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ABSTRACT. In this paper regularized solutions of ill-posed
Hammerstein type operator equation KF(x) = y, where
K : X — Y is a bounded linear operator with non-closed
range and F' : X — X is non-linear, are obtained by a two
step Newton type iterative method in Hilbert scales, where the
available data is y® in place of actual data y with |[y—y°| < 4.
We require only a weaker assumption ||F/(zo)z| ~ |lz|-s
compared to the usual assumption ||F’(:c\):c|| ~ ||z|| =5, where
7 is the actual solution of the problem, which is assumed to
exist, and z¢ is the initial approximation. Two cases, viz-a-
viz, (i) when F’(zo) is boundedly invertible and (ii) F’(zo)
is non-invertible but F' is monotone operator, are considered.
We derive error bounds under certain general source condi-
tions by choosing the regularization parameter by an a priori
manner as well as by using a modified form of the adaptive
scheme proposed by Perverzev and Schock [14].

1. Introduction. In this paper we present an iterative method
which combines Tikhonov regularization with the modified Newton’s
method in Hilbert scales, for approximately solving the operator equa-
tion

(1.1) KF(z) =y.

Here K : X — Y is a bounded linear operator with its range R(K’) not
closed in X, F: D(F) C X — X is a nonlinear operator, where D(F)
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is the domain of F', and X and Y are Hilbert spaces. We shall use the
notations (-,-) and || - || for the inner product and the corresponding
norm in the Hilbert spaces. The equation (1.1) is, in general, ill-posed,
in the sense that a unique solution that depends continuously on the
data does not exist and hence need to be regularized to get stable
approximate solution. Further, we assume that only approximate data
y® satisfying

(1.2) ly — 4% <6

is available.

A typical example of equation (1.1) is the classical Hammerstein
operator equation (see [9, page 430])

(1.3) /Ok(s,t)h(s,x(s))ds:y(t), te o],

where k(-, ) is a non-degenerate kernel which is square integrable, that

is,
1l
//|k(s,t)|2dsdt<oo
o Jo

and h : [0,1] x [0,1] — R is a suitable function. Then equation (1.3)
takes the form (1.1) with K : L?[0,1] — L?[0, 1] defined by

Ku(t):/o k(s yu(s)ds, te[0,1]

and F : L?[0,1] — L2[0,1] is the nonlinear ‘superposition operator’
defined by
F(z)(s) = h(s,z(s)), se€]0,1].

Note that, due to the nonlinearity of F', the solution of (1.1), even
when it exists, need not be unique. Therefore, one applies some
selection criteria. Following the definition in [5, 6], a solution & € D(F)
of (1.1) is called an zp-minimum norm solution (z¢-MNS) of (1.1), if
(1.4)

|F(@) - F(ao)ll = min{|F(2) — F(zo)| s KF(x) =y, @ € D(F)}.

In the following, we always assume the existence of an x¢-MNS for
exact data y, i.e.,
KF(z)=y.
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One may observe that equation (1.1) is equivalent to
K[F(z) - F(zo)] = y - KP(xo)
for a given xg, so that the solution T of (1.1) is obtained by solving
(1.5) Kz=y— KF(x)
for z and then solving the non-linear equation

(1.6) F(z) = z+ F(xo).

An advantage of approximately solving (1.5) and (1.6) to obtain an
approximate solution for (1.1) is that one can use any regularization
method for linear ill-posed equations for solving (1.5) and any method
for solving non-linear equation (1.6). This advantage was exploited
by the second author and his collaborators (see [3-5, 8]). In [21],
Shobha et al. considered a two step iterative method for solving (1.1)
in a Hilbert space.

In order to improve the rate of convergence many authors have
considered the Hilbert scale variant of the regularization methods for
solving ill-posed operator equations, for example, [1, 10-13, 15-17].
In this paper, we consider the Hilbert scale variant of the method
considered in [21]. For analyzing (1.1) in the setting of Hilbert scales,
we consider a Hilbert scale {X;}:cr generated by a strictly positive
operator L : D(L) — X with D(L) dense in X satisfying

[Lz| = [lz]l, =€ D(L).

Recall ([15, 22]) that the space X; is the completion of D :=
N2 o D(LF) with respect to the norm ||z||;, induced by the inner prod-

uct
(1, 29)s = (LM %2y, LY ?29)

ie.,
lzlle = IIL*?2,, teR.
As in [21], we consider two cases of the operator F in (1.1).

