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TIME DECAY AND THE BORN SERIES 
WILLIAM G. FARIS 

ABSTRACT. A time decay estimate from scattering theory 
always implies the convergence of the Born series at high 
energies. That is, if Ho and V are selfadjoint operators in 
Hilbert space, and Vexp(-itHo) is integrable (in a certain 
sense), then the series expansion of (Ho + V — À ± iO)~l in terms 
of V(Ho — A ± iO)'1 converges for sufficiently large A. 
This abstract result is applied to Schrödinger operators 
— A + V, generalizing work of Zemach and Klein. 

1. Introduction. Let H0 be a selfadjoint operator acting in a Hil­
bert space $. Consider its resolvent (H0 — z)~l, for z not real. If 
Ho has absolutely continuous spectrum, its resolvent will have 
boundary values (Ho — X ± iO)~l for A. real. The values of these 
operators will lie in a larger space. 

In a perturbation problem we consider another selfadjoint 
operator H0 + V. Then (H0 + V — z)~l exists for z not real and we 
may ask about its boundary values. (They occur in expressions for 
the S operator and wave operators, as well as for spectral representa­
tions and spectral projections.) The most elementary approach is 
through the Born series 

oo 

( H 0 + V - A ± iO)~l= ( H 0 - A ± iO)~l ^ ( - V ( H 0 - X ± iO)~iy. 
n=0 

If this converges for some range of X, then Ho + V must have abso­
lutely continuous spectrum there. 

One may often expect convergence for all X when V is sufficiently 
small. However, this is a very special case, since in general H0 + V 
may have eigenvalues in addition to continuous spectrum. On the 
other hand, it is known that the Born series gives a useful approxi­
mation for sufficiently large energies X. It will be shown here that 
whenever V exp ( — UH0) is integrable with respect to t, the Born 
series converges for sufficiently high energies, whatever the strength 
of the coupling. The advantage of this criterion is that estimates 
on the norm of V exp ( — itHo) for large t are available from time 
dependent scattering theory. However, the question of measur-
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ability is a new feature. (Recall that exp ( — itHo) is never measurable 
in the usual uniform operator norm, unless Ho is bounded.) 

This abstract result is applied to the case where 
$ = L2(Rl), 1 = 3, and the operator is the Schrödinger operator 
— A + V. V is a real valued function on Rl which is required to be 
in certain LP spaces, in order to ensure decrease at infinity. There 
is no other restriction on the size of V, nor is it required to be con­
tinuous or positive. 

The result is interesting in that for J > 3 the operator 
V(H0 — A ± iO)~l is never Hilbert-Schmidt and its kernel is not 
bounded uniformly in A (in nontrivial cases). This generalizes and 
simplifies work of Zemach and Klein [5], who treat the case 1 = 3, 
and of Aaron and Klein [ 1], who deal with spherically symmetric 
V. 

2. The notion of a scale of Hilbert spaces. We will refer to linear 
transformations as operators. If $ and $ ' are Hilbert spaces, the 
Banach space of continuous operators defined on «£> with values in 
£ ' will be denoted « ( $ , £ ' ) • The norm of A in 8 ( £ , £ ' ) is || A|| = 
sup {||Af||; | | / | | ^ 1}. 8 ( £ , £ ) will be abbreviated as 8 ( $ ). 
We will make the convention that if A is an operator defined on a 
dense subspace of $ with values in $ ' and is continuous, then A 
will be identified with its extension by continuity to an operator 
in 8 ( £ ? £ '). 

Let ^ be a Hilbert space. The inner product of / and g in «0 
will be denoted </,g>. The norm of fis \\f\\ = (f,f)112. Let T be 
a selfadjoint operator such that T~l is in 8 (# ). Let & be the domain 
of T with the norm ||g|| t = ||Tg||. Let & * be the completion of «0 
with the norm ||/||ft. = \\T~lf\\. Then « C K « * . For g in 
Ä we have |</, g>| = \(T-J, Tg)\ = | | r - y | | ||Tg|| = ||/||,*||g||Ä. 
Hence we may define (f, g) for f in &* and g in 31 in such a way 
that |< / ,g> |^ l l / V ||g|| • Such a triple I C K « * will be 
called a scale. 

