JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 28, Number 1, Spring 2016

VOLTERRA INTEGRAL EQUATIONS ON
VARIABLE EXPONENT LEBESGUE SPACES

R.E. CASTILLO, J.C. RAMOS-FERNANDEZ AND E.M. ROJAS

Communicated by Hermann Brunner

ABSTRACT. In this paper, in the framework of Lebesgue
spaces with variable exponent, we are going to provide con-
ditions for the existence and uniqueness of the solutions of a
class of Volterra integral equations induced by Carathéodory
functions having diverse growth behaviors. To attain our
goals, we will use topological degree theory for condensing
maps and fixed point results for the sum of mappings of
contractive type.

1. Introduction. Existence, uniqueness and stability of solutions,
as well as the numerical aspect of Volterra integral equations have been
widely studied in the literature. Part of this interest arises from the
vast range of applications where this kind of equations appears, for
instance in semiconductors, fluid flow, chemical reactions, elasticity
and population dynamics, among others. More information can be
found in the monographs [1, 2, 3, 15, 22] and in references on the
subject. Typically, these equations have been studied on Lebesgue
spaces and the space of continuous functions (real, complex or Banach
spaces valued), even though, due to its role in applications to spectral
theory, integral and differential equations and embeddings of Sobolev
spaces, they also have been considered on the framework of Sobolev
spaces [12, 21, 23].

However, in recent years, it became clear that the classical function
spaces are not sufficient for solving the contemporary problems of
nonlinear elasticity, in modeling of various fluids flows, current variation
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and problems of mechanics. Nevertheless, the theory of spaces of
functions with nonstandard growth, also known as generalized Lebesgue
spaces with variable exponent, have been extensively studied in recent
years (see, e.g., [4, 5, 10] and references therein). These spaces arise
in applications to continuum mechanics (in particular, in the theory of
electrorheological fluids). They also arise in the theory of differential
equations and variational problems. A lot of the results in this line of
research are condensed in the monographs [10, 32].

Thus, due to the wide range of applications where Lebesgue spaces
with variable exponent can be used to overcome the limitations of
the classical spaces, in this paper we will analyze the existence and
uniqueness of the solutions of a type of Volterra integral equation in
this context (see, equation (3.1) below). More precisely, we are going to
consider integral equations induced by Carathéodory functions having
different growth behaviors. The techniques that we will use here are
the classical topological degree theory and the new setting of sum of
contractive type of mappings. We would like to point out that, in the
most abstract scheme of Banach function spaces, the generalized Hardy
operator, which is a Volterra-type operator, is studied in [14].

The paper is divided into four sections. In Section 2, we will present
the preliminary results on variable exponent Lebesgue spaces, degree
theory for condensing maps and sum of contractive mappings, which
will be useful in the sequel. Section 3 is devoted to studying the
continuity boundedness and compactness of the operators associated
to the equations considered here. Results regarding the existence
and uniqueness of the solutions of equation (3.1) will be presented in
Section 4.

2. Preliminaries. In this section, we are going to give preliminary
results which will be useful in the sequel.

2.1. Variable exponent Lebesgue spaces. We now review some
definitions and properties related to Lebesgue spaces with variable
exponents needed throughout the paper. For a more comprehensive
study of these spaces we recommend the monographs [4, 10].

Let © C R” be an open set in R”. By LP()(Q), we denote the space
of functions on €2 such that
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b () 1= [ 1@ de < o0

where p(-) is a measurable function on € with values in [1,00) and
define p_ := essinf ;e p(x) and py := esssup zeop(x). The modular
functional p,.) satisfies the following fundamental properties.

Proposition 2.1. Given 2 and p(-) a measurable function on Q:

)

(ii) pp)(f) =0 if and only if f(x) = 0 for almost every x € Q.
)
)

then pp(y(f) = ppi(9)-

The functional p,.) does not satisfy the triangle inequality; however,
if py < oo, the modular triangle inequality holds:

Py (F +9) < 2P (ppiy (F) + ppy(9)) -

LPO)(Q) becomes a Banach space with the norm (the so-called
Kolmogorov-Minkowski norm)

||f‘|p(.) := inf {)\ >0 pp(y ({) < 1},

If p(-) satisfies that
(2.1) 1<p_, pr <

then the function p'(z) := p(z)/(p(x) — 1) is well defined, satisfies (2.1)
and

Moreover, if py < oo, then the set of all continuous functions whose
support is compact and contained in  is dense in LP()(Q).

The following result shows a relation between the modular functional
pp((-) and the norm || - ||,.y. In particular, this shows that in matters
of convergence both notions are equivalent.
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Proposition 2.2. For any function p(-), 1 < p_ < p(x) < py < o0
almost everywhere in § we have

17126y < poy (D) < IFIGys if 1y < 1,

the signs of the inequality being opposite if || f|lpy > 1.

Lemma 2.3. Let 0 < y(z) < p(x) < p;y < oo, z € Q. Then
W12 < 157 ltosmer S IFGs 1l < 1.

where f¥ := |f(x)]"®), the signs of the inequality being opposite if
£ llpcy = 1.

In this paper, we will deal with sets {2 with finite Lebesgue measure.
Thus, under this condition, the function 1 € LP()(Q). Also, in this
case, the embedding characterization of variable Lebesgue spaces into
one another is: Given p(-) and ¢(-), then L20)(Q) — LPO)(Q) if and
only if p(z) < ¢(x) almost everywhere x € 2 (see [4, page 41, Corollary
2.48]).

