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ABSTRACT. According to fractional calculus theory and
Sadovskii’s fixed point theorem, we establish sufficient con-
ditions for controllability of the fractional integro-differential
equation with state-dependent delay. An example is provided
to illustrate the theory.

1. Introduction. The purpose of this paper is to establish suffi-
cient conditions for controllability of the fractional integro-differential
equation of the form

(1.1) Diz(t) = Az(t) + Bu(t)

—|—/ a(t,s)f(s,2p(s,2,),7(s)) ds, teJ=[0,T],
0
I(t) = ¢(t)7 te (7003 0]7

where D{ is the Caputo fractional derivative of order 0 < ¢ < 1, A is
a generator of an analytic semigroup {S(¢)}¢>0 of uniformly bounded
linear operators on X, f: Jx Bx X — X and p: J X B = (—00,T]
are appropriated functions, a : D — R (D = {(t,s) € J x J : t > s}),
¢ € B where B is called the phase space, to be defined in Section 2. B
is a bounded linear operator from X into X, the control u € L?(J; X),
the Banach space of admissible controls. For any function = defined on
(=00, T] and any t € J, we denote by z; the element of B defined by

z(0) = z(t + 0), 6 e (—o0,0].

2010 AMS Mathematics subject classification. Primary 26A33, 34A08, 34G20,
34HO05, 34K37, 35R11, 93B05.

Keywords and phrases. Controllability, Caputo fractional derivative, integro-
differential equations, fixed point, semigroup, state-dependent delay.

Received by the editors on March 19, 2014, and in revised form on November 3,
2015.

DOI:10.1216/JIE-2016-28-2-149 Copyright ©2016 Rocky Mountain Mathematics Consortium

149



150 KHALIDA AISSANI AND MOUFFAK BENCHOHRA

Here x; represents the history of the state up to the present time, ¢.

Fractional differential equations have recently been proved to be
valuable tools in the modeling of many phenomena in various fields
of science and engineering, so they attracted many researchers (cf.,
e.g., [3, 32] and references therein). On the other hand, integrod-
ifferential equations arise in various applications such as viscoelas-
ticity, heat equations and many other physical phenomena (cf., e.g.,
[13, 25, 26, 27, 42] and references therein). The existence of frac-
tional differential equations with state-dependent delay are one of the
theoretical fields that have been investigated by many authors [2, 18].
Very recently, Benchohra and Litimein [12, 14] have investigated the
existence and uniqueness of a mild solution for fractional integral and
integro-differential equations with state-dependent delay on infinite in-
terval, whereas Kavitha et al. [23] have studied the existence of mild
solutions for neutral functional fractional differential equations with
state-dependent delay.

Controllability is one concept of control dynamic systems that some
classes of such systems can be represented by nonlinear differential
equations [1, 5, 10, 15, 16]. In recent years, the problems of control-
lability for various kinds of fractional differential and integrodifferential
equations have been discussed in [4, 6, 11, 17, 22, 24, 30, 31, 38, 39|.
Recently, in [37], the authors established sufficient conditions for the
approximate controllability of certain classes of abstract fractional evo-
lution equations in Hilbert spaces.

The aim of our paper is to establish controllability results for frac-
tional evolution integrodifferential systems with state-dependent delay
by using fractional calculus and Sadovskii’s fixed point theorem, com-
bined with the Kuratowski measure of noncompactness. An example
is presented to show an application of the abstract results.

2. Preliminaries. In this section, we include some notations, defi-
nitions and theorems needed to establish our results.

Let (X, | - ||) be a real Banach space, C(J, X) the Banach space of
all X-valued continuous functions on J with norm

[Ylloo = sup{lly ()] : ¢ € J},

L(X) the Banach space of all linear and bounded operators on X,
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L'(J, X) the space of X—valued Bochner integrable functions on .J
with the norm

T
Iyl = / ly(®)]]d.

