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CURVATURE AND CHARACTERISTIC CLASSES OF
COMPACT PSEUDO-RIEMANNIAN MANIFOLDS!
CHUAN-CHIH HSIUNG AND JOHN J. LEVKO III

Introduction. In the last three decades various authors have studied
the relationships between curvatures and certain topological invariants
such as characteristic classes of a compact Riemannian manifold. One
of the earliest results was the Gauss-Bonnet formula [1], [6], which
expresses the Euler-Poincaré characteristic of a compact orientable
Riemannian manifold of even dimension n as the integral, over the
manifold, of the nth sectional curvature or the Lipschitz-Killing curva-
ture times the volume element of the manifold.

Later, Chern [8] obtained curvature conditions respectively for
determining the sign of the Euler-Poincaré characteristic and for the
vanishing of the Pontrjagin classes of a compact orientable Riemannian
manifold. Recently, Thorpe [11] extended a special case of Chern’s
conditions by using higher order sectional curvatures, which are
weaker invariants of the Riemannian structure than the usual sectional
curvature, and Cheung and Hsiung [5] jointly further extended the
conditions of both Chern and Thorpe.

On the other hand, Avez [3] and Chern [9] used different methods
to show that the Gauss-Bonnet formula is also true up to a sign on a
compact orientable pseudo-Riemannian manifold. Very recently, from
general remarks on connexions and characteristic homomorphisms of
Weil [7, pp. 57-58], Borel [4] elegantly deduced this fact and expressed
the Pontrjagin classes of a compact orientable pseudo-Riemannian
manifold in terms of the curvature 2-forms.

The purpose of this paper is to give an independent proof of Borel’s
result on the Pontrjagin classes and to extend the above mentioned
joint work of Cheung and Hsiung to a compact orientable pseudo-
Riemannian manifold.

§1 contains some fundamental formulas for a pseudo-Riemannian
manifold such as the equations of structure, and the formulas for the
higher order sectional curvatures and related differential forms. §2 is
devoted to expressing the Euler-Poincaré characteristic and the Pon-
trjagin classes of a compact orientable pseudo-Riemannian manifold in
terms of the curvature 2-forms in the sense of de Rham’s theorem. In
§3, we extend the above mentioned joint results of Cheung and Hsiung
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to the pseudo-Riemannian case by first establishing several lemmas
and then deducing the proofs of the two main theorems of this section.

1. Fundamental formulas. Let M" be a compact orientable mani-
fold of dimension n (= 2) with a pseudo-Riemannian metric g,s(u?)
of signature r, the number of positive eigenvalues of the matrix of the
metric, where u!, - - -, u" are local coordinates of an arbitrary point
x € M™; throughout this paper all Greek and Latin indices take the
values 1, - - -, n unless stated otherwise. At any point x &€ M" and
over a neighborhood U of x we consider the spaces V, and V¥ of
tangent vectors and covectors respectively, and the family xe, - - - e,
of orthonormal frames and linear differential forms !, - - -, 0" with
respect to an orthonormal basis in V, and its dual basis in V;¥; that is,

(6,‘, (0]> = Sij = 1, if i =j,
=0, ifi#j.

The pseudo-Riemannian metric of M" is of the form

(1.1)

(1.2) ds® = 21 WR— 3 (w9,

i=r+l

For indices we use I(p) to indicate the ordered set of p integers
iy, * -, ip among 1, - - -, n. When more than one set of indices is
needed at one time, we shall use other capital letters in addition to I.
The equations of structure of the pseudo-Riemannian metric are

doi= Y o N o)+ =0,
(13) s o a0
dw'j = 2 (!)kj N o'y + Qj, Qj + Q,li = 0,
k
where the components for the curvature 2-form €); satisfy

0 = () 1=i=r),

(L.4) Q= —Q (r<i=n),
Q’j=97'i (1§l,]§n)
Then, for any even p = n and distinct set of integers i), - -, i, we
define the p-form
1
(1.5) Orp) = e PN G VS FEAT LY IVANEEAY U
* Jp)

where ¢(J) denotes the number of the curvature 2-forms (Y with
j > rfor each combination (ji 2, * * , jp—1Jp), and
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817} = +1, if J(p) is an even permutation of I(p),
(1.6)

—1, if J(p) is an odd permutation of I(p),
=0, otherwise.

