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EXTRAPOLATION TO THE LIMIT BY USING
CONTINUED FRACTION INTERPOLATION

LUC WUYTACK

1. The extrapolation problem. Assume that a convergent sequence
{ao, a,, ay, + * *} of real numbers is given with A aslimit. In order to find
the limit A numerically one can form a new sequence {b;}, which has
also A as limit and whose convergence is faster. One way to perform
the determination of {b;} is to use extrapolation methods.

Let {xo, x;, * * -} be a convergent sequence of points with z as limit.
The essential idea in extrapolation is to define a sequence of inter-
polating functions {yo(x), y,(x), * * *} such that y,(x;) = a;fori =0, 1,
-+ nandn=0,1,2 ---. The elements b; can be defined as follows
b; = lim,_, y;(x) for i=0, 1, 2, -, if these limits exist and are
finite. The points x; are called interpolation points and z is called the
extrapolation point.

Let R(2, m) be the class of ordinary rational functions r, ,, = plgq
where the degree of p is at most £ and the degree of q at most m.
Under certain conditions it is possible to construct a set of rational

functions r, ,, for £, m = 0,1,2, - - -, satisfying r, ,,(x;) = @; for i = 0,
1, : -+, & + m. This set of functions can be arranged in a table as fol-
lows

To,o Toa To2 Togs -
71,0 71,1 71,2 71,3 -

Too T2 Too Tog -

In the method of Neville (polynomial extrapolation) the first column
is constructed. In the method of Bulirsch and Stoer (rational extrap-
olation) the “staircase” 1o, 1y 9, 1,1, f2,1, * * * is constructed. In both
methods z = 0 is used as extrapolation point and this makes the cal-
culationofb , ., = r, ,,(z) very simple.

The elements 7y, 71, 729, *** can be found by using Thiele’s
method for continued fraction interpolation. If z= o« is taken as
extrapolation point then the values of b; can be computed by using a
method similar to the e-algorithm (see [1], p. 186 and [2]).
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The effectiveness of the above methods depends highly on the
convergence properties of {a;} and the choice of the interpolation
points x;. If very little is known about the convergence of {g;} it might
be of interest to construct the whole table. A method for constructing
the lower half of the table is given in the next section. A similar
method can be used to get the upper half of the table.

2. An algorithm for rational interpolation. Consider the following
continued fraction

fulx) = ¢ " po(x) + 1 pr(x) + -t ckoy  Proa(x)

o pe(x) ¢ — x)
1 — 1

+

ef(x — xi1) @M — Ms) (X — xria) .
- 1 - 1 - 1 -

where po(x) =1 and pi(x) = (x — xx_1) * px—1(x) for k= 1. Under
certain conditions the coefficients in this continued fraction can be
defined such that the nth convergent fi, of fi satisfies fi ,(x;) = a;
fori=10,1, -+, k — 1+ n. Using contraction it is possible to obtain
a continued fraction f;' whose convergents fi', = Pi,/Qk, satisfy
the relation fi, = fion+1 for n =0, 1, --- If we also consider
fr+1 and define a continued fraction fi,, whose convergents satisfy
fes1n= fes12. then we have fi.(x) = fir1a(x) =a; for i=0,
1, -+, k + 2n. This means that there exists a nonzero constant d,*
satisfying Py, = d,* Py, and Qx.1, = d,* - Qr, The coeffi-
cients ¢; in f; and fi,; can be obtained by using divided differences.
In order to get the other coefficients the following recurrence relations
can be used. The starting values are

C
dif =1+ [xg =

Ck
1 Ck ].
ke _— . Zktl k= = ., k+1 k
q," = : N 91 - q:-
dlk Ck dlk
Fori= 2 we have, with yi; = Xy0i-5 — Xks2io1,
ek+1
k_ 3k | L k+1 k. k+1 %i-1
di=di_, -1+ Yk,i €iiy) — dity Yr,i "qi—1" "% >
€i—1

dk ek+1 dk

i—2 +1 , %i-1 . k i—1/ k+1 k k

qik = P < i1 ;k__ >’ ek = —_k_(ei~1 + g +1) qi-.
i di
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This algorithm is similar to the gd-algorithm and much of the research
done for the qd- algorithm can also be done for the above algorithm.
The convergents of fi for k=1, 3, 5, - - -, form the lower half of the
table.
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