The Holder inequality in this space is given in the form: for f €
LPO(Q), g € LP'O(Q) with 1 < p(x) < oo,

vawmms&mwmwmw

where K.y :=1/p_ +1/p’ =sup1/p(x) +sup 1/p'(x).
The Minkowski integral inequality is given by: for 1 < p(z) < py <
o0, let f: Q x Q — R be a measurable function with respect to

the product measure such that almost everywhere y € €, we have
f(,y) € LPO)(Q). Then

‘Aﬂmw

Proposition 2.4. (See [11, Remark 2.1]). Suppose the sequence
{fi} © LPO(Q) converges in norm to f € LPO)(Q). Then there
ezists a subsequence {fy,} and g € LPV)(Q) such that the subsequence
converges pointwise almost everywhere to f, and, for almost every

z€Q, [fx, ()] < g(x).

g2Kp(.)/ 17 9)lpc) dy-
p() e
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On the other hand, let g(z,u), (z € 2, u € R) be a Carathéodory
function. The boundedness of the Nemytsky operator defined by g(x, u)

(Gu)(z) = g(z, u(x))

in the framework of variable exponent Lebesgue spaces is given in the
following result:

Theorem 2.5 ([13]). If G maps LP)(Q) into L1)(Q), then G is
continuous and bounded, and there is a constant b > 0 and a non-
negative function a € LIC)(Q) such that, for x € Q and u € R, the
following inequality holds:

(2.2) lg(z, u)| < a(z) + blufP@)/1@)

On the other hand, if g(x,u) satisfies (2.2), then G maps LPC)(Q) into
L1)(Q), and thus G is continuous and bounded.

2.2. Degree theory for condensing maps. In order to prove some
of our results, we will study a-set contractions and condensing maps.
For more information about this we refer the readers to [6].

Let X be a Banach space and B C P(X) the family of all its bounded
sets.

The (Kuratowski-) measure of noncompactness is defined by the
function o : B — R given, for each B € B, as

a(B) = inf{d > 0 : B admits a finite cover by set of diameter < d}.

The function « satisfies the following properties.

Proposition 2.6. The following assertions hold:

(i) a(B) =0 if and only if B is relatively compact.

(ii) « is a seminorm, i.e., a(AB) = |Na(B) and a(B; + By) <
Oé(Bl) +OZ(B2)

) By C By implies a(B1) < a(Bz).

iv) a(By U By) = max{a(B1),a(B2)}.

(v) a(conv B) = a(B).

) a(B) = «a(B).
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Let @ C X and F : 2 — X be a continuous bounded map. F is
called a-Lipschitz if there exists k > 0 such that

a(F(B)) < ka(B), for all B C € bounded.

If, in addition, k& < 1, then we say that F' is strict a-contraction. The
map F' is a-condensing if

a(F(B)) < a(B), for all B C Q bounded with «(B) > 0.

Proposition 2.7. The following assertions hold:

(i) If F,G : Q — X are a-Lipschitz maps with constants ki and ko,
respectively, then F'+ G : Q — X is a-Lipschitz with constant
k1 + k.
(ii) If F : Q@ — X is compact, then F is a-Lipschitz with constant
k=0.
(iii) If F : Q — X is a Lipschitz map with constant k, then F is
a-Lipschitz with the same constant k.

Using the basic properties of the topological degree for a-condensing
perturbation of the identity, in [17] the following fixed point result was
proved.

Theorem 2.8. Let F: X — X be a-condensing and
S ={x € X: there exists X\ € [0,1] such that x = A\Fx}.

If S is a bounded set in X, then there exists an r > 0 such that
S C Bx(r), and F has at least one fized point. The set of fized points
of F lies in Bx(r), where Bx(r) stand the ball on X centered in 0 of
radius r.

2.3. Fixed points for the sum of two contractive type of
mappings. The degree theory for condensing maps allows for analysis
of the existence of fixed points for maps in the form of a contraction
mapping plus a compact map. Recently, in [24], were given conditions
under which the function results from the sum of two maps belonging
to different contractive classes of mappings, satisfies a contraction
inequality. With this, it is possible to establish fixed point results
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for maps resulting from the sum of two contractive types of mappings.
To attain such results, a reverse triangle inequality was given in [9].

Proposition 2.9. If F : X — R is a linear functional of unit norm
defined on the normed linear space X endowed with the norm || - || and
the vectors x1,...,x, satisfy the condition:

0 <rlla| < Flz;), i€{l,...,n},
then

n

D i

i=1

)

n
ry il <
=1

where equality holds if and only if both

]-'(Zx,) M E
=1

i=1

and

n

f(Zx,;> _

i=1

n

in .

=1

In that paper (among others) mappings satisfying the next classical
result were considered.

Theorem 2.10. Let (M,d) be a complete metric space and T : M —
M a map. Then T has a unique fized point in M if it satisfies any of
the following conditions:

BC(«): (Banach, 1922, see [18]). T is an «-contraction or
Banach contraction, that is,

d(Tz,Ty) < ad(z,y) foralz,ye M, 0<a<l.

KA(a): (Kannan, 1969,1971, [19, 20]). T satisfies: there is an
a €[0,1/2) such that

d(Tz, Ty) < a(d(z,Tx) +d(y,Ty)) for all z,y € M.
RE(ay,az,a3): (Reich, 1971, [28, 29, 30]). T satisfies:
d(Tz, Ty) < ard(z,y) + azd(z, Tx) + azd(y, Ty),
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for all x,y € M with 0 < a; +as+ a3z < 1.

D(a,b): (Nova, 1986, [26] or see [7, 8], for instance). K C M
1s closed and T : K — K is an arbitrary operator that satisfies
the following condition. For a,b > 0, a + 2b < 1, and any
xz,y € K:

d(Tz,Ty) < ad(z,y) + bld(z, Tx) + d(y, Ty)] .