Notice that any operator A in 8 (# ) determines an operator in 
8 (&,&*), by restriction. We will continue to denote this by A. 

EXAMPLE 1. Let $ = L2(Rl,dx). Let p(x) = (1 + r2)1/2, where 
r — \x\, for x in Rl. (The most important properties of the function 
p are that p(x) ^ 1 and p(x) ~ r for x large.) Choose s ^ 0. Define 
T to be the operator of multiplication by psl2. Then & = 
L2(Rl, p(x)°dx) and £ * = L2(Rl', p(x)~sdx). 

If S is a subset of the real line, we write l s for the function 
defined on the line which is 1 on S and 0 elsewhere. Let »0 be a 
Hilbert space and let H be a selfadjoint operator acting in «0. If 
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S is a Borei measurable subset of the real line, then it is natural to 
denote the spectral projection of H associated with S by ls(H). 
ls(H) is of course in 8 (# ). Notice however, that if £ is a dense 
subspace of $ , ls(H) is uniquely determined by its matrix elements 
(ls(H)f g), / , g in Ä. In particular, if I C ß C I * is a scale, 
1S(H) in 8 ( £ , £ *) determines 1S(H) in 8 (# ). 

PROPOSITION 1 (HOWLAND [2] ). Let £ C $ C it * be a scale. 
Let H be a selfadjoint operator acting in «J5. Assume that I is an 
open interval of real numbers such that (H — z)~l in 8 ( £ , & * ) , 
Im z T^ 0, has continuous boundary values (H — X ± iO)~l in 
8 ( J t , * * ) / o r X i n I . Le* 

Ô ( H - X) = ( 1 / 2 T T Ì ) [ H - X - i O ) - 1 - ( H - X + iO)"1] m 8 ( Ä , Ä * ) . 

Then for any Borei set S contained in I, 

1S(H) = | ô(H - X)dX 

as an equation in 8 (Ä , & *). It follows that the spectrum of H must 
be absolutely continuous in the interval I. 

PROOF. If 8€(x) = (ll2ni)[(x - k)~l - (x + k ) - 1 ] , then 
lime joJt ô€(x — k)dk = 1 if a < x < b, 0 if x < a or b < x. Further­
more, $h

a 8f(x — k)dk is bounded by 1 for all x and all e > 0. The 
spectral theorem then implies (assuming a and b are not in 
the point spectrum of H) that for f in &, limej0JÎ 8e(H — X)/rfX = 
l[a,b](#)/ with convergence in $ . 

It follows that for [a,b] contained in 7, l[a>b](H) = f% 8(H - k)dk 
as an equation in 8 (& , Ä *). The conclusion is immediate. 

EXAMPLE 2. Let $ = L2(R3,dx) and I C K Ä * be as in 
Example 1, with s > 2. If H0 = — A, then (Ho — z ) _ 1 is in 8 ($ ) 
for z off the positive real axis. For such z it is convolution by the 
integrable function (47TT)_1 exp ( — ( — %)1/2r), where r= \x\. (The 
square root ( — z)112 is taken in the right half-plane.) (H0 — z)~l may 
also be regarded as an operator in 8 (&, & *). Then, as we shall see, 
it has continuous boundary values (H0 — X ± iO)~l in 8 (Ä, £ *) on 
the positive real axis. For X = 0, (H0 — X + i O ) - 1 is convolution by 
(477T)-1 exp (±ikll2r). 8(H0 - X) in 8 (Ä , * *) is convolution by 
(47T2r)-1sin(X1/2r). 

3. The Born series. Let H0 be a selfadjoint operator acting in the 
Hilbert space $ . Then for t real, exp( —i£H0) is a unitary operator 
in 8 (* ). 