Case 1. F'(x9)~! exists and is bounded. Thus, the ill-posedness of
(1.1) is essentially due to the non-closedness of the range of the linear
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operator K, as F'(xg)~! is a bounded linear operator implies equation

(1.6) is well-posed (see [18, page 26]). In this case, we consider the
sequence (2 ) defined iteratively by

n,a,s
(1.7) Ynas = T s = F'(@0) HF () 00) = 20l

and

(1.8) Tni10,s = Ynas = F(20) T F (U ,0) = 206]

where xgﬁays := xo is the initial approximation for the solution = of
(1.1),

(1.9) 20, = F(zo) + (L K"K + o) 'L°K*(y° — KF(x))

and « is the regularization parameter to be chosen appropriately from
the finite set Dy := {a; : 0 < a9 < a1 < --- < an} depending on
the inexact data y® and the error level § satisfying (1.2). We use the
adaptive parameter selection procedure suggested by Pereverzev and
Schock [14] for the selection of regularization parameters.

Example 1.1. Consider the non-linear Hammerstein operator equa-
tion

(1.10) /Qk(s,t)fA(t,x(t))dt — ()

with @ C R a bounded domain, k(s,t) : 22 (n + 1) 2u,(s)un(t),
where u,(s) = v2cos(2nms) and fy : @ x R — R is defined as
(s, ) = b(s)g(x(s)) + Ae(s), where 0 # ¢ € LP, 0 < b € LP/(P=9)
for some ¢q € (2,p) (cf. [2]) and g is a differentiable function such that
g'(zo(t)) >k >0, for all ¢t € Q.

Note that (1.10) is of the form K F(z) = y, where K : L?(Q) — L%*(Q)
is given by

K(z(s)) = /Qk(s,t)x(t) dt
and F : L%2(Q) — L*(Q) is given by

F(x(s)) = fa(s, z(s)).
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Observe that

F'(2)h(s) = fa(s, 2(s))h(s) = b(s)g (z(s))h(s),

for x,y € Br(zo) and h € L?(€2). Further note that, since g'(zo(t)) >
k>0, for all t € Q, F'(z0)"! = 1/(b(s)g'(z0)) exists and is a bounded
operator.

Case 1. F'(xz¢) is non-invertible, but F' is a monotone operator.
Recall that ([20, 23]) the operator F is said to be a monotone operator
if (F(z)—F(y),x—y) >0, for all ,y € D(F'). In this case, we consider
the sequence (Z° ) defined iteratively by

n,o,s

s &y <

-1
Yn,a,s Ln,a,s <F/(£C0) + —LS/ )
Y &

(1.11)
[ P@ ) = 2t SLP @ = )|
and
o -1
E;sLJrl,oz = gi,a,s - <F/(x0) + _LS/Q)
(1.12) ¢

~ (0% ~
X |:F(yi,,as) - zi,s + ELS/2 (yz,a,s - .’,CQ):|

where ng := @, With z, 25 , and « as in Case T and 0 < ¢ < a.

a,s

Example 1.2. In this example, we consider the operator KF' :
L2(0,1) — L?(0,1) where K : L?(0,1) — L?(0,1) is defined by

1
K(2)(t) = /0 k(t, $)a(s) ds
and F : D(F) C L*(0,1) — L*(0,1) is defined by

F(u) ::/0 k(t, s)u>(s) ds,
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where

Then, for all z(t),y(t) : x(t) > y(t), (see [20, subsection 4.3])

1
0

(F(z)~F(y),z — y) = / [ / k(t,5)(@® — 4*)(s) ds|(z — y)(t) dt > 0.

Thus, the operator F' is monotone.

The paper is organized as follows. In Section 2, we give preliminaries
and the adaptive scheme for choosing the regularization parameter o
for Tikhonov regularization of (1.5) in the setting of Hilbert scales. The
proposed method and the error estimates for the case when F'(z) is
invertible are given in subsection 3.1, and the case when F’(xg) is non-
invertible but F' is monotone is given in subsection 3.2. We conclude
the paper in Section 4.

2. Preliminaries. We assume that the ill-posed nature of the
operator K is related to the Hilbert scale {X;}ier according to the
relation

allz)-o < [Kz| < collz] -0, € X,

for some reals a, ¢; and cs.

Observe that from the relation (Kxz,y) = (x, K*y) = (x, LS K*y)s
for all x € X and y € Y, we conclude that L™°K* : Y — X is the
adjoint of the operator K in X. Consequently, L™°K*K : X — X is
self-adjoint. Further we note that

(AfAg+al) 7 L%2% = L/2(L*K*K + o)~}
where A, = KL~5/2.

One of the crucial results for proving the results in this paper is the
following proposition, where f and g are defined by

f(t) = min{ct, cs}, g(t) =max{c},ch}, teR, |t| <1

Proposition 2.1 (see [24, Proposition 2.1]). For s > 0 and |v| <1,
FOzll-vsra) < N(ATA) 2]l < g@)l2ll-p(sta)s @ € H.
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We make use of the relation
(2.13) [(As+ D)7t A7 <a?~', p>0,0<p<1,

which follows from the spectral properties of the positive self-adjoint
operator Ag, s > 0.