We say that T belongs or is of class BC(«) (respectively, K A(a),
RE(ay,az,a3) and D(a,b)) when T satisfies the condition BC(«)
(respectively, KA(a), RE(ay,az2,a3) and D(a,b)) where a indicates
the contraction’s constant (the same indicate the parameters in each of
the remainder classes).

The conditions above are, in general, independent of each other.
Examples showing that can be found in [25]. Also, a comparison of
these and other classes of the contractive type of mappings is given in
[31].

Let (X, | -||) be a Banach space and 7,5 : X — X two mappings.
To establish the results mentioned in [24], it was assumed that Propo-
sition 2.9 is satisfied for (I — T)z and (I — S)z, for each € X which
is not a fixed point of T and for each x which is not a fixed point of S;
ie.,

(2.3)
{O <rlle—Tzx| < F(zx —Tx)

fi leeX =Tx Nz =Sz}
0<rlz—Sz < Fla—Sp), rAMTEXMe=Tone =Sz}

Notice that the case when 0 = r = F(Tx —z) = F(Sz — ) corresponds
to the case when z in the common fixed point for the pair (T, S), which
is unique or does not exist.

Theorem 2.11. Let X be a Banach space, and T, S : Bx(r) — Bx/(r).
Assume the following conditions hold:

(a) T € BC(«a).
(b) For each x € X, the condition (2.3) holds for r > 0.

Then:

(i) T+ S € D(a,B)r), if S € KA(B).
(i) T+ S € RE(a,az/r,a3/r), if S € RE(a1,az2,a3), a = a + a;.
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3. The nonlinear Volterra integral equation and related
operators. In this paper, we are going to analyze the existence of
solutions for the following class of nonlinear Volterra integral equations:

b
(3.1)  u(s) =p(s,u(s)) + ,u/ Y(s,t,u(t))dt, se(a,b), peR

on LPO)(a,b), (1 < p_ < p(x) < py < o0) with ¢ : (a,b) x R = R
and ¥ : (a,b) X (a,b) x R — R as Carathéodory functions. That is, the
functions ¢ and ¥ satisfy the following properties:

e for every z € R, the function ¢(-,z) : (a,b) — R is Lebesgue
measurable;

e for almost every s € (a,b), the function ¢(s,:) : R — R is
continuous;

o for every z € R, the function ¢(-,-,z) : (a,b) x (a,b) = R is
Lebesgue measurable;

e for almost every (s,t) € (a,b) x (a,b), the function ¢(s,t,-) :
R — R is continuous.

To attain our goal, in the sequel we will assume diverse growth behav-
iors on the functions ¢ and .

First, we rewrite this equation in the operator theory scheme by
using the operators

u+— Fu, (Fu)(s) := p(s,u(s)), € (a,b)
u — Gu, /wstu s € (a,b)
u— Tu, Tu := Fu + pGu.

3.1. On the bounded continuity of the operators F and G.
Here, by adapting the techniques used in [17] to the case of variable
exponent Lebesgue spaces, we will show that the operators F' and G
defined above are bounded and continuous on the space LP()(a,b). To
prove that, we will assume that the following conditions are valid:

There exists a constant b; > 0 and a non-negative function
f € L) (a,b) such that, for almost every t € (a,b) and all
rzeR

(32) i (t, )| < (1) + b0/
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There exists a constant b, > 0 and a non-negative function
g€ L") ((a,b) x (a,b)), where r(s,t) = p(t)q(s), such that for
almost every (s,t) € (a,b) x (a,b) and all z € R

(3.3) (s, t,2)] < g(s,t) + bo|z|PD/4D),
Here ¢(-) is a measurable function such that p(t) < ¢(t) for almost every

t € (a,b).

Proposition 3.1. The operator F : LP")(a,b) — LPO)(a,b) is well
defined, bounded and continuous.

Proof. Since ¢(s,u) is a Carathéodory function, then the operator
F is actually the Nemytsky operator generated by (s, u); hence,
from Theorem 2.5, F : LP()(a,b) — L) (a,b) is well defined. Since
p(s) < q(s) for almost every s € (a,b), L) (a,b) < LP()(a,b). Thus,
we have that F' : LP()(a,b) — LP()(a,b) is well defined, bounded and
continuous. (|

Proposition 3.2. The operator G : L") (a,b) — LP")(a,b) is well
defined, bounded and continuous.

Proof. Let Ny, be the Nemytsky operator generated by the Carathéo-
dory function 9 (s, t,x). Set

My :={u: (a,b) — R : u is Lebesgue measurable}
My :={v: (a,b) X (a,b) — R : v is Lebesgue measurable}.

It is well known that, for every v € My, the function Nyv : (a,b) X
(a,b) — R defined by

(N’ébv)(sat) = Q/J(S,t,'l}(s,t)% (S,t) € (a‘vb) X (avb)

is Lebesgue measurable. We associate to each function u € M; the
function v,, € My defined by

vy (8,t) = u(t), (s,t) € (a,b) x (a,b).
Then, the function

(s,t) € (a,b) X (a,b) — (s, t,u(t)) € R
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coincides with the function Nyv,(s,t) which is Lebesgue measurable.
From the growth condition (3.3) and the Holder inequality, we have
that every u € LP()(a,b), the function

(s,t) € (a,b) x (a,b) — (s, t,u(t)) R

satisfies

(3.4) /ab/ab¢(s,t,u(t))|dtds§/ab/abg(s,t) dtds

b b
+ by / / lu(t)|P®/1®) dt ds
< K ) lgllec oy 1l

b
+ bolb — af / [u(8)[P/0) g,

On the other hand, we are going to prove that the function |u|P()/9() €
L) (a,b). In fact, since 0 < p(t)/q(t) < p(t) < py < oo, then from
Lemma, 2.3, we have