LEMMA 1. Let ^ be a Hilbert space. Let H0 be a selfadjoint 



640 W . G. FARIS 

operator acting in & . Let U and W be selfadjoint operators acting in 
$ . Assume that U exp ( — itH0)W is in 8 ( # ) for each t^O and 
that it is an integrable function of t with values in the Banach space 
8 (# ). Then for z not real, U(H0 — z)~lW is in S («3 ) and has con­
tinuous boundary values as z approaches the real axis from either 
half-plane. Furthermore, the boundary values Vr(Ho — k ± iO)~lW^> 0 
in 8 ($)ask-* ±<*>. 

PROOF. For Im z > 0, 

U(H0 - z)~lW= i J°° exp (itz) Uexp (-itH0)Wdt. 

Hence, 

U(H0- k-iO)~lW= i J " exp(it\)Uexp(-itH0)Wdt. 

The conclusion follows from the Riemann-Lebesgue lemma (see 
Appendix). 

The other case is similar. 
Let «0 be a Hilbert space. Let Ho and V be selfadjoint operators 

acting in $ . If V(H0 - z)~l is in 8 (# ) with ||V(H0 " 2)_ 1 | | < 1 
for z sufficiently imaginary, then V will be said to be a relatively small 
perturbation of H0. For example, if V is in 8 («ß ), then 
}|V(H0 — z)_ 1 | |^ | |V| | / |Im z\ so V is a relatively small perturbation 
of Ho. 

If V is a relatively small perturbation of H0, then (H0 + V — %) - 1 

in 8 (# ) is given by 

00 

(H0 + V - a O - ^ H o - z ) " 1 "Zi-ViHo-z)-^ 

for z sufficiently imaginary. It follows by analytic continuation that 
(H0 + V - z)~l is in 8 ( # ) for all z not real. Hence H0 + V is 
selfadjoint with the same domain as Ho. 

THEOREM 1. Let ^ be a Hilbert space. Let H0 and V be self­
adjoint operators acting in »0. Assume that V is a relatively small 
perturbation of H0. Let I C ^ C I * be a scale. Assume that 
exp(-itHo) is an integrable function oft with values in the space 
8 (Ä, Ä *). Assume also that for t ^ 0, V exp ( — itH0) is in 8 ( I ) 
and that it is an integrable function oft with values in the space 8 (& )• 
Then (Ho — z)~l, for z not real, has continuous boundary values 
(H0 - k ± iO)~l in 8 ( £ , £ *). V(H0 - z)~l is in 8 ( I ) for z not 



TIME DECAY AND THE BORN SERIES 641 

real and has continuous boundary values V(H0 — X ± iO)~l in 8 (& )• 
Furthermore, V(H0 - X ± iO)" 1-» 0 in 8 (& ) as X-» ± oo . Zf \ 
is such that the norm of V(H0 — \± iO)~l in 8 (& ) is strictly 
less than 1, then (H0 + V — z)~l in 8 (&, £ *) /wzs continuous 
boundary values (H0 + V - X ± iO)~l in 8 (&, & *) gfuen % 

oo 

( H 0 + V - A ± i O ) - 1 ^ ( H o - X ± iO)"1 X ( - V ( H 0 - A ± iO)~l)n. 
n=0 

77i£ spectrum of H0 + V is absolutely continuous in this range of X. 

PROOF. Let the scale I C $ C Ä * be defined by the operator 
T. Then T is an isomorphism from «ft to $ and from «0 to & *. 
Thus we may apply Lemma 1 to the operators T~l exp ( — itH0)T~1 

and TV exp (-itH0)T-1. 
The absolute continuity of the spectrum follows from Proposition 1. 
Notice that 

||V(H0 - X - iO)-%m ^ JJ ||Vexp (-ttHo)||8(Ä)dt 

and analogously for V(H0 — X 4- iO)~l. The integral on the right-
hand side of this inequality is independent of X. Thus if it is strictly 
less than one, the Born series converges for all real X. (In this case, 
the spectrum of Ho + V consists only of absolutely continuous 
spectrum.) 

4. Schrödinger operators. Let $ = L2(Rl,dx). For t real, 
exp (ft A) is a unitary operator on $ . If t ^ 0, and fis an integrable 
function in $ , then exp (ftA) is the convolution of the bounded 
function (47rft)~r/2exp (ir2/4t) with / Thus exp(ftA), t ^ 0, is 
determined on a dense subspace of $ as an integral operator with 
bounded kernel. 

