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SOME LOGICAL PROBLEMS CONCERNING
FREE AND FREE PRODUCT GROUPS*

GEORGE S. SACERDOTE

The problems discussed in this paper are all concerned with at-
tempts to understand the first order theories of free groups and the
closely related groups obtained by the free product construction. Some
of these problems are as old as model theory itself, and appear in the
earliest writings on that subject by Tarski [31, 33] and Malc’ev [19].
All of these problems appear to be very difficult, and it is only in the
last several years that substantial progress has been made toward their
solutions. Already these results have uncovered interesting new areas
of model theory, such as projective model theory [26, 27, 28] and new
techniques in combinatorial group theory, and further work on these
problems promises substantial new insights into both algebra and
model theory.

The first order (or elementary) language L of group theory can be
described as follows: the symbols of L include the constant 1, the
variables x), x5, - - -, which range over group elements, the symbols -
and ~! for the two group operations, the equality symbol = , and the
logical symbols ~ (negation), & (conjuction), V (disjunction), V (for
all group elements - - -), and 3 (there is a group elements such that
* +*). The atomic formulas of L include all formulas of form W = W'’
where W and W' are products of the variables, the constant, and their
inverses. The class C of well-formed formulas of L is the least collec-
tion of formulas such that C contains all atomic formulas, and if @ and
B are in C and v is any variable, then (~a), (a &B), (@ V B), Vva and
Jva are all in C. The sentences of L are the well-formed formulas a
such that if v is any variable which occurs in a, then v only occurs in
well-formed subformulas of a of form Vu8 or 3vB8. Every sentence of
L is logically equivalent to a sentence of form Qx, - - - Q,x,M, where
M is a Boolean combination of atomic formulas and each Q; is either
V or 1. In particular, if all Q;s are V, then the formula is termed
universal.

Two groups are elementarily equivalent if they satisfy precisely the
same sentences of L. If G is any group, let L be the language ob-
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tained from L by adding new constants which name the elements of G.
If G is a subgroup of H, G is an elementary subgroup of H if G and H
satisfy precisely the same sentences of L.

In this survey of logical problems about free and free-product
groups, I have chosen six principal questions and several closely re-
lated subsidiary questions for discussion. These are as follows:

QuEsTION I: Are the non-abelian free groups elementarily
equivalent?

QuestioNn IA: In what sense can one axiomatize the notion of
freeness?

QuEestioN II: Can one give a decision procedure for the set of sen-
tences of elementary logic which are true of one (or all) non-abelian

free group(s)?

Question III: Can one give a decision procedure for the set of
strictly universal sentences true of all non-abelian free groups?

QuesTioN IITA: Can one give an algorithm to solve equations over
a given non-abelian free group?

Question IV: What group theoretic properties are preserved under
the free product construction?

QuEsTioN V: What properties hold of all or nearly all free products
of groups?

QuestioNn VI: If the groups A and B are elementarily equivalent,
and so are the groups C and D, is it necessarily the case that the free
products A * C and B * D are also elementarily equivalent?

In general I have sought to discuss all of the known results, on these
questions. However, in the case of problem IIIA, there are many
fragmentary results and I have only selected certain typical results in
order to convey to the reader some of the flavor of current work on this
problem. For the rest, I apologize in advance to anyone whose work
I have overlooked, and I hope that my plea of ignorance will be ac-
cepted in the case of a major oversight.

This paper will be divided into sections in such a way that each of
the preceding questions will be discussed in the section bearing the
same number.

I. The Elementary Theory of Free Groups. Almost as soon as this
question was posed by Tarski [31, 33], Vaught proved that any two
free groups of infinite rank are elementarily equivalent [34]. His
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argument proceeds by induction on the complexity of a first order
sentence ¢ in the vocabulary of the free group F of rank  to show
that F, = ¢ if and only if F, |= ¢, for any infinite cardinal k. If ¢ is
atomic, then his assertion is clear since F, is embedded into F,; the
inductive arguments in the cases that ¢ is of form 6 & ¢, or ~6, are
straightforward. If ¢ is of form (3x) 6(x), and F,, |= ¢, then F, = 6(¢) for
some closed term ¢, and F . |= 6(t) by inductive hypothe51s consequently,
F. [ ¢. Conversely, if F, |=¢, then F, [= 6(t) for some closed term ¢
which is not necessarily in the vocabulary of F,. By choosing an auto-
morphism of F, which fixes the elements of F,, named in ¢ and carries
the element ¢ into F, (considered as some. fixed subtroup of F, of
countable rank), one can find an element ¢’ of F such that F, |=6(t’),

and thus show that F, |=¢. Vaught’s argument, however, does not
apply to free groups of finite rank.