1P/l ran = 7 gty < Nllh?

where the + sign occurs when ||u||,.) > 1 and the — sign occurs in
the case ||u[|,.) < 1. In both cases, the last inequality is finite because

u € LPO)(a,b); therefore, |u[P()/90) € LC)(a,b). Now, from the Holder
inequality, we get

b
/ u(@)[P/ 10 At < Kyl g 1Ll () < 005
thus, the inequality (3.4) is finite and then the function (s, ¢, u(t)) lies

in L'((a,b) x (a,b)). Hence, by using Fubini’s theorem, it follows that,
for almost every s € (a,b), the function

t € (a,b) — (s, t,u(t)) eR
lies in L'(a,b), and the function
b
s € (ab) %/ W(s,tu(t)) dt € R

lies in L'(a,b). So, we have proved that G(LP()(a,b)) C L'(a,b).
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Now, we will show that G(LP()(a,b)) C LP()(a,b).

/ | (Gu(s) P ds = / b / " p(s.t,u(t) dt

a

b b b
3/ /9(S7t)dt+b2/ |u(t)\P(t)/f1<t>dt

ropb b p(s)
< 2P+ / /g(s,t)dt ds
by b p(s)
+ by / / u(t)|p<t)/q<t)dt‘ ds].

Since g € L") ((a, b) x (a,b)), then

b b
/ / g(s, )P dt ds < oo.

Thus, for almost every ¢ € (a,b), we have

p(s)

ds

p(s)
ds

b
/ g(5,)*) ds < 0o, a:=p(t) > 1.

This means that the function s € (a,b) ~— g(s,t) € R lies in L) (a, b)
and, due to the fact that L®)(a,b) < LPO)(a,b), then g(-,t) €
L) (a,b). Now, from Proposition 2.2 and the integral Minkowski

inequality, we obtain
p(s) b Pt
ds < (H/ g(-,t)dt )
a p()

b b
/ /g(s,t)dt
b P+
< (250 [ tatelerar)” <o
a

On the other hand, since the function u?()/9¢) ¢ La0)(qa, b), from the
Holder inequality, we have
(3.5)

/b
The right side of inequality (3.5) is finite, by virtue of Proposition 2.2,
the fact 1 € LP()(a,b) and the homogeneity of the norm | - |[,(.. Thus,

b p(s) b
b2/ |u(t)P(t)/q(t)dt’ dsg/ 162 K g [[0P/ 9 gy 1] g ([P s
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G is well defined and bounded on LP()(a,b) into LP()(a,b).

We will now prove that the operator G is continuous. Let (uy), C
L*0)(a,b) be such that

nl;ngo |l — ullpy = 0.
We have to show that Gu,, — Gu in LP()(a,b) as n — oco. To do this, it
is enough to show that any subsequence (uy, )i has a subsequence, still
denoted by (uy, )k, such that Gu,, — Gu in LP()(a,b) as k — oo. Take

(un, ) C (upn). It follows by Proposition 2.4 that there is a subsequence
of (up, ), still denoted by (uy, ), such that

(3.6) Up, — u almost everywhere in (a, b),
and there exists h € LP()(a, b) satisfying
(3.7)  |un,(x)| < h(z), for almost every = € (a,b) for all k € N.

Since the function v(s,t,-) : R — R is continuous, from (3.6), we
deduce that

(8, t, U, (1) — (s, t,u(t)) for almost every (s,t) € (a,b) X (a,b).

Now, by assumption (3.3) and inequality (3.7), we have, for almost
every (s,t) € (a,b) x (a,b),

(s, t, U, (t)] < g(s,t) + bo|h(t)|PB/1®)
As before, we can show that for almost every s € (a, b) the function
t € (a,b) — g(s,t) + ba|h(t)|PH/1®) e R

lies in L!(a,b). Consequently, using the Lebesgue dominated theorem,
we obtain

b b
/w(s,t,unk(t))dt—>/ W(s, £, u(t)) dt,

for almost every s € (a,b). Using again (3.3) and (3.7), we derive that,

for almost every s € (a,b),
b p(s)
/g(s,t) dt }

p(s) p(s)
S 2P+[

b b
/ V(. (1) dt by / I (t) [P0/ a0 g
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and, as above, we have

p(s)
ds < o0,

/: /abg(s,t)dt

b p(s)
b2/ |h(t)[P8)/a(®) dt‘ ds < oo.

r

Consequently, the Lebesgue dominated theorem implies that

/ab /ab?ﬁ(s,t,unk(t))dt—/ab¢(57t’u(t))dt

that is, pp(.)(Gun, —Gu) — 0. Thus, the continuity of G is proved. [

p(s)
ds — 0,

3.2. On the compactness of the operator G. Now, we are going
to show that the operator G is compact under some additional assump-
tions on the Carathéodory function ¢ and the measurable function p(-).
More precisely, we will assume that 1 satisfies the following condition:

The function v is a Holder continuous function on the first
variable, that is,

(38) |1/)(31at>$) - 1b(527t7x)| < K‘Sl - 82|>\7 Kv)‘ > 0.

Also, we will assume a standard condition in the framework of vari-
able exponent Lebesgue spaces, the so-called log-Hélder continuity of
an exponent p(-), where the function p(-) is called locally log-Hélder
continuous if there exists a constant C' > 0 such that, for all z,y € Q,
|z —y| < 1/2

p(&) ~ply)| € —
~ —log(lz —y[)’
The class of the all (locally) log-Holder continuous exponents p(-)
(p+ < 00) is denoted by LHy(€2).