L (J,R) is the Banach space of essentially bounded functions, normed
by

lyl|Le = inf{d > 0 : |y(¢)| < d, almost everywhere ¢t € J}.

In this paper, we will employ an axiomatic definition for the phase
space B which is similar to that introduced by Hale and Kato [19].
Specifically, B will be a linear space of functions mapping (—oo, 0] into
X endowed with a seminorm ||.||g and satisfies the following axioms:

(A1) If ¢ : (—o00,T ] — X is continuous on J and xy € B, then
x¢ € B and x; is continuous in t € J and

(2.1) lz@)] < Cllztls,

where C' > 0 is a constant.
(A2) There exist a continuous function Ci(¢) > 0 and a locally
bounded function Cy(t) > 0 in ¢ > 0 such that

(2.2) [zells < Cr(?) sup. ()] + Ca ()| zo]| 5,

s€|0,t

for t € [0,7] and = as in (A1).
(A3) The space B is complete.

Remark 2.1. Condition (2.1) in (A1) is equivalent to [[¢(0)] <
C| ¢, for all ¢ € B.

Example 2.2. The phase space C,. x LP(g, X).

Let r > 0,1 < p < o0, and let g : (—o0, —7) — R be a nonnegative
measurable function which satisfies the conditions (g — 5),(¢g — 6) in
the terminology of [21]. Briefly, this means that g is locally integrable,
and there exists a nonnegative, locally bounded function A on (—o0, 0],
such that g(§ +6) < A(§)g(0), for all £ < 0 and 0 € (—oo0, —1)\Ng,
where N¢ C (—o0, —r) is a set with Lebesgue measure zero.

The space C,. x LP(g,X) consists of all classes of functions ¢ :
(—00,0] — X such that ¢ is continuous on [—r, 0], Lebesgue-measurable
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and g|¢||? on (—oo, —r). The seminorm in ||.||5 is defined by

—r 1/p

lells = s [le@)+ ([ a@le@lras)
oe[—r,0] —o0

The space B = C, x LP(g, X) satisfies axioms (A1), (A2) and (A3).

Moreover, for r = 0 and p = 2, this space coincides with Cy x L?(g, X),

H=1, M(t) = A(=t)Y/?, K(t) = 1 + (fi)rg(r) dr)'/? for t > 0 (see

[21, Theorem 1.3.8], for details).

Definition 2.3. Let a > 0 and f : Ry — X be in L*(R;, X). Then
the Riemann-Liouville integral is given by:

110 = 1 | G i

IN(e t—s)l-«

where I'(.) is the Euler gamma function.

Definition 2.4 ([34]). The Caputo derivative of order « for a function
f:]0,4+00) = X can be written as

N T S O
DO = =y |, et

=M@, t>0,n—1<a<n.

If 0 <a <1, then

oy L "f(s)
Dif(t) = r'l—a) /0 (t —s) ds.

Obviously, the Caputo derivative of a constant is equal to zero.

Definition 2.5. A function f : J x B x X — X is said to be a
Carathéodory function if it satisfies:

(i) for each t € J the function f(¢,-,-) : B x X — X is continuous;
(ii) for each (v,w) € B x X, the function f(,v,w) : J — X is
measurable.

Definition 2.6. Problem (1.1) is said to be controllable on interval
J if, for every initial function ¢ € B and z; € X there exists a
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control u € L?(J, X) such that the mild solution z(-) of (1.1) satisfies

Next we give the concept of a measure of noncompactness [8].

Definition 2.7. Let B be a bounded subset of a seminormed linear
space Y. Kuratowski’s measure of noncompactness of B is defined as

a(B) = inf{d > 0 : B has a finite cover by sets of diameter < d}.

We need to use the following basic properties of the o measure and
Sadovskii’s fixed point theorem here (see [36]).

Lemma 2.8. Let A and B be two bounded sets of a Banach space X.
Then:

(i) If A C B then a(A) < a(B),
(i) a(A) =0« A is compact (A is relatively compact),
(iil) a(A+ B) < a(A) + a(B).