Much later Merzlyakov [20] and I [24] (in independent work)
showed that the non-abelian free groups satisfy precisely the same
positive and negative sentences; positive sentences are those which do
not involve the negation symbol, and negative sentences are their
negations. My method was to give an elimination of quantifiers for
the positive sentences in which the key lemma showed that if F, is
the free group of rank n= 2 and ¢(c,, - - -, ¢,) is a positive sentence
in the vocabulary of F, (here ¢,, - * -, ¢, can be considered part ot the
generating set for F,) of form Qx6(c,, - - -, ¢, x), where Q is a
quantiﬁer, and if p > 1, then F, =é(c), * * *,¢,) if and only if F,
E 0(cy, - - -, cpyt) where t is a word on the letters c,, * * -, ¢, which
satisfies no “short” relations with the letters ¢y, - - -, ¢,

This key lemma can also be used to prove that if n > m > 2, and ¢
is a sentence in the voacabulary of F,, of form (V%)(3%)(VZ)M(Z, 7,
%,¢), where M is a quantifier-free formula, and if F,, |= ¢, then F,, = ¢.
An immediate consequence is that F, and F,, cannot be distinguished
by any first order sentence whose quantifier structure is ¥3 or 3V. A
reference in the work of Mal’'cev [19] to further results in this direction
by another mathematician is apparently erroneous.

Another effort to solve the elementary equivalence problem, by us-
ing the equivalence for negative sentences, has led to the important
model-theoretic notions of negatively complete structures and co-
forcing [26, 27, 28]. A model M of an elementary theory T is nega-
tively complete if any negative sentence in the vocabulary of M which
is satisfiable in a homorphic preimage of M (among the models of T) is
already satisfiable in M. For example, the negatively closed groups
are precisely the free groups of rank = 2.

Co-forcing gives a means by which to determine all properties of
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certain structures from their negative properties. These certain struc-
tures are called cogeneric. The co-forcing relation P —|i¢ says, in es-
sence, that the finite set P of negative sentences determines that ¢ is
true in all cogeneric structures which satisfy P. The (finitely) cogeneric
structures turn out to be the ones in which the true sentences are pre-
cisely those sentences co-forced by some finite set of negative sen-
tences in their vocabulary. It can be shown that the cogeneric groups
are all free of rank = 2, that all free groups of infinite rank are co-
generic, and that all cogeneric groups are elementarily equivalent. If
one can show that every negatively closed homomorphic image of a
cogeneric structure is again cogeneric, then one will have completely
answered question I. It is to be noted that the dual to this last state-
ment is easily proved for Robinson’s forcing.

IA. Axiomatizing the Notion of Freeness. The language L, , differs
from elementary logic in that we permit conjunctions and disjunctions
of countable sets of formulas. A class of structures is an elementary
class for L, ,, (EC,,,) if it is definable by a single sentence of L, .
An example of this notion is provided by the class of ordered abelian
groups. A class of structures is a projective elementary class for
L,,(C,,) if it is the image of an EC,,, under a forgetful functor
which ignores some of the relations. The class of orderable abelian
groups is a PC, ,. Vaught [35] has proved that the free groups of
rank = 2area PC, .

The language L., allows conjunctions and disjunctions over ar-
bitrary sets of formulas and also permits use of the quantifiers
(Vx;x9 *+ -, *~+) and (Jx;xp -+ %, -+ *) for w <. Eklof [6] and
Kueker [12] have shown that the sentence “There is a set X such that
the group G is free on X” can not be formalized in any of the languages
L . y,, where n is a positive integer, and for certain other cardinals.
Their technique is as follows: A group is R,-free if every subgroup
generated by fewer than X, elements is free. For example, the X,-
free groups are locally free. First they generalize a construction of
Higman [8] to show the existence of R,-free groups which are not
free, for all n. Next they show that the groups which they have con-
structed cannot be distinguished from a free group of rank X,.; in
Lex,.

II. Decision Procedures for the Elementary Theories of the Free
Groups. Verena Dyson [4] has shown that if we take a free group F of
interpretation in F is to be that x and y have the same length (in some
arbitrary but fixed set of free generators for F.), then the elementary
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theory of F is undecidable. She also showed that the elementary theory
of all non-abelian free groups (in this extended vocabulary) is un-
decidable, and that the free groups of finite rank are not elementarily
equivalent. Her argument proceeds by first observing that the follow-
ing predicates are definable in terms of E(x, y)

P(x) “x is a positive power of some fixed element a”

S(x,y,2z) “x,y,and z are positive powers ofaand z = x - y”

D(x,y)  “x and y are positive powers of a and there is an n > 0
such that x" = y.”

From this information, she concludes that one of the essentially un-
decidable subsystems of arithmetic of Tarski, Mostowski and Robin-
son [32] is interpretable in the elementary theory of F. This gives the
undecidability of this theory. The elementary inequivalence follows
from the fact that the predicate E(x, y) can be used to define a free set
of generators for F.

