy(Ly, L,) is continuous. There-
foreid: ©,,— £,(S, Ly) andid : ( O,, T;) = £L,(S, L,) are continuous
too. Since T = T;, the proof is complete.
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