Theorem 2.9. (Sadovskii’s fixed point theorem). Let N be a con-
densing operator on a Banach space X, i.e., N is continuous and takes
bounded sets into bounded sets, and a(N (D)) < a(D) for every bounded
set D of X with a(D) > 0. If N(S) C S for a convez, closed and
bounded set S of X, then N has a fized point in S.

3. Controllability results. In this section, we prove the main
results for controllability of the system (1.1). We give first the definition
of the mild solution of the problem.

Definition 3.1. A function z : (—oo,T] — X is said to be a mild
solution of (1.1) if xg = ¢, (+,,,) € B for every 7 € J and

(3.1) z(t) = —Q(t)¢(0) +/0 R(t — s)Bu(s) ds

t s
—|—/ / R(t — s)a(s,7) f(T, Zp(r,z,), 2(T)) dT ds, t € J,
0o Jo
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where
Q) = /OOO &(0)S(tlo) do,

R(t) = q/o ot ¢, (0)S(th0) do,

and &, is a probability density function defined on (0, 00) such that

1
§qlo) = gaflfl/qwq(ffl/q) > 0,

where

3=

wy(o) =

- r 1
z:(fl)”*lor*q"*1 % sin(nmq),
n=1 :

o € (0,00).
Remark 3.2. Note that {S(t)}+>0 is a uniformly bounded semigroup,

i.e., there exists a constant

M >0 such that ||S(¢)|| < M for all t € [0,T].

More details on semigroups and their properties can be found in
[9, 33].
Remark 3.3. According to [29], a direct calculation gives that
(3'2) HR(t)H < Cq,Mtq_17 t>0,
where Cy s = ¢M /T(1 4+ q).

Set,
R(p™) ={p(s,9) : (s,0) € J x B, p(s, ) < 0}.

We always assume that p : J x B — (—o0, T is continuous. Addition-
ally, we introduce following hypothesis:

(H,) The function t — ¢ is continuous from R(p~) into B, and there
exists a continuous and bounded function L? : R(p~) — (0, 00)
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such that
¢ells < LO(@)||glls  for every t € R(p™).
Remark 3.4. The condition (H,), is frequently verified by functions
continuous and bounded. For more details, see, for instance, [21].

Remark 3.5. In the rest of this section, C| and C3 are the constants

CT =supCi(t);  CF =supCat).
teJ teJ

Lemma 3.6. ([20]). If z : (—o00,T] — X is a function such that
To = ¢, then
|lzslls < (C3 + L) [[6]l5 + CF sup{|y(6)]; 6 € [0, max{0, s}]},
SER(p U,

where LY = SUPseR (p-) Lo(t).

Now we introduce the following assumptions:

(H1) f:JxBxX — X satisfies the Carathéodory conditions, and
there exists a positive function () € L*(J,R*) such that

(3-3) 1t 0, W)l < pa(®) ([olls + wllx)
(t,v,w) € J x Bx X.
(H2) For each t € J, a(t,s) is measurable on [0,t] and a(t) =
ess sup{|a(t,s)],0 < s <t} is bounded on J. The map t — a¢

is continuous from J to L*(J,R); here, a.(s) = a(t, s).
(H3) The linear operator W : L(J, X) — X defined by

T
Wu :/0 R(T — s)Bu(s) ds,

has an inverse operator W=, which takes values in L2(.J, X)/
ker W, and there exist two positive constants M7 and M; such
that

(3.4) I1BllLx) < M, W= Lx) < Mo.
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(H4) Let
M1M2a*02 MTquNl”Ll(Cl +1) <

q2

where a* = sup,¢ ; a(t).

Remark 3.7.

(i) The construction of the bounded inverse operator W-1in general
Banach space is outlined in Remark 3.10.

(ii) When the space X is of finite dimension, condition (H3) is equiv-
alent to the assumption that the Gramian matrix is invertible, or
positive definite; see [7, 41].