III. The Universal Sentences of the Theory of Free Groups. Since
all of the countable non-abelian free groups are subgroups of one an-
other, they all have the same universal theory. For universal sentences
¢ involving at most two variables, there is a simple algorithm to deter-
mine whether or not ¢ holds in a non-abelian free group; however, for
sentences which are even slightly more complicated, no algorithm is
known.

Much of the interest in this problem stems from the fact (observed by
Sanov [29]) that an undecidability result would give a class of very
simple polynomials whose solvability in the integers is undecidable.
Since the converse does not hold, Matiyasevich’s results give no answer
to this problem. A related problem, posed by Rabin [23], asks whether
or not one can decide which finitely presented groups have non-
abelian free quotients. Miller [21] showed that this problem is in fact
a special case of Question III, and the paper cited gives several other
open unsolved problems.

IITIA. Algorithms to Solve Equations Over Free Groups. Let F be a
free group, and let X be the group freely generated by the distinct
elements x;,x,, * * *. An equation over F is an expression of the form
W = W' where W and W' are elements of F * X. A solution to W =
W' in F is a sequence u;, 4y, * * *, u;, * * * of elements of F, such that if
U and U’ result from W and W' by replacing each occurrence of each
letter x; by the corresponding element u; of F, then U= U’ in F. One
can readily see that the problem of solving equations over F is a
special case of Question III.
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The only general solution obtained to this problem is for the case in
which only one letter x; appears in W and W'. Lyndon’s solution
[16, 17], which was sharpened by Appel [1] and Lorenc [13, 14, 15],
showed that there was a finite list of parametric words P which in-
volved the generators of F and integer-valued parameters as ex-
ponents, such that the solutions to W= W' in F are precisely the
sequences in which u; is an instance of a word in P.

For the case of equations involving more than one variable, the
situation is much more difficult. Appel [2] showed that Lyndon’s
method could not be generalized. The positive results are all frag-
mentary. For example, Lyndon and Schutzeberger [18], showed that
the equation x;™x," = x,7 (where all of |m|, [n|, and |p| > 1) has as
its only solutions sequences in which u;, u,, and u; are powers of a
common element. Paul Schupp [30], Malcolm Wicks [36], and Z. M.
Asel'derov [3] have given an algorithm to solve equations W= W’
in which W € F, and W’ = (x}, x,), the commutator of x;, and x,.
These results have been extended by C. Edmunds [5]. Further results
in this direction were obtained by Ju. I. Hmelevskii [9] who gave an
algorithm to solve systems which consist of finitely many equations of
equations of the form W = W' just described or of the form W"(x,) =
WHI(x2).

IV. Properties Preserved under Free Product. Let G and H be non-
trivial groups, and let ¢ be a sentence of the elemtntary language of
group theory which is true of both G and H. Under what circum-
stances is ¢ true of the free product G * H? H. J. Keisler [11] has
shown that if ¢ satisfies the following property S, then the truth of ¢ is
preserved to retractable embeddings:

(S): If x is a variable which occurs in ¢ in the scope of an even
number of negation symbols then each occurrence of 3x is in
the scope of an even number of negation symbols and each
occurrence of Vx is in the scope of an odd number of negation
symbols.

In particular the embeddings of both G and H into their free product
G * H can be retracted onto the factors, by simply factoring the free
product by the normal subgroup generated by the other factor.

I have given a related result [25], by showing that if ¢ is a positive
sentence and if one of the non-trivial groups differs from the group Z,
with two elements, then ¢ is never preserved unless it is a consequence
of the axioms of group theory.

V. Properties of all Free Products of Groups. I know of only two
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general results on this problem. The first [25] asserts that any posi-
tive or negative sentence which holds in a non-trivial free product of
groups other than Z, * Z, holds of all groups. The second, an unpub-
lished result, asserts than an analogous result holds for most gen-
eralized free products of groups, provided that the amalgam is not of
index two in both of the factors.

VL.’ Free Product and Elementary Equivalence. Question VI was
first posed by Feferman and Vaught [7].

For structures other than groups there are a great many results now
available. Olin [22] has shown that Question VI is true if one con-
siders structures in which there is one binary total multiplication, and
false if one considers free products of semi-groups. Olin and Jénsson
[10] have also answered this question negatively for all non-trivial
varieties of lattices. For groups Olin has recently announced that this
equivalence is not preserved under V-free products for certain varieties
V of groups. The question for the variety of all groups remains open.

BiBLIOGRAPHY

1. K. L. Appel, One variable equations in free groups, Proc. of the Amer. Math.
Soc. 19 (1968), 912-918.

2. , On two variable equations in free groups, Proc. of the Amer. Math.
Soc. 21 (1969), 179-184.