In terms of a natural orthonormal basis in local coordinates u!, - - -,
u” in the neighborhood U we have

(17) Qj = %R@'jk_g (Dk /\ w’l,

where repeated indices imply summation over their ranges, and
Ry, is the Riemann-Christoffel tensor. Thus (1.5) can be written as

. Jp—
E I(p)Rj]hh'hz "RV I]hhp lh:dVH(P)’

(1.8) Opp) = —o—
® 2°2pl i H )

where
(1.9) AV = oA ANty =dur A - - - A dur

is the volume element of the p-dimensional submanifold of M" with
local coordinates ut1, - - - u'r,

Let P be any p-dimensional plane in the tangent space V, of the
manifold M" at a point x. Then the Lipschitz-Killing curvature at x
of the p-dimensional geodesic submanifold of M" tangent to P at x
is called the pth sectional curvature of M" at x with respect to P, and
is given (see, for instance, [2, p. 257]) in terms of any orthonormal
basis e;, - - - e, of Pby

—1 pl2

(110)  Kig(P) = =555

z 6{((5))6;?(?) Ri; ishihe " lel_lj,.h,,_,h,,-

2. Characteristic classes. Let M" be a connected manifold of dimen-
sion n (= 2) endowed with a pseudo-Riemannian metric g,z of
signature 7. Consider any Riemannian metric h,gs on M". In the
tangent space M, of M" at each point x, g,5 defines the field T of
symmetric linear transformations by means of h,g. Now, consider the
decomposition
@.1) M,= > Wi+ ¥ W,

iA;>0 A<
where
Wi = {X (S Mx l Tx(X) = )\1X}
= {XE M, |g(X,Y) = Mh(X,Y),forallY € M,}.

Put r = Ei:x,>0 dim W;. Since g and therefore T are nonsingular, r
is constant and we have

(2.2)
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n—r= Y dimW;.

Jinj<o
Suppose that
(2.3) W= Y W, W= Y W,
A, >0 FiA<0
Then the distributions W: x— W7, and W»—":x— Wr-7_ are dif-
ferentiable, and this leads us to define
(2.4) ZWi=1a,  — g|Wr",=b,

where the distributions a:x—a, and b:x— b, are differentiable.
Now, define

(2.5) g=a+b.

Then g is positive definite, and with respect to this g, g has eigenvalue
1 of multiplicity r and eigenvalue —1 of multiplicity n—r, that is, for
each x € M", M, = W', + Wr—, is the eigenspace-decomposition
with respect to g. By considering the tensor

(2.6) L(t) =g+ th,
or
(2.7) Lt)=a+ 1+ t)b,

where t is a real parameter, we see that % defines a nonsingular pseudo-
Riemannian metric on M" for t# —1, which is Riemannian for
t > —1 and is of signature r for t < —1; in particular, 2(—2) = g.

The inverse tensor of (2.6) is given by

(2.8) geb(t) = goB — beb .

1+t

Let I'",4(t) be the Christoffel symbols with respect to 2,4(t). Then
Crp(t) = I'yp(t) — I',p(0) defines a tensor, where I'7,4(0) are the Chris-
toffel symbols with respect to £,5(0) = Zs.

Let V® and V© be the covariant derivation operators in the
Riemannian connexion associated with £,(t) and Z.s = £,4(0), re-
spectively. By using normal coordinates at a point x on M" with
respect to g, so that I'7,4(0) = 0 at the point x, we have

0= V., "g(t)

= Vo O%po(t) = 2yo(t) Cro(t) — Ly (£)Cu(t).
The cyclical permutation of the indices a, 8,0 in (2.9) yields