The following assumption on source condition is based on a source
function ¢ and a property of the source function ¢. We will be using
this assumption to obtain an error estimate for Hzis — F()]].

Assumption 2.2. There exists a continuous, strictly monotonically
increasing function ¢ : (0, || A%As|]] — (0,00) such that the following
conditions hold:

e limy_0¢(A) =0,

Q

A% :
<
ili% T o(a) forall X e (0, || AL A

and
e there exists v € X with |Jv|| < E, E > 0 such that

(AFA)PEFIL(F(2) = F(xo)) = (AT Ao

Remark 2.3. Note that if F(Z) — F(xo) € Xy, i.e., |F(Z) — F(zo)|: <
E, for some 0 < t < 2s 4 a, then the above assumption is satisfied.
This can be seen as follows.

(A5 A,)*PEH L2 (F(2) = F(x0))

= (ATA) e (AL AT/ CHRO L2 (F(Z) — F(o)) = (AT A,

where p(\) = A\/2(+0) and v = (A* A,)(s=0/Cs420) [s/2(P(3)— F(x0)).
Further note that

ol < g(s - t) |L*2(P(@) - P(20) s

s+a

< g(s - t) I(FG) - Flao))ll: < E.

where E = g(s —t/s+a)E.
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Theorem 2.4. Suppose that Assumption 2.2 holds, and let zo s :=
29 .. Then

(2.14) 1. ||z(‘;S — Za,sl| < w(S)offl/[Q(S-i-a)]57
(2.15) 2. |[F(@) = zasll < ¢(s)(e),
(2.16) 3. |F(w0) = za,s|l < ¥1(s)1F(2) — F (o)l

where ¢(s) = 1/f(s/(s +a)), ¢(s) = E/f(s/(s+a)) and ¢1(s)
9(s/(s +a))/f(s/(s + a)).

Proof. Note that

120« = zasll = I(LT°K*K + al) LK (y° — y)|
= [IL72(A A + al) TP ALY — y)

now by taking v = s/(s+a) and z = (A*A, + al) ' A%(y° — y) in
Proposition 2.1, we have

(2.17) ||zi7s — Za,s||
1

- - * A s/(2(s+a)) * _ w5
= f(S/(s+a))||(A s) (2(s+ (AL As + al) 1As(y mll
_ ; * — * (25+a)/(2(s+a)) _

- f(s/(8+a))||(AsA9 +0éI) 1(ASA ) 25+ 2(s+ (y y)”

1
< ———— (A1 A, + )AL A,) Bt/ Bletal)) 5,
e rap ) (A5 4s) I

We note that relation (2.13) with p = (2s +a)/(2(s + a)) gives
(218) ||(14:149 + aI)—l(A:As)(25+a)/(2(s+a))|| < a—a/(Z(s—i—a)).

Now (2.14) follows from (2.17) and (2.18). Further, we observe that

I20,s = F@)| = L K"K + o) ' LT K*K — I)(F(z) = F(xo))|
= |laL™*/2(ALAs + al) " L2 (F (@) — F(xo))]
1

la( AL As)/ CEFD (ATA, + al) ™

L**(F (%) — F(x0))l|

= 76261 )
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; o * a -1 * s/(2(s+a))
< el + DT (A4
L*(F(@) - F(xo))|
1

- mII(AZAS +al) Yp(AT A

So, by Assumption 2.2, we have that

1 —

20,5 = F(@)]| < WW(G)E

Again,

20,8 = F(xo)|| = (L K*K + o) ' L™ K*K (F(Z) — F(x0))]|

= | L2 (A3 Aq + o) TP AT ALY (F(Z) — Fxo)) |
1 « 4 \8/(2(s4a)) [ g% al)-!

(AT A)LY?(F(2) — Fxo))||
1 * —1 *

= mH(ASAs +al) 7 (A A

[(A3 A/ CEHN L2 (F(Z) — F (o))

o5/ (5+ @) g
< LELE LR (P (@) - Flao)] -
< 1(8)[|F(Z) — F(zo)]|-

This completes the proof of Theorem 2.4.
2.1. Error bounds and parameter choice in Hilbert scales.

Let Cs = max{¢(s),¥(s)}. Then, by (2.14), (2.15) and triangle
inequality, we have

(2.19) IF(@) — 25l < Ca(pla) + o~/ Clta)g),

The error estimate ¢(a)+a =%/ 2(+0)§ in (2.19) attains minimum for
the choice o := a(d, s, a) which satisfies p(a) = o~/ ((+2)5 Clearly
(8, 5,a) = = (15 4(9)), where

(2.20) Ysa(X) = ApT )]V EEFD 0 <A < A%
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and in this case
IF(@) — 25|l < 2Cap; 5(0),

which has at least optimal order with respect to d, s and a (cf. [14]).