3. Z. M. Asel'devov, “Equations with two unknowns in free groups,” Auto-
mata Theory and Methods of Formalized Synthesis for Computers and Computer
Systems (Proc. Sem. Kiev, 1968), No. 7 (Russian), Akad. Nauk. Ukrain. SSR, Kiev,
1969.

4. V. H. Dyson, The undecidability of the theory of free groups with a length
function, to appear.

5. C. Edmunds, Solution of certain equations in free groups, Dissertation,
University of Manitoba, 1973.

6. P. C. Eklof, On the existence of x -free abelian groups, To appear.

7. S. Feferman and R. L. Vaught, First order properties of products of al-
gebraic systems, Fund. Math. 47 (1959), 57-103.

8. G. Higman, Almost free groups, Proc. of the London Math. Soc. (3), 1
(1950), 284-290. )

9. Ju. I. Hmelevskii, Systems of equations in a free group, 1. II (Russian), Izv.
Akad. Nauk. SSSR Ser. Mat. 35 (1971), 1237-1268; ibid, 36 (1972), 110-178
(English translation of II: Math. USSR-Izv. 5 (1971), 1245-1276, and 6 (1972),
109-180.)

10. B. Jonsson and P. Olin, Elementary equivalence of free products of lattices,
To appear.

11. H. J. Keisler, Some applications of infinitely long formulas, J. of Symbolic
Logic 30 (1965), 339-349.

12. D. Kueker, Free and almost free algebras, To appear.

13. A. A. Lorenc, The solution of systems of equations in one unknown in free
groups, Dokl. Akad. Nauk. SSSR 148 (1963), 1253-1256 = Soviet Math. Dokl. 4
(1963), 262-265.




408

14. ——, Equations without coefficients in free groups, Dok. Akad. Nauk.
SSSR 160 (1965), 538-540 = Soviet Math. Dokl. 6 (1965), 141-143.
15. , Representations of sets of solutions of systems of equations with one

unknown in a free group, Dokl. Akad. Nauk. SSSR 178 (1968), 290-292 = Soviet
Math. Dokl. 9 (1968), 81-84.

16. R. C. Lyndon, Equations in free groups, Trans. of the Amer. Math. Soc. 96
(1960), 445-457.

17. , Groups with parametric exponents, Trans. of the Amer. Math. Soc.
96 (1960), 518-533.

18. R. C. Lyndon and M. P. Schiitzenberger, The equation aMbN = cP in a
free group, Michigan Math. J. 9 (1962), 289-298.

19. A. I. Mal’cev, The metamathematics of algebraic systems, B. F. Wells 111
(translator), Amsterdam, North-Holland, 1971.

20. Ju. I. Merzlyakov, Positive formulae of free groups, (Russian), Algebra i
Logika Sem. 5 (1966), 25-42.

21. C. F. Miller, III, “Some connections between Hilbert’s 10th problem and
the theory of groups” in Word Problems, W. W. Boone, et al. (eds.), Amsterdam,
North-Holland, 1973.

22. P. Olin, Free product and elementary equivalence, Pacific . of Math. 52
(1974), 174-184.

23. M. Rabin, communication to W. W. Boone.

24. G. S. Sacerdote, Elementary properties of free groups, Trans. of the Amer.
Math. Soc. 178 (1973), 127-138.

25. , Almost all free products of groups have the same positive theory,
J. of Algebra 27 (1973), 475-485.

26. , Projective model completeness, J. of Symbolic Logic 39 (1974),
117-123.

27. , Projective model theory and coforcing, To appear in the Abraham
Robinson Memorial Volume.

28. , Infinite coforcing in model theory, Advances in Mathematics 17

(1975), 261-280.

29. 1. N. Sanov, A property of a representation of a free group, Doklady Akad.
Nauk. SSSR (N.S.) 57 (1947), 657-659.

30. P. Schupp, On the substitution problem for free groups, Proc. of the Amer.
Math. Soc. 23 (1969), 421-424.

31. A. Tarski, Some notions on the borderline of algebra and metamathe-
matics, Proc. Int. Cong. of Math., Cambridge, Mass., 1950, Vol. 1, 705-720.

32. A. Tarski, A. Mostowski, and R. M. Robinson, Undecidable Theories,
Amsterdam, North-Holland, 1953.

33. A. Tarski and R. L. Vaught, Arithmetical extensions of relational systems,
Compositio Math. 13, 81-102.

34. R. L. Vaught, On the arithmetical equivalence of free algebras, Bull. of the
Amer. Math. Soc. 61 (1955), 173-174.

35. , Some aspects of the theory of models, Slaught Memorial Papers 13
(1973), 3-37.

'36. M. Wicks, A general solution of binary homogenous equations over free
groups, Pacific J. of Math. 41 (1972), 543-561.

AMHERST COLLEGE, AMHERST, MassacHUSETTs 01002