LEMMA 2. Let # = L2(R!,dx). Let U and W be in U>(Ri,dx) 
for some p, 2 ^§ p ^ oo. Then U exp (it A) W is in 8 (# ) /or t ^ 0, 
and ||C/exp (ftA)W|| g C||[/||p ||W||P t-"*for some constant C. 

PROOF. Choose r and s so that 1/2 4- Up = 1/r, 1/r + 1/s = 1 
and 1/s + Up = 1/2. Then the result follows immediately from 
the estimate ||exp (itA)g||s ië Ct~r/p||g||r- This may be proved by 
writing the integral operator exp (ftA) in the form of a Fourier 
transform and applying the Hausdorff-Young theorem (Kato [4, 
p. 277]). 

A function F with values in a Banach space is integrable if and 
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only if J | |F(£) | |d£< <*> and F is measurable. If the Banach space 
is nonseparable, it is quite easy to construct examples of non-
measurable functions. 

E X A M P L E 3. Let H be an unbounded selfadjoint operator acting 
in $ . Regard exp ( — UH) as a function having values in the Banach 
space 8 ( $ ) . This function is not measurable. (However, for each 
fin «£) , exp ( — UH)fis a continuous function with values in $ . ) 

To see this, observe that 

exp ( — UH) — 1 = exp (isH)[exp ( — i(s + t)H) — exp ( — isH)]ds, 

so that 

||exp (-itH) - 1|| ^ J ||exp (-i(s + t)H) - exp (-isH)\\ds. 

If exp ( — isH) were measurable, then by Proposition 4 of the Appendix 
the right hand would approach zero as t —> 0. W e would have as a 
consequence that ||exp ( — UH) — 1|| < 1 for t sufficiently small. 
Then — UH = log (1 4- (exp ( — UH) — 1)) could be expressed as 
a power series which converges in norm. So H would be bounded. 

The Riemann-Lebesgue lemma states that the Fourier transform 
(or Fourier coefficients) of an integrable function goes to zero at 
infinity. The conclusion of the Riemann-Lebesgue lemma may fail 
when the function is nonmeasurable. Again it is easy to construct 
simple examples when the space is nonseparable. 

E X A M P L E 4. Let S1 be the unit circle and let $ = L2(Sl). Note 
that 

exp ( - in*)-exp ( t~Ta)f{ e)dt = I * e x P ( ~ int)f(6 + t)dt 

C2TT 

= exp (in6) exp ( — int)f(t)dt. 

Thus the nth Fourier coefficient of exp (t(dldß)) is the projection 
onto the subspace spanned by exp (inß). 

W e may regard exp (t(dldO)) as a function of t with values which 
are unitary operators in the Banach space 8 («0 ) with the uniform 
norm. W e have J0

27r ||exp (t(dldd)) \\dt < ° ° , a n d yet the projections 
each have norm one. Thus they do not converge to zero in the norm 
of 8 ( $ ) as n—>±oo. The conclusion of the Riemann-Lebesgue 
lemma fails. 
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The explanation for this is that exp (t(dldß)) is not a measurable 
function of t In fact, ||exp (t(dld$))- exp (s(dld$))\\ ^ V2 for 
0 < \t — s\< 277, so the values of this function cannot lie in a 
separable subspace of 8 ( # ) . (Thus it cannot possibly be approxi­
mated by continuous functions.) 

Let $ be a separable Hilbert space. Then the compact operators 
in 8 (# ) form a separable subspace of the Banach space 8 (# ). 
Thus it is not so easy to find an example of a function whose values 
are compact operators which is not measurable. 

LEMMA 3. Let $ = L2(W,dx). Let U and W be in Lp(Rl,dx) 
for some p, 2 ê p < o°, or in the closure of L2 D L°° in L°°(Rl, dx). 
Then U exp (itA)W is a measurable function of t with values in 
8 (»0 ). In fact for t j£ 0 it is continuous and its values are compact 
operators. 