In order to prove the compactness of the operator G under as-
sumption (3.8), we will use the Kolmogorov compactness criterion in
L*O)(a, b).

For an integrable function f on (a,b), we denote by f;, the Steklov
function
t+h/2 1 [h/2

Fult) = h/t_m Flu)du = h/_h/2f<t+v) dv.
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Lemma 3.3 (Kolmogorov-Tulajkov compactness criterion [27]). Let
F be a subset of LPC)(a,b), and let p(-) € LHy(a,b). The set F is
relatively compact if and only if

Alir%) Ilfn = fllpy =0,  uniformly for f € J.

Proposition 3.4. For p(-) € LHy(a,b), under the additional assump-
tion (3.8), the operator G : LP()(a,b) — LP()(a,b) is compact.

Proof. Let F be a bounded subset of LP()(a,b), and let f € G(7).

From the Kolmogorov-Tulajkov compactness criterion we must show
that limp, o || fn — fl|p() = 0 uniformly for f € G(J).

[fn(v) = f(v)]

IN

h/2 b
i [ s wtue) - vt ()] dedu

—h/2
K h/2
ﬁ —h/2
K(b—a) /W K(b—a)h*

IN

/b v+ w — v dt dw

. _h/z\wpdw: DRI

Since the norm in LP(")(a,b) is order preserving, we conclude that
KOO 1),

A(a+1) PO

Therefore, the uniform convergence follows, so the operator G is com-
pact. O

1fr = Fllocy <

4. Existence of solutions of the Volterra integral equation
(3.1). In this section, we will provide conditions under which the
nonlinear integral Volterra equation (3.1) has at least one solution.
First, we will use topological degree theory for condensing maps.
Afterward, fixed points results for the sum of contractive type of
mappings will be used.

4.1. On the solutions of equation (3.1) by means of condensing
maps. In Section 3, we proved that, under some conditions on the
Carathéodory functions ¢ and 1, the operators F' and G are bounded
and continuous in LP(")(a, b); even more, G is a compact operator. This
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allows us to use topological degree theory for condensing maps and the
corresponding fixed point Theorem 2.8.

Theorem 4.1. If the functions ¢ : (a,b) x R — R and ¥ : (a,b) x
(a,b) x R — R satisfy conditions (3.2) and (3.3), if the function ¢ is a
strict contraction on the second variable, i.e.,

lo(t,z) —e(t,y)| < Llz—y|, 0<L<1,

and the function v satisfies assumption (3.8), then the nonlinear inte-
gral equation (3.1)

b
u(s) = (s, u(s)) +u/ (s, u(t)) dt,
s € (a,b), peR

has at least one solution u € LP()(a,b), for p(-) € LHy(a,b), satisfying
(p/q)+ <1 and the set of the solutions of equation (3.1) is bounded in
L*O)(a,b).

Proof. Let F,G,T : L") (a,b) — LP()(a,b) be the operators defined
in Section 3 which are continuous, bounded and, moreover, G is
compact. From Proposition 2.7 (ii), the operator uG is pa-Lipschitz
with zero constant. Since the function ¢ is a strictly contraction, it
follows that, for every u,v € L) (a,b),

[F'u — Follpy < Lllu—v|lpeys

which means that F'is a Lipschitz map with constant L and so, Propo-
sition 2.7(iii) and (i) guarantee that F' is a-Lipschitz with constant L,
and T is a strict a-contraction with constant L.

Set
G = {u € L) (a,b) : there exists A € [0,1] such that u = ATu}.

We will prove that the set § is bounded in LP()(a,b). In fact, for all
u € G,
ullpiy = MTullpy < A Fullpey + [ulllGullp)-

First, we will estimate an upper bound for || Fu|,.). To do this, we use
the growth condition (3.2) and the following facts: (i) the LP()-norm is
order preserving, (ii) the triangle inequality, (iii) L¢¢) () — LP()(Q),
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which implies that there exists K > 1 such that, for all f € L") (a,b),
Ifllpy < K| fllgy and (iv) Lemma 2.3.
IFullpey < [1f =+ bl 9|l
< 1 Fllpy + bl 9|
< K| fllgey + biK[[uP’ |4

< K|\ fllg + ba K [luf 7

Now, we will give an upper bound for ||Gul[,.). In this case, we use

the growth condition (3.3) and the following facts: (i) the LP()-norm is
order preserving, (ii) the triangle inequality, (iii) the Holder inequality,
(iv) the Minkoswski inequality and (v) Lemma 2.3.

b b
[Gullpy < H/ gt dt + H/ bo|u(t)[PH/9(0) q¢

H/ |

<ok [ ||g(~,t)||p<->dt+szquHullé’E./f)*II1Iqu<~>II1||p<->-
a

p(-)

b / () PO/90 g 1]

Thus, with these upper bounds, we obtain the following estimate for
all u € G,

lellpy < AEulpey + 1l Gullp))
<K fllgey + baK ] §)7)

b
A2y [Tl
+ b2 Ky lall 5 Ll 12 p)-

Notice that the fact 0 < (p/ q)i < 1, together with the inequality above,
shows that G is bounded in LPC )(a,b). Consequently, by Theorem 2.8,
the operator T has at least a fixed point, and the set of the fixed
points of T' is bounded in Lp(')(a, b). Therefore, the nonlinear integral
equation (3.1) has at least one solution u € LP()(a,b), and the set of
the solutions of the equation is bounded in LP()(a,b). O
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4.2. Existence and uniqueness of solutions of equation (3.1)
through the sum of contractive type of mappings. As we saw,
if the function ¢ is a-contractive in the second variable, then the
operator F is a Banach contraction mapping in LP(") (a,b) with constant
«. Now, we will prove that, if ¢ is a Lipschitz function, then the
induced operator G is a Lipschitz operator in Lp(')(a,b). Then, the
existence and uniqueness of the solutions of equation (3.1) in this case
will be a consequence of the fact that the sum of two Banach contraction
mappings is a Banach contraction mapping.