2.2. Adaptive scheme and stopping rule. In this paper we
consider the adaptive scheme suggested by Pereverzev and Schock in
[14], modified suitably, for choosing the parameter o which does not
involve even the regularization method in an explicit manner.

Let i € {0,1,2,...,N} and a; = plag where p = p2ts/a) > 1,
and o = §2(+5/0) | Let

(2.21) I:=max{i: ¢(a;) < a;a/(2(s+a))5} <N
and
(2.22)
k = max{i : Hzg - zgm < 4o¢;a/(2(s+a))5, j=0,1,2,...,i—1}.

Analogous to the proof of Theorem 4.3 in [5], we have the following
theorem.

Theorem 2.5 (cf. [5, Theorem 4.3]). Let ! be as in (2.21), k as in
(2.22), 5,4 as in (2.20) and zgkys as in (1.9) with a = a. Then 1 <k
and

~ 4 _
I1P@) - 0l < € (24 2 Jvato)

where Cs is as in (2.19).

3. The method and convergence analysis. We will be using the
following assumption to prove Theorems 3.3 and 3.11.

Assumption 3.1 (cf. [20, Assumption 3 (A3)]). There exists a
constant ko > 0 such that, for every z,u € D(F) and v € X,
there exists an element ®(x,u,v) € X such that [F'(x) — F'(u)jv =
F'(u)®(z,u,v), [ ®(z,u,v)|| < kollv[l[lz — .

3.1.

Case I: F(x0)~" is a bounded linear operator. Consider the two step
iterative method defined as in (1.7) and (1.8) with «y in place of a.
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We assume that F' possesses a uniformly bounded Fréchet derivative
for all x € D(F), i.e., ||[F'(z)| < M, for all z in a neighborhood of z
and for some M > 0, and || F'(xo) Y| := 3, B > 0. Let

(3.23) el = ||yfmkg —a° I, foraln>0,

n,0,S n,o,s
and let 0o < 1/(4koB(s))a/ P=T9) and || — wo|| < p, with

_ oyt
¢1(S)M 4]€0ﬁ

and
Yo = Bl () Mp + d(s)a/ CleT ],

Further, let

1— /1T— ko,

= %0

and

1 14+ 4/1—4k
rgzmin{— —0%}.

ko’ 2k

For r € (r1,r2), let
(3.24) q = kor.

Then ¢ < 1.
Lemma 3.2. Let ¢}, , be as in (3.23). Then ef ,, . < 7.

Proof. Observe that

eg,ak,s = ||yg,ak,s - xg,ak,sH
= | F" (o) "M (F(w0) — 25, )
(3.25) < B||F(x0) — 25, ||

< BlIF (z0) — Zay sl

+ ||zouc,s - zik,s”]
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Now, using (2.14) and (2.16) in (3.25), one can see that

Brans < BIA(S)IF(@) = F(ao)l| + (s)a/ Eeralg)
< B[ (s)Mp + (s)a~/ At 5] = o

This completes the proof. ]

Theorem 3.3. Let ¢ ap.s and q be as in equation (3.23) and
(3.24), respectively, y5, ., o and 3, , defined as in (1.7) and (1.8),
respectively, with a = ay and d € (0 50] Then, under Assumption 3.1
and Lemma 3.2, 0 s v ap.s € Br(zo) and the following estimates

hold for all n > 0:

(a) || Tp JQ S yzfl,ak,s” < q”ygfl,ak,s - xerLfl,ak,s”;

(b) H To,ap,s xi—l,ak,s” < (1 + q)”yz—l,ak,s - xi—l,ak,s”;
(C) ||yn JQg,S xi,ak,s” < q2||yz—1,ak,s - xi—l,ak,sn;

(

d) e . . < q*™,, for alln > 0.

n,xg

Proof. Suppose 9 o € B,(zg). Then

n,o,s? yn,ak,s

) )
xn—i—l,ak,s - yn,ak,s

= yi,ak,s — Ty ak s T F ( ) [F(xi,ak,s) - (F(yz,ak,s)]
= F'(0) " [F'(0) (Un,ap.s = Than.s)
- (F(yg,ak,s) - F(xi,ak,s))]’

and hence, by Assumption 3.1, we have

1
) é — )
||xn+170£k,5 - yn,ak,sH = HF/(xO) 1/0 FI(xO)(I’(xvan,ak,s

1) 1) 1)
+ t(yn,ak,s - xn,ak,s)v yn,ak,s — Ty ak, dtH

< kOTHny,ak,s - xé ||

n,0,S

This proves (a). Now (b) follows from (a) and the triangle inequality:

6

) ) )
nak, Tp— l,ag,sll = n,ak,s n—1,ak,s n—1,ak,s ~ “n—1,a,sll"
[ I <129 08 =¥ I+ 1lly x |
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Again, (c) follows from (a), Assumption 3.1 and the following expres-

sion.

1
&= HF%xo)-l [ ) = P+ 6

and (d) follows from (c

by induction.