(2.9)
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(2.10) 0= V,9,5(t) — 2,8(t)C70(t) — Ley(t)C7p0(1),
(2.11) 0=V 5 u(t) = £a(t) Clrp(t) = Ly (1) Crap(t)-
Subtracting (2.10) from the sum of (2.9) and (2.11) we thus obtain
(2.12) Crop(t) = $27(8)(Vap(t) + V g () = Vo s (£)).
Now, for a contravariant vector v*on M" we have
va(t)oll = va(o)v}l + C)‘anBa
V, 0V 0ok = V,0(V,Opk) + V,O(C40")
= (V, OV Opk+ Cu, V, O — Cr, V,Opk)
+ [(V\OCk )vf + Chy V,O08
+ CK,Crp VP — Ch o ChgvP],
and therefore
(V0T O — V OF,0)pp = (V,OF 0 — T OF, O
+ [(VaOCtp) = (Vo OCHp)
+ C"MCPap - C"‘apcp)‘p] vh.
Thus the Ricci identity gives
Rega(t) = Ripar(0) + VO CHg(t) — V,OCk4(2)
+ C“}\p(t)cpaﬂ(t) - C“ao(t)cp}\ﬂ(t)’

where Rtg,(t) and R¢g,(0) are the Riemann-Christoffel tensors with
respect to I',g(t) and I',4(0) respectively.

Let dV(t) and dV(0) be the volume elements of M" associated
with 2.,4(t) and £,4(0) respectively. By using equation (2.7) and
orthonormal local coordinates u!, - - -, u", we readily obtain

(2.13)

AV(0) = |det(2.p(0)["2 dul A - - - A dur

(2.14)
= |det (a) det (b)[2dul A - - - A dun,

dV(t) = |det (Les(t) V2 dul A - - - A dur

(2.15)

= |1 + t|*—"12dV(0).
More generally, the volume elements dVy4x)(t) and dVy4x(0), respec-
tively, associated with Rhi,,].(t) and &,,4(0), i, j=1, -, 4k, of the 4k-
dimensional submanifold of M*, 4k = n, with the local coordinates
(ub1, -+ -, uhu ) are related by
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AVira(t) = [det@un (£)[V2durs A - - A dubs

(2.16)
= Il + t,sldeH(4k)(0),

where s I’s are greater than r, and the remaining A’s are less than or
equal to r.

Tueorem 2.1. Let M" be a compact orientable manifold of even
dimension n with a pseudo-Riemannian metric of signature r. Then
the Euler-Poincaré characteristic X(M") of the manifold M" is given by

. -1 [r/2]n|
2.17) X(M») = i—h ) jM"

s

where®,..., is given by (1.5).

Theorem 2.1 is due to Allendorfer and Weil [1] and Chern [6]
for the Riemannian case, and due to Avez [3] and Chern [9] for the
pseudo-Riemannian case. Our proof is essentially the same as that
of Avez.

Proor. By means of (1.8) we have

1 n) pj
@1~-n = onizp) 2 8{(“.)'1311]'2};1}!2
* J(n),H(n)
(2.18)

"Rt 0, AVEHE).

Now let @,...,(¢) be the form @;..., associated with £,4(t) given by (2.6).
Then

®1~~n(t)= 2 ( 1)0(’”8](") jljz(t) jn—ljn<t)
n! J(n)
1 n) i
- W ](n)zH(n) 8]1('”}7'3111'2}11;'2‘(0

’ Rj“_lj,,h..—l"u(t)dVH(")(t)>
and from (2.13), (2.12), (2.8), (2.7), (2.15) it follows that

P(t
2.19 W) = L+ g PE_
where P(t) is a polynomial in ¢. Thus
_ (=1l
FO= (i) J s O1ont)

'1 + t'(n—r)/Z ._%L
1+

(2.20)
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where Q(¢) is a polynomial in ¢.

Now, suppose that r is even. Since L,5(t) for t > —1 defines a
Riemannian metric on M", it is known [1], [6] that f{t) for t > —1is
the Euler-Poincaré characteristic X(M*) of M*, Thus from (2.20) we
have
(2.21) Q) = (1 + t)n+ri2x(Mr)
for t > —1 and therefore for all ¢. Substitution of (2.21) in (2.20) thus
gives
Il + tl(n—r)lZ
(14 gr=rz >
Fort < —1wehavel + t < 0so that

Il + tI(n—r)/2 — (_1)(n—r)/2(1 + t)(n—r)/2 ,

(2.22) fit) = X(M") for all £.

and hence
fit) = (= 1yn=rizx(v),

which proves our formula (2.17) for even r.
Finally, suppose that r is odd such that r = 2r’ + 1. Then we have,
fort> —1,

t 1
(2.23) XM = +Ot()r)v+n/z T

which implies that Q(t) = 0 for ¢ > —1 and therefore for all ¢. Hence
X(M™) = 0 = f{¢t) for all ¢, which shows that our formula (2.17) is also
true for odd r, and completes the proof of Theorem 2.1.