(iii) In general Banach spaces, condition (H3) has been widely used
by many authors; see, for instance, the papers [28, 40] and the
references therein.

Theorem 3.8. If the hypotheses (H,) and (H1)-(H4) are satisfied,
and if

(3.5) (CT 4+ Dllpallzr <1,

then the problem (1.1) is controllable on the interval (—oo,T).

Proof. Let Y = {u € C(J,X) : u(0) = ¢(0) = 0} be endowed with
the uniform convergence topology and N : Y — Y defined by

N(@)(t) = —Q(1)(0) + / R(t - 3)Bul(s) ds
/ / (t—=8)a(s, 7) f(T,Tp(rz,),2(T))drds, teJ,

where 7 : (—00,T] — X is such that Tp = ¢ and T = z on J.
Let ¢ : (=00, T] — X be the extension of ¢ to (—o0o,T] such that
»(0) = ¢(0) =0on J.
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Define the control u € L?(.J, X) by
B8 ul) =W |51+ Q0)

_/ /S R(T — s)a(s,7) f(7,%p(rz,), Z(T)) dT ds | (t).
o Jo

Choose -
M1 Mya*CZ T2 pa |l 1 (C5+L) ¢l
q2
r >
- 1 o MlMQa*Cc?,IVITZq”H’l”Ll(CT+1) )
q

and consider the set
B, ={zeY :|z||o <1}

Clearly, the subset B, is closed, bounded, and convex. O
We need the following lemma.

Lemma 3.9. Ifxz € B,., then we have
(3.7) [Zpe.z0 5 < (C5 + L) |¢ll5 + Cir,

and

(sl < Mo [Hmll T MC]1s
T T
+a*C, ,M/ / (t—T)q_lHf(b,fp(LjL)7f(L))||deT .
0 0

Proof. Using Lemma 3.6 and equations (3.4) and (3.6), we obtain

1% pt.z0ll5 < (C5 + L) [[¢]5 + CF sup{[y(9)|; 6 € [0, max{0,¢}]}
< (C3 +L)|¢ll5 + Cir

Also, we get

lu@)Il < W[zl + Q)60
T T
+ W [ / / IR(t — ) lalr, 1 £ (s ez F(0) | e ds
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< M, [mu MOl

+ach/ / (t = )0 T, E () dedr .

The lemma is proved. O

Now we decompose N as N; + Ny on B,., where

(Ny1z)(t /Rt—sBu s)ds, teJ,
and
(Nox)(t) = —Q(£)$(0) + / / CR(t — $)a(s,7) [ (1. T (o F()) dr d,
teJ

Firstly, we show that the operator N; maps B, into itself. Next, we
prove that Ny is completely continuous. In order to apply Theorem 2.9,
we give the proof in several steps.

Step 1. Let x € B, then show that Niz € B,. For t € J, we have
t
[Vl < [ IR = 5)Bus) ds
< MiMeCy

t
< [t = 97 [l + MClols + Cye

//t—T 0 F0) | de] s

< MMiCyri=- = Dol + MYl

+ 0 Con=o- 22 (G5 + LD)lls + (G +1)1]

My MyCy a9
< T |+ MOl

MlMga*CvajﬁqH,ul ||L1
+ 72

[(C5 + L) |lls + (Cf +1)r]
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Step 2. Ny is continuous. Let {z"},cn be a sequence such that
2™ — x in B, as n — oco. Since f satisfies (H1), for almost every ¢ € J,
we get

f(Tv xp(T x")’ n(T)) — f(T7fp(‘r,i.r)af(T))7 as n — o0.
The Lebesgue dominated convergence theorem implies that
[(N2z™)(t) — (N2z) (t) |

t S
< / / 1R( = )llla(s, DI Tr 0y T (7))
- f(Ta fp(T,ET),T(T))” drds

t s
<aCor [ [ 6= Ty, 7 ()
0 0
- f(T7 Ep(‘r,i.,ﬁi(T)) || drds.
Hence,

Tim[[(N2a™) () — (No) ()] = 0.