- ygfl,ak,s))]

X (xfz,ak,s - ygfl,ak,s) dtH

). Now we show that 29 . ., 43, . € Br(0)

Note that, by (b) and Lemma 3.2,

|‘x({,ak,s - J?()”

(3.26)

||y(ls,ak,s - xOH < ||y(ls,ak,s - x?,oq.,s” + ”x(ls,ak,s - xOH

(1+q+a°)e) q, s

ie., yfak’s € By(xp). Further, let us assume that x

IN

<

<

Vo

<

1—¢

(14 q)ed o,

Yo
S1-4
ie., x‘iak’s € B, (x0). Again, note that, by (3.26) and (c), we have

)

e(),ak,s

s — 1_q
<r

<r,

1

m

§
sk 587 ym,alms

S

B, (xg), for some m > 0. Then, using (b), (3.26) and Lemma 3.2, we

have
5

||xm+1,ak,s

— ool < =

5

m—+1,a

- xfrsn,ak,s” +F ||£C

h,6

1,ak,s

|

<(g+ D)@+ 1)),

IN

<

(g+1)

Yo

l—q
ie., xan’ak,s € B,(zo) and

<r,

1— ()
1 —

€
2 0,ap,s
q

||yfn+1,ak,s - 33()” < ||yfn+1,ak,s - xfranrl,ak,s”
)
+ ||xm+1,ak,s - xOH

(qQ(m+1) 4+ .. 4 q3 + q2 +q+ ]-)eg,ak,s

<

<

e
1—g¢q

<r,
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ie., yan’aMs € B,(z0). Thus, by induction, z? s v ar.s € Br(zo),
for all n > 0. This completes the proof of Theorem 3.3. O

Theorem 3.4. Let z0 ap,s and Yo ag.s be as in (L.7) and (1.8),
respectively, with o = ay and 6 € (0, 50] and let the assumptions of

Theorem 3.3 hold. Then (x5, ,, ) is a Cauchy sequence in Br(z9) and

converges, say, to xak € By(x0). Further, F(x? To, ) = zgms and

129, s = T sll < O,

n,Q,S Qp,Ss

where C' = (v,)/(1 - q).

Proof. Using relations (b) and (c) of Theorem 3.3, we obtain

i=m—1

S & S

||xn+m ayg,s _xn,ozk,s”S Z ||xn+i+1,ak,s_anri,ak,s”
1=0
m—1
S Z (1+Q) n+1ak,

1=0
i=m—1

< Y (49" e,
0

(14 @)™ e o, + 1+ @) Vel .

R (1+q) 2(”+m)eo s
<A+ 1+¢ + P+ M) o,
_ 2\m-+1
Thus, xn .ay,s 18 a Cauchy sequence in B;(zo), and hence it converges,
say, to z3, , € By B,.(xg). Observe that
é é
1E (29 ,0) = 2o sll = I1E (20) (@5, 0 = U o)
(3.27) < NF (@) 12, a0 = Uiy s
< Men ans < Mq2"’yp

Now, by letting n — oo in (3.27) we obtain F(a), ,) = 25, ,. This
completes the proof. i



A TWO STEP NEWTON TYPE ITERATION 105

Hereafter, we assume that ||Z — zo|| < p <r.

Theorem 3.5. Suppose that Assumption 3.1 holds. Then

A, 8 Ok, S

- B ~
I1Z — 20, oIl < EIIF(JJ‘) — Zoy sl

Proof. Note that ¢ < 1 and, by Assumption 3.1, we have

17— 2, ol < 117 — a2, o+ F'(20) ™"
% [F(27, ) = F(@) + F(@) — 23, I

< ||F' (o)~ [F'(20) (T — a7, ) + F(x0, ) = F(@)]]
+ | F'(20) " (F(@) — 20, )
< kollzo — T — t(z0, o« = )| — 20, ol + BIF@) — 22, ll

< kor||@ — a7, Ll + BIF(@) - 2o, -

QL ,S

Hence, the theorem is proved. ]
Theorem 3.4 and Theorem 3.5 together imply the following theorem.

Theorem 3.6. Let 20 be as in (1.7) with « = ay, and § € (0, dg],

n,o,s

and let the assumptions in Theorems 3.4 and 3.5 hold. Then

. n p .
|12 = 29, o, sl < C° +1Tq||F($)—Zé I,

n,xL,s Ak, S

where C is as in Theorem 3.4.

Theorem 3.7. Let x0 be as in (1.7) with « = ay, and § € (0, dg],

n,o,S

and let the assumptions in Theorems 2.5 and 3.6 hold. Let

nk, := min{n : ¢*" < oz,;a/?(SJra)(S}.

Then
I1Z = 20, sl = O30 (6)).
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3.2.