Tueorem 2.2. Let M" be a compact orientable n-dimensional
manifold with a pseudo-Reimannian metric of signature r. Then the
differential form

__ L@k
(2kK!)>(2m) 2 1(%) Orcz) /\ Brcany

defines the kth Pontrjagin class Py of the manifold M in the sense of
de Rham’s theorem.

(2.24) Yy =

Theorem 2.2 is due to Chern [8] for the Riemannian case and
due to Borel [4] for the pseudo-Riemannian case. However the
proof given below is different from that of Borel.

Proor. By means of (1.8) we can rewrite (2.24) as
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1 (2k)
Yo = (22KK!)2 (247 )2k L szj 8;(21()3”12’11'12
(2.25) - R/ Uiakh k- tha
51(2’133 Fohgeohoess R yn oy AV k.
Now let W 4i(t) be the form W, associated with 2,4(t). Then
2k)1) 2
Yu(t) = L2k} D Oran(t) A Oran(t)

(2kk!>(277’)2k 1(2k)

(Zk) .] .
W, HE} . 8130 Rjnin, (2)
(2.26) |
' RJZk_ ! Joxh ap— Vhoag (t)

2k)
8{((2")3 ]”'2k+|"2k+2(t)
* Riu- J—'zkh4k—1"4k(t)dVH(‘ik)(t)’

and from (2.13), (2.12), (2.8), (2.7), (2.16), (2.25) it follows easily that
W 4(t) can be expressed in the following general form:

(2.27) balt) = (L+ )= S L+ £]120,(2)
i=0
(2.28) Warlt) = (1 + O~ *(E(®) + [1 + t|V2F(2)),

where Q;(t), E(t) and F(t) are polynomials in ¢. It is known [8] that
W4i(t) for t > —1 defines the kth Pontrjagin class Px of M™ with real
coefficients, so that

(2.29) P = Wui(t) + By

for t > —1, where By is the group of the exact 4k-forms of the mani-
fold M, which is obviously independent of ¢. Substitution of (2.28) in
(2.29) thus gives

(2.30) (1 + t)*P, = E(t) + |1 + t|'2F(t) + (1 + t)*By, fort> —1.

Since E(t) and F(t) are polynomials in ¢, (2.30) implies that F(¢) = 0
for ¢ > —1 and therefore for all t£. Hence from (2.28), (2.30) we see
that (2.29) holds for all ¢, so that W 4(t) defines the kth Pontrjagin class
Py for all ¢, and in particular the case where t = —2 gives our Theorem
2.2.

3. Relationships between curvatures and characteristic classes. Let
M" be a connected manifold of dimension n (Z 2) with a pseudo-
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Riemannian metric g,z of signature r, p be an even positive integer

=n, and ap=an (i, h=1, -+, n) be given smooth real-valued
functions on M™. Denote
(3-1) AI(p),H(p) = det(ai,,h;;) (,B=1, """, P),

where the rows and columns of det(ai,r,) are arranged in the natural
order of a and B, respectively. Consider the following curvature
condition at x € M™

(3.2) > SR ik, Ry = 2P ALy )
J(p)
for all I(p), Hjp) €(1, - -+, n), where «, is a smooth real-valued

function on M" at x. In the Riemannian case, this condition was first
used by Chern (8] for p = 2, by Thorpe [11] for a general p but
ain = 8in (in this case (3.2) implies that the Lipschitz-Killing curvature
K;»)(P) is constant at x for every P and all I(p)), and then jointly by
Cheung and Hsiung [5] for general p and a;,. Furthermore, it is easy
to see another geometric significance of the condition (3.2) for the
Riemannian case, namely, if M" is a hypersurface of a Euclidean space,
then the symmetric tensor a;, may be taken to be the second funda-
mental form of M.
From (3.2), (1.8), (1.9), (1.10) follows immediately