PROOF. Let F(t) = U exp (itA)W. Then Lemma 2 shows that for 
t ^ 0 , F ( t ) i s i n « ( # ) . 

Consider first the case p = 2. For t=^ 0, F(t) is an intergral 
operator with kernel 

(47Tit)-l'2U(x) exp (i\x - y\2l4t)W(y). 

This is dominated (locally in t) by a constant times \U(x)V(y)\ which 
is in L2(R2l,dxdy). Hence the kernel varies continuously with t in 
L2(R2Ï, dxdy), by the dominated convergence theorem. That is, F(t) 
is continuous for t / 0 in the Hilbert-Schmidt norm. It follows that 
for t ^ 0, F(t) is continuous in the uniform norm and its values 
are compact operators. 

Now consider the general case of V, W in LP. Let C7n, Wn be a 
sequence in L2 C)LP which converges to U, W in LP. Let Fn(t) = 
Unexp (itA)Wn. It follows from Lemma 2 that Fn(t) converges to F(t) 
in the 8 (»0 ) norm, uniformly on compact sets of t ^ 0. Hence for 
t 7̂  0 each F(t) is a compact operator and F(t) is continuous in t. 

PROPOSITION 2. Let $ = L2(Rr, dx). Let V be a real valued func­
tion in some space Lp, p > I /2, p § 2 . Then V is a relatively small 
perturbation of— A and — A 4- V is selfadjoint with the same domain 
as— A. 

PROOF. Let Up + 1/2 = 1/r, 1/r + 1/« = 1, lis + 1/p = 1/2. Then 
if p = 2, we have 

||( - A - z)-% ^ IK** - z)- i / | | f g ||(fc* - z)-% ||/||2 

= li(*2-z)-% 11/». 
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by the Hausdorff-Young and Plancherel theorems. But if p > I 12, 
then (k2 — z)~l is in Lp and its Lp norm approaches zero as z 
becomes imaginary or negative. 

If Vis in Lethen 

| | V ( - A - z ) - i / | | 2 ^ | | V | | p | | ( - A - z ) - i / | | t 

^\\v\\p\\(k
2-z)-% Il/Il». 

Thus V ( - A - z ) - i - > 0 i n 8 (£ ). 

LEMMA 4. Let # = L2(Rl,dx), 1 ^ 3 . Let U and W be in 
Lp(Rl) and in Lq(Rl) for some p>l, q <\. Then the boundary 
values U ( — A — A + iO)~lW exist as operators in 8 (# ) and are 
continuous in k. For each k, L/(—A — A. ± iO)~lW is a compact 
operator. Ask-* +<», | |C/(-A - k± iO)~lW\\^0. 

PROOF. Since I ^ 3 we can take q^ 2. From Lemma 2 we see that 
we can estimate ||C7exp (itA )W\\ by £~f/P near 0 and by t~llq near 
infinity. On the other hand, Lemma 3 implies that [/exp (itA)W 
is continuous for t 7̂  0. Therefore, Lemma 1 shows that 
U (— A — A ± iO)_ 1W is in 8 ( $ ) and approaches zero as A—» + °°. 

Lemma 3 also implies that U exp (i£A)W is a compact operator for 
t ^ 0. But the compact operators form a closed subspace of 8 (# ). 
The integral of a function with values in the Banach space of compact 
operators lies in the same space. Thus U ( — A — A ± iO)~lW is 
compact. 

Notice that this last argument does not show that 
( / ( - A - A ± iO)~YW is Hilbert-Schmidt. Even if U exp (t*A )W is 
Hilbert-Schmidt for all t j£ 0, it may not be integrable as a Hilbert-
Schmidt operator valued function. 

For the next theorem we will assume that for some s > 2, psl2V 
is in Lp and in Lq for some p > I, g < I . It follows that V is in 
Lp and in Lq for some p >\ ? 9 < 1/2. 

The condition that p*/2V is in LQ for some q <l says roughly that 
V decreases faster than r~2 at infinity. 