Case II: F'(xg) is non-invertible and F' is a monotone operator. In
this section, let X be a real Hilbert space. We consider the two step
iterative method defined as in (1.11) and (1.12) with «y in place of «

for approximating the zero %i,c,s of the equation,

Qg,S?

(3.28) F(x)+ %LS/Q(x —z9) =20

and then we show that %fms is an approximation to the solution Z of
(1.1).

Let F'(z9) € L(X) be a bounded positive self-adjoint operator on X
and B, := L™%/*F'(xq)L~*/*. Usually, for the analysis of regularization
methods in Hilbert scales, an assumption of the form (cf. [1, 13])

(3.29) IF' @)z ~ [lz] -, =€ X,

on the degree of ill-posedness is used. In this paper, instead of (3.29),
we require only a weaker assumption:

(3.30) diflzl|l-p < [|F'(zo)z|| < daflzll-b, @€ D(F),

for some reals b, di and ds.

Note that (3.30) is simpler than (3.29). Now we define f; and g; by
f1(t) = min{dt,ds}, g1(t) = max{d},ds}, teR, |t|<1.

One of the crucial steps for proving the results in this paper is the
following proposition.

Proposition 3.8 (see [7], Proposition 3.1). For s > 0 and |v| <1,

A2l —uistoy /2 < 1B 2] < 1w/ |2l (—(srvy 2 © € H.

Let

s/ 1)
V28 = T Rt 1 b))
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and let

(3.31) for all n > 0.

nak . Hyn N7 nozk”
Let &y < 1/[4k o/BFal and |17 — zo| < p, with
et o < 1/[4kot(s)t2(s)v2(s)]ag and [|Z — zo|| < p, wi

1 { 1
M1 (s) | 4kotpa(s) 2 (s)

p< — ble)ag g

and

To 1= () [t ()M p + () /g, .
Further, let

. 1- 1- 4]?50@[}2(8):)7/)
2’@[)2(8)]{?0

and

{ 1 14+ 4/1—4koa(s)7, }
75 = min — )
ko’ 2¢a(s)ko

For 1 € (Fl,FQ), let

(3.32) q = tha(s)kor

Then g < 1.

107

Lemma 3.9. Let &),  be as in (3.31), and let Proposition 3.8 hold.

Then €87ak7s < Yp.

Proof. Observe that

(3.33)
60 ,Q,S = ||y0 Ne7A] Oak,s”

o [GERE 20 RS,
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-1
S HLS/4 (LS/4F/(£CQ)LS/4+ %I) L75/4
C

x (F(x0) — 7o, )

1 «o -1
<L |pyee <Bs Lo I) s/
= fi(s/(2(s +b))) H ‘ c

x (F(x0) — 7o, )

1 Ok >1 b) p— b
<—— W Bs+ =1 Bg/(SJr )Bg 5/(2(s+0))
fi(s/(2(s +0))) H( c ‘ ‘

x L™/ (F(x0) — Zik,s)
_ 1(=s/(2(s + b)) (ak ) 7b/(s+b)||F(x()) .

= A/ +b) \ e avs |
< Pa(8)[[[F (0) = Zag sl + [ 2ars = 2o sl

Now, using (2.14) and (2.16) in (3.33), one can see that

s < V2(8) W1 (S)|F (@) — Flao)|| + (s)a~a/ Rleta)g)
< o (s)[1 () Mp + P(s)ay > =4, @

Lemma 3.10. Let Proposition 3.8 hold. Then, for all h € X,

H (Fl(xo) * %Ls/z) _1F'(xo)hH < o (s)|11ll-

Proof. Observe that, by Proposition 3.8,
o -1
“(F’(%Q)‘F%LS/Q) F/(x())hH
-1
_ HLS/4 <Ls/4Fl(x0)Ls/4+ %I> L78/4
¢

x F'(xo)L™3/4L%/*h
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-1

1 «
B/ (2(s+b)) <Bs —kI) B.LY*h
o) i
1 ak >1 H 3/(2(5+)) 1.5/
< By +2k1)  B,|| B/ GG+ a/4y,
e G ” ”
91(s/(2(s +0))) | 754
< L¥4h|_,
S OCrET )
g91(s/(2(s +b)))||h||
= fils/(2(s +0)))
This completes the proof of Lemma 3.10. ]
Theorem 3.11. Let &, , and q be as in equations (3.31) and

(3.32), respectively, 7° ag,s and T T ap,s 08 defined in (1.11) and (1.12),
respectively, with a =y and d € (O 50] Then, under Assumption 3.1
and Lemma 3.9, T° € Bi(x0), and the following estimates
hold for all n > O:

n,xg,s? yn s S

( ) ||xn JQ» S gg 1,ak,s|| < a”:gg—l,ak,s - %i—l,ak,sn;

(b) H nak, ’;;’L l,ak,s” S (1 +®||gfl l,ap,s %fl 1 ak,s”;
(C) ||yn SOy S erLak,s” < AQHyn 1,ap,s n 1 ak,s”

(d) eiak s < @*",, for all n > 0.