LemMma 3.1. For a fixed set of indices I(p), condition (3.2) implies

(3.3) O = ;l[KpAum,H(wwH(””
(34) Kip) = (= 1)2kpArip), )
and also equation (3.3) implies condition (3.2), where
(3.5) wH(ﬂ) = whl /\ . e /\ wh','
In particular, when a;; = §;, then
(3.6) Aip)Hp) = D), Hep),
where
(3.7) Dip), v = det(§;,,)  (@B=1---,p)
Therefore (3.3), (3.4) are reduced to
(3.8) @I(p) = prl(p) >
(3.9) Kipy) = (—1)Pi2,,

Thus, from (3.9) we have
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Lemma 3.2. Condition (3.2) with a; = §; implies that the pth
sectional curvature Ky, (P) at the point x of the manifold M" is con-
stant, that is, independent of the p-dimensional plane P at the point x.

On the other hand, from (1.8), (1.9), (1.10) it follows immediately
that (3.8) implies (3.9). The converse is also true (can be proved
in exactly the same way as given by Thorpe [11] for the Riemannian
case), so that we can state, altogether,

LemMma 3.3. Equations (3.7) and (3.8) are equivalent.
For the converse of Lemma 3.2, we notice that [10, p. 238]

(3.10) 8T 0= A 1) Hew) »

so that (3.8) can be written as

Orp) = 2 8 1) wH
(3.11)

1
- ;‘.K”A 1), Hpy @7 P

A comparison of (3.11) with (1.8), (1.9) yields immediately condition
(3.2) with a; = 8;. By combining this result with Lemma 3.2 and
using Lemma 3.3 we hence obtain

LemMma 3.4. The pth sectional curvature Ki, of the manifold M"
at a point x is constant if and only if condition (3.2) with a; = §;
holds.

LemMma 3.5. On a pseudo-Riemannian manifold M" of dimension
n, if condition (3.2) holds for some even p and q with p + g =n,
then
(3.12) BOrp+q) =

1 H(p+q)
——  KpKqAl(p+q) Hp+q) @ PV,
(p+q)

so that (3.2) also holds for p + q withk,.q = KkpKq.

Proor oF LEMMa 3.5. Let the set I(p + q) have distinct elements,
and (I,(p), Iz(q)) be a partition of I(p + q), where I,(p) = (i1, * * *, i1p)
and Iy(q) = (ig), * * *, iaq)- Then, from (1.5),

1 1y) 1(7’)12 q)
— L5 (capmreag o g
(p+ g (1.,212>
(3.13) AN ANy A Qigigg
Ao AQ

'2.q—li2q >

Orp+q) =
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where c¢(I,), ¢(I;) denote the numbers of the curvature 2-forms i
with j > r for the combinations (ijyie, ***, f1p-101p) and (igyisg,

, ig,g—1i2q), respectively, and 2(11,,2) denotes the summation over all
such partitions of I(p + q) into (I)(p), Is(q)). For a fixed I(p + q),
let J(p + q) be an even permutation of I(p + gq) such that j;, - - -,
jp E Li(p), and jpi1, **°, Jprq € I(q). By denoting J'(q) = (jp+1,
***, jo+q), using (1.5) and noticing that altogether there are (7F9)
such partitions of I(p + q) into (I,(p), Ix(q)), from (3.13) we then
obtain

=1 cyghtPl .
®I(p+q) - (P + q)‘ (12) ( 1) 8]( Q'u’lz Ao A Q:,I 1ip
(3‘14) /\( )0(12)6][2((:)h121'22 ) /\ Qii.q-lii‘l
el ITSWAY < T

On the other hand, by the Laplace theorem we can expand the deter-
minant Ay +q), Hp+q) according to the first p rows. By using this expan-
sion it is easily seen that all (?%9) terms of Ay +q),H(p+q) @ P+ are equal
so that we have

Ajp+q) Hp+q) @ P+
(3.15) |
+ q)! .
i Ay Hp) @ N Apig)uiq@t @,

where H'(q) = (hp+1, * 5 hpiq). Substituting (3.3) in (3.14) and
using (3.15) we arrive at (3.12), and an application of Lemma 3.1
hence completes the proof of Lemma 3.5.