This means that N5 is continuous.

Step 3. We show that Ny(B,) C B,. For this, we prove by
contradiction that there exists a function z"(-) € B, and ¢ € J such
that ||(Noa")(t)|| > r. Thus, from (3.7), we have

r< II(sz’”)(t)ll
<[I=Q®)¢ )]

// IR(t = $)a(s,7) £ (7. T ey, T (7)) dr dis
< MC|9lls +a* Cqumr

t s
< [ = s ) (I
/0 /; 1 < p(T, 7)

< MC|9lls
+a* Cqum ((05 +L|¢lls + Cir+7)

// (t— 5= s (r) dr ds

< MC||¢lls

[+ 1" (7)) dr ds
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TYa*C, . .
+ M (O3 + L) ||¢ll5 + (CF + 1)) ||| 2

Dividing on both sides by r and taking the lower limit as r — oo, we
have

€7+ Dlpallzr = 1.
This contradicts condition (3.5). Hence, N2(B,) C B;.

Step 4. Na(B,) is bounded and equicontinuous. By Step 2, it
is obvious that No(B,) C B, is bounded. For the equicontinuity of
N2 (BT)7 set

G\ Tpm 2 () = / ATV (1 Tz T (7))

0
Let 0 < 5 <71 <T and z € B,. Then we can see

[(Noz)(1) — (Noz)(2)[| < [1 + Iz + I,
where

L =[1Q(m) = Q) #(0)]],

I, = H / (11 —8) = R(12 — 5)|G(5, % p(5,3.), T(5)) ds

)

= [ IR = IG5 Tz 7)) ds.

The continuity of S(¢) in the uniform operator topology follows for
t > 0 such that I tends to zero, as 75 — 71.

In view of (3.2), we have

I < H / b [q / " o(n - 5171, (0)S (11 — 5)70) | do

- q/oOO o(te —8)171,(0)S((2 — 5)10) da}
x G(5,Zp(s,3.), T(s))ds||

<q / / oll(ri — 5171 = (72 — 5)171]&,(0)S (1 — 5)70)
X G(8,Zp(s7.), 2(8))| do ds

tq / / o(rs — )11, (0)|
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x S((r = s)'0) = 5((r2 — s)0)

X |G(s,%p(s,3,),%(s))|| dods
<C " _ )1 _ g1
< q,M/O |(T1 5) (12— 5) ‘
X ”G(S’Ep(&fs)vf(s))ll ds
+ q/oTz /000 o1y — 8)17184(0)|S((11 — 8)70) — S((12 — s)70)|

x ”G(svfp(sjs)yf(s))” dods
< a* | [(C3+ L)l + (Cf + 1)r]

X {Cq,M/ ’ |(T1 — 5)‘1*1 _ (7'2 — 5)‘1*1| ds

+qégzmdm—@q%aw

x |1S((r1 — 8)90) — S((15 — 5)70)|| do ds]

Clearly, the first term on the right-hand side of the above inequality
tends to 0 as 79 — 7. The second term on the right-hand side of
the above inequality tends to 0 as 75 — 71 as a consequence of the
continuity of S(¢) in the uniform operator topology for ¢t > 0. For I3,
we have

T1
ASQM/(H—W”W@@@ME@W@

< a” Cor [(C5 + L)||9lls + (CF + 1)r]
></ (11— 8)7 tds

2
— O7 as 79 — T1.
From the above, it is clear that No(B,) is equicontinuous.

Finally, combining Step 2—Step 4 together with Ascoli’s theorem, we
conclude that the operator N5 is compact. In fact, by Step 1-Step 4
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and Lemma 2.8, one can conclude that N = N; + N, is continuous and
takes bounded sets into bounded sets.