Proof. 1f 70 s v axs € Bi(zo), then by Assumption 3.1,

—1
~ ~ (677N
foJrl,ak,s - yz,ak,s = (F/(x()) + TL /2)

X [Fl(xo)(gz,ak,s - %i,ak,s)
- (F(ﬂz,ak,s) - F(Efz,ak,s))]
-1 M
- (F'(xo) + %LS/Q) / [F(x0) — F' (T 0,
0

~0 ~0 ~0 ~0
+ t(yn,ozk,s - xn,ak,s))](yn,ak,s - xn,ak,s) dt

—1 1
« ~
_ (F/(x())—f— TkLS/Q) F/(xo)/o @(Z‘Q,Z‘i}ak’s

~5 ~5 ~5 ~5
+ t(yn,ak,s - xn,ak,s)v yn,ak - xn,ak,s) dta
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and hence, by Lemma 3.10 and Assumption 3.1, we have

1
~0
/ (I)(x‘)vxn,ak,s
0

~0 ~0 ~0 ~0
+ t(yn,ozk,s - xn,ak,s)) ymak,s - xn,ak,s) dt”

~0 ~6 o)
||xn+1,ozk,s ~ Yn,au,s | < ¢2(8)

~5 ~5
< ¢2(S)kor||yn,ak,s - xn,ak,s”'
This proves (a).
Now (b) follows from (a) and the triangle inequality:
~0 ~0 ~0 ~0
||xn,ak,s - xnfl,ak,s” < ||xn,ak,s - ynfl,ak,s”

~0 ~0
+ ||yn71,ak,s - xnfl,ak,sH'

Again, (c) follows from (a), Assumption 3.1, Lemma 3.10 and the
following expression

—1
- ak - -
s = | (Fa0) + Z272) 1 a0) @ = T
(PG, ) - F@zl,ak,smH
o —1
sz
C
1
x / F/(20) — (F' (5 10s)

~5 ~8 ~8 ~5
+ t(yn—l,ak,s - xn,ak,s))](xn,ak,s - yn—l,ak,s) dtH

Further, (d) follows from (c).

The remaining part of the proof is analogous to the proof of Theo-
rem 3.3. |

Next, we go to the main result of this section.

Theorem 3.12. Let i, ,, , and T3, . , be as in (1.11) and (1.12),

respectively, with a = ay, & € (0,00 and the assumptions of The-
orem 3.11 holding. Then (9, ,, ,) is a Cauchy sequence in By(xo)



A TWO STEP NEWTON TYPE ITERATION 111

and converges, say, to %ﬁw € Bi(zo). Further, F(Eikg) - zgms +

(o /c)L¥/2(Z8 . — x0) = 0 and ||Z° -2 | < C@®", where

Qs n,00,S Qap,S

C=()/1=9).

Proof. Analogous to the proof of Theorem 3.4, one can see that

(xiﬂw) is a Cauchy sequence in B(z¢), and hence it converges, say,

to ¥, , € B=(z0). Observe that, from (3.11),

A, S
- Qg _
(3.34) [IF () 0y.5) — 206 + TLS/Q(%“%,%S — )|
ap ~ ~,

= (o0 + L) @ - T
Xk 1 ~5 ~6

< F/({I?()) + 7LG/2 ||yn,ak,s - xn,ak,s”

Xs—X

< |[F@o)+ 2L @,
¢ XX ’

< |[F'(zo) + L2 po/2 "7,
¢ Xo—oX

Now, by letting n — oo in (3.34), we obtain F(Egk’S)—i—(ak/c)LS/z(Egk’S
— ) = zims. This completes the proof. O

In addition to Assumption 2.2, we use the following assumption to
obtain the error estimate for ||z — %g%gH

Assumption 3.13. There exists a continuous, strictly monotonically
increasing function o1 : (0,]|Bs|]] — (0,00) such that the following
conditions hold:

[ ] lim)\_m (pl()\) = O,
[ ]

apy ()
: < for all B.|l,
ili% e p1(a) for all A € (0, || Bsl]

e there exists w € X with ||w|| < E2, such that

B/ QAN [/ 2y — &) = 1 (Bs)w.
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o For each © € Bir(x¢), there exists a bounded linear operator G(z, z¢)
(cf. [19]) such that

F'(z) = F'(20)G(x,70)

with ||G(z, zo)]|| < k1.

Remark 3.14. If zo — 7 € Xy, i.e., ||xo — Z||;; < E1 for some positive
constant B and 0 < t; < s+ b, then, as in Remark 2.3, we have
Bz/(2(s+b))LS/4(x0 — %) = o1(Bs)w where 1(\) = Aa/(s40) gy =
B§572t1)/(2(s+b))Ls/4(§:\ — 20) and ||w| < g1((s — 2t1)/(2(s + b)) By =:
Es.