By repeatedly applying Lemma 3.5 we can easily obtain

CoroLLary 3.5.1. Let p,, - -, px be even positive integers, and
(my, -+, m) a k-tuple of nonnegative integers such that
g= Simp;=n. On a pseudo-Riemannian manifold M" of
dimension n, if condition (3.2) holds for p,, - - -, px, then it also holds
for q with

Kq = (Km)ml e (ka_)'"k .

CoroLLARY 3.5.2. On a pseudo-Riemannian manifold M" of even
dimension n, if condition (3.2) holds for some positive even integer p
dividing n, then

(3.18) 0).... = (kp)¥Pdet(az)w’ A -+ A 0",
where w! A\ -+ - A\ w" is the volume element of M™.

Combination of Theorem 2.1 with Corollary 3.5.2 gives immediately
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Tueorem 3.1. On a compact orientable pseudo-Riemannian mani-
fold M" of even dimension n with a pseudo-Riemannian metric of
signature r, if condition (3.2) holds at every point x for a positive even
integer p dividing n, and (—1)l"2(k, )" det(ay) keeps a constant
sign, then this sign is the sign of the Euler-Poincaré characteristic
X(M") of M". Moreover, under this hypothesis, X(M") = 0 only when
(kp)™'P det(ay;) vanishes identically.

For the Riemannian case, this theorem was obtained by Chern
[8] for p = 2, by Thorpe [11] for a; = 8, and jointly by Cheung and
Hsiung [5] for a general p.

For studying Pontrjagin classes we need

LemMma 3.6. Equation (3.3) can be written in the following form:

(3.17) @I(p) = Kpa)l(p) >
where &'« are linear forms defined by
(3.18) =g  (a=1-"",p)

Proor. Let p;, ps be any two positive integers such that p; + ps = p.
By using p,, p. for p, g, from (3.15) we then have

Arp),Hp) wf®)

!

= - AI(T’l),H(ﬂl)wH(pl) /\ A I'(Pg)' HI(PQ) le(Pz)

pilpa!

(3.19)

where

(3‘20) I’(p2) = (iﬂ1+]> Y ip), H’(pZ) = (hp,+la Y hp)'

Repeatedly applying the same argument as above to both factors on
the right-hand side of (3.19) yields immediately (3.17).

Now we are in a position to prove the following theorem concerning
the general curvature conditions for the vanishing of the Pontrjagin
classes.

Tueorem 3.2. On a compact orientable pseudo-Riemannian mani-
fold M" of dimension n, if condition (3.2) holds at every point x for a
positive even integer p = n, then the kth Pontrjagin class Px(M") of
M~ is zero for all k = p/2.

For the Riemannian case, this theorem is due to Chern [8] for
p = 2, to Thorpe [11] for a; = 8y and jointly due to Cheung and
Hsiung [5] for a general p.
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Proor. First, we consider the case p = 2k < 2p. Let (I,(p), [(2k—p))
be a partition of a fixed I(2k), and J(2k) an even permutation of I(2k)
such that jl, o jp € L(p) and jpiy, -, jox € [(2k — p). By
denoting J'(2k — p) = (jp+1, * * *»jok), from (3.14) we have

(3.21) Oty = D, Oyipy N Opzicpy) »

d.Jjn
where Yy, denotes the summation over all such partitions of I(2k)
into (J(p), J'(2k — p)). By using condition (3.2) for p and Lemmas
3.1 and 3.6, equation (3.21) is reduced to

(3:22) Oron = kp Y, &P NGy gk—p),

¢
where @'« are linear forms defined by (3.18), so that @y A Oy is a
sum, each term of which contains an exterior factor

(3.23) P A &I

where all the superscripts j, j j € I(2k). Since 2k < 2p, at least two of
the js and js in (3.23) must be equal, so that each of such factors (3.23)
is zero. Thus @) A Oy = 0 for all I(2k). By Theorem 2.2 we hence
obtain P(M") = Ofor all k withp2 = k < p

Finally, since condition (3.2) is assumed to hold for p, by Corollary
3.5.1 it also holds for 2ip (i=1, 2, - --). Applying the same argu-
ments as above we therefore have

Pi(Mr) =0 (2-p=k<2p;, i=12 ")
Hence Pi(M") = 0 for all k = p/2, and the theorem is proved.
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