Meanwhile, it is easy to see a(Na(B;)) = 0 since Na(B,) is relatively
compact. It follows from N;(B,) C B, and a(N3(B,)) = 0 that
a(N(B,)) < a(N1(By)) + a(N2(B,)) < a(B,) for every bounded set
B, of X with a(B,) > 0.

Since N(B,) C B, for a convex, closed and bounded set B, of Y
using Theorem 2.9, we conclude that N has a fixed point = € B,.
Hence, N has a fixed point which is a mild solution to the problem (1.1)
satisfying 2(T") = 1. Thus, system (1.1) is controllable on (—oo, T1.

Remark 3.10. (see also [35]). Construction of W', Let E =
L?(J,U)/ker W. Since ker W is closed, E is a Banach space under

the norm
[l = inf flull 20y = inf lu+2llz2c0),
where u are the equivalence classes of w.
DeﬁneW:E—)be
Wu = Wu, u €.
Now W is one-to-one and
Wallx < [[Wllule.
We claim that V = Range W is a Banach space with the norm
ollv = W™ ]| 5.

This norm is equivalent to the graph norm on D(W*I) = Range W, W
is bounded and since D(W) = E is closed, W~ is closed and so the
above norm makes Range W = V| a Banach space.

Moreover,
Wully = W' Wulg = |W'Wu| g
= [[all = inf [lull < flul,
uew

SO
W e L(L*(J,U),V).
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Since L2(J,U) is reflexive and ker W is weakly closed, the infimum is
actually attained. For any v € V, we can therefore choose a control

u € L%(J,U) such that u = W~1to.

4. An example. To apply our abstract results, we consider the
fractional integrodifferential equation with state dependent delay of
the form

o9 0
%v(t,C) = T@U(tad +wp(t,C)

+ / (- 5 / ;w—s>v<T—p1<s>p2<|v<s,<>|>,<> dr ds

(4.1) —l—/o (t — s)*sin|v(s,¢)|ds, t€0,T], ¢ €0,7],
v(t,0) =ov(t,m) =0, tel0,T],
v(8,¢) = ©(6,0), 0 € (=00,0], ¢ €[0,7],

where 0 < ¢ < L,w > 0, p: [0,T] x [0,7] — [0,7], p; : [0,+00) —
[0,400), i = 1,2, are continuous functions, and 97/9t9 := Dy

Set X = L2([0,7]), and define A by
D(A)={ue X :u" € X,u(0) = u(r) = 0},

"

Au=u .

It is well known that A is the infinitesimal generator of an analytic
semigroup (S(t))¢>0 on X. Furthermore, A has a discrete spectrum
with eigenvalues of the form —n? n € N, and the corresponding
normalized eigenfunctions are given by

/2 .
up(z) = - sin(nz).
In addition, {u, : n € N} is an orthogonal basis for X,
S(t)u = Z e_”zt(u, Un )y, forall u € X and every t > 0.
n=1
From these expressions, it follows that (S(¢));>0 is a uniformly bounded

compact semigroup. For the phase space, we choose B = Cy x L%(g, X),
see Example 2.2 for details.
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For t € [0,T] and ¢ € [0, 7], we set

z(t)(¢) = v(t,¢),
a(t,s) = (t — s)?,
0

f(t 0, 2(1)() = / V(7). €) dr -+ sin 2(£) (€)|

—00

p(t, ) = p1(t)p2(ll(0)])
Bu(t)(¢) = wp(t, ¢).

Under the above conditions, we can represent the system (4.1) in the
abstract form (1.1). Assume that the operator W : L?(J, X) — X
defined by

T
Wu(-) = /0 R(T — s)wpu(s,-)ds,

has a bounded invertible operator W1 in L2(.J, X)/ker W.

The following result is a direct consequence of Theorem 3.8.

Proposition 4.1. Let ¢ € B be such that (H,) holds, and assume that
the above conditions are fulfilled. Then system (4.1) is controllable on
(—o00,T].
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