Assume that k1 < (1/(1—¢))[(1/¢2(s)) — ko7] and, for the sake
of simplicity, assume that p1(a) < @(a) for @ > 0. Let ts(s) :=
Ey /1 f1(s/(2(s +b)))].

50
Theorem 3.15. Suppose T,

tions 3.1 and 3.13 hold. Then

is the solution of (3.28) and Assump-
|1 = 7o, sl = 074 (6)).

Proof. Note that ¢(F (%3, ,) — 25, ,) + arl¥/?(Z,

ag,s 78_150) :O, SO

k

(F'(x0) + ax L) (&5, — &) = (F'(w0) + o L*/?) (@, , — 7)

Ak ,S
- C(F(gik,s) - ng,s)
— a L2 (&, , — o)
= ayL¥? (o — &) + F'(0) (7, — )
~0 8
- C[F(xak,s) - Zozk,s]

= apL**(z0 — ) + F'(20) (@, , — T)
—[F(@, ) -F@) +F@) -2

A ,S ak,s]

= L (xg —T) — ¢(F(Z) - 22

Ozk,S)

+F'(20) (2, s —F) —c[F(Z0, o)~ F(2)).

A ,S
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Thus, since 0 < ¢ < ay, we have

(3.35)
1205 — 2l < ok (F'(wo) + ax L¥?) " L% (20 — Z)|
+ |(F'(z0) + a L*/?) 71
x o(F (@) = 20, )+ |(F'(x0) + arL*/?) 7!
X [F'(0) (T, s — T) — c(F(T, 5) — F@)]
< T+ ¢2(5) | F(@) - 28, ]l + o,
where

Ty = [lo(F/(z0) + ar L) LY (w0 — B)],
Ty = ||[(F'(0) + ax L*/?) 7 [F' (w0)(To, s — 7)
—o(F(@, ) — F@)|.

A ,S

Note that, by Assumption 3.13,
(3.36)
Iy < |lowL™*/*(Bs + apI) " L% (2o — 2)||
1

= RG/RGT )

1
= s o)

and
(3.37)
Ty = ||(F'(xz0) + o, L*/?) 71

x 1[Fl(if0) — cF'(T+ (77, o — 1)))(Tq, . — ) dt
0

< ||(F'(20) + o L*/?)71

x l[Fl(iUo) ~ F'(T+ (7, o — 7))(Ta,.. — ) dt
0

+ (1= o) || (F'(z0) + a L*/*) " F' (o)

113

|k (Bs + ap )"t B/ (CEHOD ps/4 (g — 7))
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1
« / G@E +1(@, , - 7).20) @, , - 7) dtH
< Pa(s)korl| T2, o — ZI| + P2(s)(1 — )k [|T2, . — Z|-

The last step follows from Lemma 3.10, Proposition 3.8, Assumptions
3.1 and 3.13. Hence, by (3.35)—(3.37), we have

¥s(s)pr1 (o) + 02(s) | F (@) — 23, ||
1—[(1 = ¢)ky + koFltha(s)
P3(s)p1(aw) +12(s)Cs (2 + (4n)/ (n — 1))n(¢55(0))
1—[(1 = c)ky — koFlgha(s)

0

L ,S

[T, =2l <

<

= O(¢4(9)).

This completes the proof of Theorem 3.15. o
The following Theorem is a consequence of Theorems 3.12 and 3.15.

Theorem 3.16. Let 70 ap,s be as in (1.12) with a = oy and

0 € (0,00], and let the assumptions in Theorems 3.12 and 3.15 hold.
Then

|12 = &, sl < C®" + O(v55(9))

where C is as in Theorem 3.12.

Theorem 3.17. Let 20 be as in (1.12) with o = ap and

n,ak,s

0 € (0,00], and let the assumptions in Theorem 3.16 hold. Let

ny, := min{n : " < a,:a/(Q(SJra))d}.
Then
I1Z =77, sl = O3 2()).

4. Conclusion. In this paper we present a two step iterative
regularization method for obtaining an approximate solution of an ill-
posed Hammerstein type operator equation K F(z) = y in the Hilbert
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scale setting where K is a bounded linear operator and F' is a nonlinear
operator. It is assumed that the available data is y° in place of the
exact data y. Two cases of F are discussed: (a) F'(x¢)~! exists and
is bounded and (b) F' is monotone and F'(zg) is non-invertible. We
considered the Hilbert space (X;)ier generated by L for the analysis
where L : D(L) — X is a linear, unbounded, self-adjoint, densely
defined and strictly positive operator on X. In order to choose the
regularization parameter «, we used the adaptive scheme of Pereverzev
and Schock [14].

Acknowledgments. Ms. Shobha thanks the National Institute of
Technology Karnataka, India, for financial support.
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