Proposition 4.2. If the function ¢ satisfies (3.3) and is Lipschitz on
the third variable with constant L > 0, i.e.,

(4.1) |¥(s,t,x) — (s, t,y)| < Llz —vy|, for all z,y € (a,b), L >0,
then the induced operator G is Lipschitz on the space Lp(')(a,b) with

constant A\ = LKP()HIHP()H].HP/()

Proof. Let u,v € LP")(a,b). From Proposition 3.2, the operator G
is bounded and continuous on LP()(a,b) (but not necessarily compact
because the condition p(-) € LHy(a,b) is not required). Thus, using
the Holder inequality, we obtain

b
1Gu = Gollp) = H / [ (s, 8, u(t)) — (s, t,0(t))] dt

: HL/: Ju(t) — o(t)| dt p()

p(-)
b
<L [ (o)~ wlo) e 1l
< LEpllu = vllpey 1Ll ) 120
that is, G is Lipschitz on LP()(a,b) with constant
A= LEp) 10y 1Ll -

This completes the proof. O
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Theorem 4.3. If the function ¢ : (a,b) x R — R satisfies (3.2) and is
a strict contraction on the second variable, i.e.,

lo(t, ) — o(t,y)| < M|z —yl,

for M <1, and v : (a,b) x (a,b) x R — R satisfies conditions (3.3) and
(4.1), with L > 0 sufficiently small, then the nonlinear integral equation
(3.1):

b
u(s) = pls,u(s) + 4 [ wlsitu®)dt, s€ (@b), peR
has a unique solution u € LP()(a,b).

Proof. From equation (3.2) and the fact that ¢ is a strict contraction
on the second variable with constant M, the operator F' is a Banach
contraction on LP()(a,b) with constant M. Conditions (3.3) and (4.1)
assure that the operator G is a Lipschitz operator on LP()(a,b) with
constant A = LK,[[1][py[[1llpr¢). Therefore, T = F + uG is a
Lipschitz operator with constant

)= M4 LIy [ Ul 1)

Choosing L such that k < 1, then T' is Banach contraction operator on
LP0)(a,b) and therefore has a unique fixed point. Thus, equation (3.1)
has a unique solution on LP()(a, b). O

Now, let us impose some, less restrictive, contraction’s conditions
on the Carathéodory function ¢, such that the induced operator F
is a contractive type of mapping. In this case, the existence and
uniqueness of the solutions of equation (3.1) will be a consequence of
the existence of a unique fixed point for the mapping result from sum
of two contractive type of mappings.

Proposition 4.4. If the function o satisfies that

@2 el u)l < 1o

then the operator F' is a Kannan contraction operator on Lp(')(a, b).

lu(s)|, Xe€0,1/2), ue LP)(a,b),

Proof. First notice that the operator F is bounded on LP()(a,b) if
we replace (3.2) by (4.2). Let u,v € LP()(a,b). From the triangle
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inequality and (4.2) we have that

o5, u(s)) — (s, v(s))] < le(s, uls))| + | (s, v(s))]
< Au(s)] = Apl(s, u(s))| + Alv(s)] — (s, v(s))
< Alu(s) = @(s, u(s))] + |v(s) = (s, v(s))]]-

Therefore, taking the LP()-norm, we have

|Fu— Pullyy < Al — Fullyey + [[o = Foll),
0<A<1/2.

Thus, F is a Kannan contraction on LP()(a,b) with constant \. O

Proposition 4.5. If the function ¢ satisfies that

A

R 1|u(8)|, Ae0,1/3), u e L]”(')(a,b)7

(4.3)  le(s,u(s))] <

then the operator F is a Reich contraction operator on LP()(a,b).

Proof. Let u,v € LP()(a,b). As in the proof of proposition above,
notice that the operator F' is bounded on LP()(a,b) if we replace (3.2)
by (4.3). In addition, from the triangle inequality, we have that

(s, u(s)) — (s, v(s))] < Au(s) — @(s,u(s))| + Alv(s) — @(s,v(s))|
< Au(s) — v(s)| + Alu(s) — @(s, u(s))]
+ Mo(s) — p(s,v(s))], for 0 < A* <1/3.
Therefore, taking the LP()-norm, we have

| Fu— Follpy < A lu— vl + Mu = Full,
+ )\HU - FUHP(.),

with A\*, A € [0,1/3). Thus, F is a Reich contraction on LP()(a,b). O

By By(.)(r), we set the ball centered on 0 with radius r on the space
LPC)(a,b). Let, F be a linear functional of unit norm on LP()(a, b) such

that
0 < rllu — uGullpy < Flu — pGu)  for all u € Byy(r) \ {u = nGu},
0 < rllu— Fullp.) < F(u— Fu) for all u € Bpy(r) \ {u = Fu}.
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Notice that the operator F' adds B,,.)(r) into Bpy1/(1+ A)r if the
function ¢ satisfies (4.2) or (4.3). For the operator uG, the following
result holds.

Lemma 4.6. For |u| sufficiently small, the operator pG adds By(.y(r)
into Bpy1/(1+ N)r.