THEOREM 2. Le* # = L2(Rl,dx\ 1^3. L ^ I C K Ä * f e 
a sca/e L2(R<, p(x)sdx) C L2(Rf, dx) C L2(Rl,p(x)~sdx) with s > 2. 

Le£ V be a real valued function on Rl such that psl2V is in Lp 

and in Lq for some p > I , q <\ . 
Then ( - A - A ± iO)~l is in 8 ( * , * * ) and V ( - A - A ± iO)~l 

is in 8 (St) for all real A. Further, V(— A — A ± iO)_1—>0 as 
A—» +00. TTiws if A is sufficiently large, V(— A — A ± iO) _ 1 is in 
8 ( A ) and has norm < 1, so that 



TIME DECAY AND THE BORN SERIES 645 

( - A + V - X ± t'O)"1 

oo 

= J) ( - A - k± iO)~l ( - V ( - A - \ ± iO)~l)n 

n=0 

in 8 (&, Ä *). /n particular, the spectrum of — A + V in this range 
of k is absolutely continuous. 

PROOF. First of all, note that since 1 = 3 , and V is in LP for some 
p > I, the hypothesis of Proposition 2 is satisfied and V is a relatively 
small perturbation of —A. Thus — A + V is selfadjoint. 

Let U(x) = p(x)sl2V(x) and W(x) = p(x)~sl2. Then U and W are 
in Lp and in Lq for p >I and q <\. Thus Lemma 4 applies to show 
V ( —A — A. ± iO)~l is in 8 ( A ) and approaches zero as A—» + o°. 
Thus we are in the situation of the abstract Theorem 1. 

5. Schrödinger operators with local singularities. In this section 
we will impose only the condition that V is in LP and in Lq for some 
p > 1\2 and q < 112. The first condition limits the amount of local 
singularity, but less than before. The second condition is that of 
decrease at infinity. The improvement over the previous result is 
due to the device of factoring the perturbation (Kato [4] ). 

Let $ be a Hilbert space. Let H0 and V be selfadjoint operators 
acting in £ . If (H0 - z)-1/2V(H0 - * )" 1 / 2 is in 8 ( $ ) with norm 
< 1 for z sufficiently imaginary, then V will be said to be a relatively 
small Friedrichs perturbation of Ho. (Kato [3, p. 341] discusses this 
type of perturbation under the name of pseudo-Friedrichs extension.) 

If V is a relatively small Friedrichs perturbation of H0, then we 
may write 

(Ho+ V - z ) - 1 

= £ (Ho - z)- 1 ' 2 ( - (Ho - z)"1/2V(Ho - *)-1/2)"(H0 - z)~^ 

for z sufficiently imaginary. This defines H0 + V as a selfadjoint 
operator. Notice that all we can say about the domain of H0 + V 
is that it is contained in the range of (H0 — z)~112, that is, the domain 
ofHo1/2. 

PROPOSITION 3. Let $ = L2(Rl, dx). Let V be a real valued func­
tion in some space Lp, p > I /2, p = 1. Let V112 be any square root 
of V. Then ||V1/2( —A — z)~1/2 | | < 1 for z sufficiently imaginary. 
Thus V is à relatively small Friedrichs perturbation of — A. 
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Notice that if V is not in L2 locally, one cannot expect that 
V ( — A — z)~l has values in $ . 

PROOF. Let l/2p + 1/2 = 1/r, 1/r + 1/« = 1, 1/s + l/2p = 1/2. 

Then if p = 1, we have 

| | ( - A - Z ) - ^ | | s g | | ( f c 2 - Z ) - l / 2 / | | r 

= ||(fc2-^)^'2||2P||/||2 

by the Hausdorff-Young and Plancherel theorems. But if p > ( /2, 
then (fc2 — %)~1/2 is in L2p and its L2p norm approaches zero as z 
becomes imaginary or negative. 

If Vis in Lethen 

| | V 1 / 2 ( _ A _ z ) - l / 2 f | | 2 g | |V l /2| |2 p | | ( _ A _ Z)-V2fils 

^ | | V | | p ^ | | ( f c 2 - « ) - ^ | | 2 p | | / | | 2 . 