Proof. Let u € Bp)(r). Then, from the proof of Proposition 3.2,

by Proposition 2.2 and the Holder inequality, we have the following
estimation:

b P+
[Gullpf) < 27+ (2Kp<.> / llg( ) llp(y dt)
a

b
2 [ bk a0 1l P ds

b P+
< 2P+ <2Kp(.)/ ||g(',t)Hp(.) dt>

+ 20 o Koy o lull 557 11 12

b ZES
< 2P+ <2Kp() / ||g(7t)H;D() dt>
P (p/a)x ”
4 2P+ <T szq()”lHq’()H]‘”P())

Therefore,

lnGullF) < |ufr2r+ [ 2K, GOl 1)

) P+ P+

By choosing |u| sufficiently small such that the right side of the
inequality above is less than r, the conclusion follows. O

The next result proves the existence of a unique solution of equation
(3.1), in the case when the behavior of the function ¢ is such that the
induced operator F' is a Kannan or Reich mapping.

Theorem 4.7. If the function ¢ : (a,b) x R — R satisfies (4.2) or
(4.3) and v : (a,b) X (a,b) xR — R satisfies conditions (3.3) and (4.1),
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then the nonlinear integral equation (3.1)

b
u(s) = (s, u(s)) + / bl tu)dt, s € (a,b), [l <1,

has a unique solution u € By)(r), for a convenient choice of the
parameters p, \ and r.

Proof. Let T = F + puG : Bpy(r) — By)(r) be the associated
operator to the equation (3.1). For |u| sufficiently small, T acts over
functions u € By.)(r) satisfying the condition (2.3) in By.)(r).

If the function ¢ satisfies (4.2), by Proposition 4.4, F € KA())
and if ¢ satisfies (4.3), from Proposition 4.5, F € RE(A*, A\, A). On
the other hand, Proposition 4.2 gives that G € BC(|u|Ar), with
A = L) [Ulpe) 1l )-

Thus, from Theorem 2.11, we conclude that T" belongs to one of the
following classes:

o T € D(JulAp, \/T).
o T € RE(\* + |u| Az, N/, \/r).

In both cases, by virtue of Theorem 2.10, the operator T has a unique
fixed point on B,.y(r) for a convenient choice of the contractive’s
parameters. Therefore, equation (3.1) has a unique solution u €
Bp(,)(T). O

4.3. Continuous solutions of equation (3.1). Since, in the case
py < oo, the set C(a,b) N LPO)(a,b) as well as the set of continuous
functions with finite support are dense in LP()(a,b), this section is
devoted to studying the existence of continuous solutions of equation
(3.1). To attain this aim, we are going to use Schaefer’s fixed point
theorem and Arzela-Ascoli’s theorem. For the sake of the presentation
we enunciate both results here.

Theorem 4.8 (Arzela-Ascoli). A necessary and sufficient condition
for a family of continuous functions defined on the compact interval
[a,b] to be compact in Cla,b] is that this family is uniformly bounded
and equicontinuous.
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Theorem 4.9 (Schaefer’s fixed point theorem). Assume that X is a
Banach space and that T : X — X is a continuous compact mapping.
Moreover, assume that the set

U {re X : x=A\Txz}
0<A<1

is bounded. Then T has a fized point.

The existence of continuous solutions of equation (3.1) is established
in the following result.

Theorem 4.10. If the function ¢ : [a,b] X R — R satisfies (3.2) with
f € L*(a,b) and is continuous, and if the function 1 : [a,b] X [a,b] X
R — R satisfies (3.3) with M := sup,¢q |ffg(s,t) dt| < oo and is
continuous, then the nonlinear integral equation (3.1):

b
u(s) = (s, u(®) +1 [ Vs tu(®)dt, s€ (@b, pe R
has a solution u € Cla, b].

Proof. We prove the existence of continuous solutions of equation
(3.1) by establishing the existence of fixed points of the associated
operator T' = F + uGG. To attain such a goal, we are going to apply
Theorem 4.9; therefore, we need to show that the operator T applies
Cla, b] into itself, is continuous and compact.

First, we will prove that T(C[a,b]) C Cla,b]. Let us consider an
arbitrary function u € C|[a,b], and let s, sg € [a,b]. Then, we get

(4.4) [(Tu)(s) — (Tw)(s0)] < |e(s,u(s)) — ¢(s0,u(s0))]
b
+ Iul/ (s, t,u(t)) — ¥(s0,t, u(t))] dt.

Since there exists M > 0 such that |u(t)] < M, for all t € [a,b],
then u is uniformly continuous. This implies that the function ¢ :
[a,b] X [-M, M] — R is uniformly continuous; that is, for each ¢/2 > 0,
there exists §; > 0 such that

lp(s,u(s)) — @(s0,uls0))| < %
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for all (s,u(s)), (so,u(s0)) € la,b] x [—M,M], satisfying that 0 <
(s, u(s)) = (s0, u(s0)) oo = max{[s — sol, [u(s) —u(so)[} < d1.

Similarly, for each €/[2(|u| + 1)(b — a)] > 0, there exists d2 > 0 such
that

(st u(t) — (o0, b u(®)] < g

for all (s,t,u(t)), (so,t,u(t)) € [a,b] x [a,b] x [-M,M] satisfying
0 < |I(syt,u(t)) — (s0,t,u(t))]|co = |8 — S0| < 2.
Taking 6 = min{dq, d2}, from inequality (4.4), we conclude that

€ b €
(Tu)(s) = (Tu)so)| < 5+l [ gt

ul e .
2 14 |pl2~

Therefore, (Tw)(s) is a (uniformly) continuous function, for any u €
Cla,b]. Hence, T(Cla,b]) C Cla,b]. Actually, since the previous
conclusion does not depend on the function u, we prove in fact, that
the set T'(Cla,b]) C Cla,b] is equicontinuous.