Thus V ^ - A - z)- i /2->0in 8 (# ). 
From Proposition 3 we see that the geometric series expansion for 

( —A + V — z)~l may either be regarded as an expansion in powers 
of ( - A - z ) - 1 / 2 V ( - A - z)~1'2 or as one in V 1 / 2 ( - A - z)~lV112. 
(Both of these operators are in 8 ( $ ) with norm < 1.) The second 
alternative is especially convenient for scattering theory. 

THEOREM 3. Let $ = L2(Rl,dx), 1 ^ 3 . Let & C # C £ * 
be as in Theorem 2. Let V be a real valued function which is in 
Lp and Lq for some p > I /2 and q < 112. 

Then ifk is sufficiently large, 

( - A + V - X ± iO)~l 

00 

= S ( ~ A - A ± i O ) - 1 ( - V ( - A - X ± iO)~l)n 

converges in the norm of 8(Ä , Ä*). 

PROOF. First of all, note that if I = 4, V is in LP for some p>ll2=2. 
Hence Proposition 2 implies that V is a relatively small perturbation 
of — A and —A + Vis selfadjoint with the same domain as —A. 

In the case ( = 3 the situation is different. If we assume V is in 
Lp for some p= 2, then we have the above result. However in 
general all that we can say is that V is a relatively small Friedrichs 
perturbation of —A and — A + V is selfadjoint with domain con­
tained in the domain of ( —A)1/2. 
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Let V1/2 stand for any square root of V. Then Vm is in LP and 
in Lq for p > I and q < I . Thus Lemma 4 establishes that 
V 1 ' 2 ( - A - X ± tO)"1 is in 8 ( & , # ) , V ^ - A - A ± i O ) - ^ 1 ' 2 

is in 8 (# ), and ( - A - A ± iO)Vl/2 is in 8 ( # , * *). It shows also 
that the norm of V1/2 ( -A - A ± iO)-lV112-* 0 as \ - > + oo . 
Thus at least for sufficiently large A, this has norm less than one, 
so the Born series must converge. 

In the case 1 = 3 one can improve this result by requiring only 
that V be in L3/2. (In this case V is still a small Friedrichs perturba­
tion.) The idea is to approximate V by functions for which the 
previous result holds, and use the estimate given by Kato [4,' p. 276]. 

This result is stronger than that of Zemach and Klein [5] in their 
case I = 3. They prove essentially that (Vm ( - A . - A ± iO)-lVV2)2 

approaches zero in Hilbert-Schmidt norm. When ( = 3 and V is 
in L3'2(R3), the Hilbert-Schmidt norm of V1/2 ( -A - A ± iO)-lV1'2 

is bounded uniformly in A (in fact constant). Hence its square must 
approach zero in Hilbert-Schmidt norm as A —» + °°. Thus their 
result is recovered. 

The cases ( = 1 and ( = 2 are anomalous and are best studied by 
other methods. 

Appendix. 

PROPOSITION 4. Let F be an integrable function from the real line 
to a Banach space J . Then 

j 0 0 ^ \\F(t) - F(t- a) | |df-»0 asa->0. 

PROOF. Let e > 0. Since F is integrable there is a continuous func­
tion G with compact support such that 

j_"j|F(t)-G(#ft^. 

Then 

J"^ ||F(t) - F(t - a)\\dt^2e + J ^ \\G(t) - G(t - a)\\dt. 

Let G have support in an interval of length L. Then for a sufficiently 
small a, \\G(t) - G(t - a)\\ ^ elL for all t. 

PROPOSITION 5 (RIEMANN-LEBESGUE LEMMA). Let H be a Banach 

space. Let F be an integrable function with values in H. Then 
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I exp(itk)F(t)dt->0 o s \ - > ± o o . 

PROOF. 

J w exp (itk)F(t)dt = £ J °° w exp («X) [ F(*) - F(t - TT/X)] d*. 

But 

I" ||F(0 — F(*-7r/X)| |dt->0 asX-»±oo 
J — 00 

by Proposition 4. 
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