The continuity of T on Cfa,b] follows from the continuity of T
on LPO)[a,b] and the fact that C[a,b] C LP(O)[a,b]. Now, we are
going to prove the compactness of T'. It suffices to check that the
conditions of Arzela-Ascoli’s theorem are satisfied for T'(Bs (1)), that
is, the closure on Cla,b] of the image under T of the closed unit ball
By (1). Since T is a continuous operator, the set T'(Bs (1)) is bounded.
The equicontinuity of T'(Buo(1)) follows from the equicontinuity of
T(C|[a,b]). Therefore, the operator T : C|a,b] — C|[a,b] is compact.

Finally, we are going to prove that for each A € [0, 1] the sets

Gx:={ueCCla,b]: u=ATu}

are bounded. In fact, from conditions (3.2) and (3.3), for u € Gy, we
get

(4.5)

b
Julle = Tl < Mgl a9+ A [0t

o0

b
sA@mw+mwﬂww+mﬂ/@@w+@meWWUwH)
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<A (I loo + bl )
b

+AM|mp{mw—amemm+/‘m&wm}
]

s€la,b a

= A (Iflloe + (b1 + ba(b = @)Dl + 1M )

Notice that, from the fact that 1 € LP()[a, b] for any function p(-) with
py < 00, [4, Proposition 2.43] guarantees that L>°[a,b] C LP()[a, b], so
for all f € L*®[a,b], ||fllpc) < I1llp) ]| flloo- Therefore, for all functions
f € Cla,b] C L*]a,b], we can find a constant K > 0 such that
lfllc < K||fllqc)- Using this fact and Lemma 2.3, we have

(4.6) [P/ 9| oo < Kllup/qllq(.) < K||U||,(£./)Q)i

< K[| $0% |lu) @/0=.
Therefore, from inequality (4.5), we have
oo = ATl
<A (I1Fllo + (b1 + a6 — @) D) KIS + |l )

Hence, each set Gy is bounded, and so Up<x<19x. Applying Schaefer’s
fixed point theorem, the operator T' has a fixed point in Cla,b], or
equivalently, equation (3.1) has a solution on C[a,b]. The proof is
complete. O

Remark 4.11. Notice that the growth conditions (3.2) and (3.3),
imposed on the functions ¢ and v, respectively, are related to the
exponent functions on the underlying spaces LP(). Theorem 4.10
establishes conditions for the existence of solutions on Cfa,b] of the
equation (3.1) and, as we saw, the proof takes into consideration the
relations between the norm of C[a,b] and the norm of LP()[a,b] (see,
inequalities (4.6)).

Since the main goal of this paper is to analyze the existence of
solutions of the equation (3.1) defined on LP()(a,b), Theorem 4.10
becomes a tool to guarantee the existence of continuous solutions of
equation (3.1) in this framework, and takes more relevance from the
fact that the set of continuous functions whose support is compact and
contained in (a,b) is dense in LP()(a,b) (upon, p; < 00).
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The existence of solutions of equation (3.1) on Cla,b], in the case
when the growth conditions (3.2) and (3.3) of the Carathéodory func-
tions ¢ and 1 are not related to the norm of the space discussed in
[16].

The uniqueness of the continuous solutions of the integral equation
(3.1) is given in the following result.

Theorem 4.12. If the function ¢ : [a,b] x R — R is continuous and
is a strict contraction in the second variable, i.e.,
lp(t,z) — ot y)| < Llz —y|, 0<L<1,

and if the function ¢ : [a,b] X [a,b] Xx R — R is continuous and is
Lipschitz on the third variable, i.e.,

|’¢J(t,8,$)—(,0(t7s,y>‘ S]\4|$_y|7 MZO?

then the nonlinear integral equation (3.1):
b
u(s) = p(s,u(s)) + M/ P(s, t,u(t))dt, sé€(ab), peR
a
has a unique solution u € Cla,b] whenever L + |u|M(b—a) < 1.

Proof. Let u,v € Cla,b]. Since the Carathéodory functions ¢ and
1 are continuous, in Theorem 4.10, it was proved that T'(Cla,b]) C
Cla,b]. Now, from the triangle inequality and the Lipschitz conditions
on the functions ¢ and i we get

1T — Tolloo < 0(5,1) — 0(5, ) loe

+ H#/ab[?ﬁ(s,t,u(t)) — (s, b, 0(t))] dtH
< (L + |ul(b = a)M)lu — v oo

o0

That means the operator T': C[a, b] — Cla, b] belongs to BC(a) with
a = (L+ |p|/(b—a)M) < 1. Thus, from Theorem 2.10, T' has a unique
fixed point, obtaining in this way the conclusion. ([l

Remark 4.13. Notice that Theorem 4.3 guarantees the existence of a
unique solution of equation (3.1) on the whole space LP()(a, b), whereas
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Theorem 4.12 guarantees the existence of a unique continuous solution
of this equation. Thus, as Theorem 4.10, under the assumptions
(3.2) and (3.3), it can be useful to extract the continuous solutions
of equation (3.1).

Final remarks. We would like to point out that the use of fixed
point theorems for the mappings resulting from the sum of two
contractive-type maps (Theorem 2.11) don’t require continuity or com-
pactness of the associate operators. Consequently, via this result, we
can analyze the existence of solutions of Volterra integral type equations
with kernels having a diverse kind of growth behavior, without impos-
ing continuity or compactness conditions to the operators involved. It
also can be performed on different function spaces. To the best of our
knowledge, it has not been considered yet.

Acknowledgments. The authors are grateful to the referee whose
comments and suggestions led to an improvement of several proofs in
the paper.
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