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ABSTRACT. We study a non Lipschitz integral equation
in the framework of generalized functions. By means of
suitable regularizations, we define an associated generalized
problem. We obtain a generalized solution in an appropriate
(C, E,P) algebra. We compare the generalized solution with
the classical one when it exists.

1. Introduction. Consider the integral equation

(P ) : u(x) = ϕ(x) +

∫ x

0

F (x, t, u(t)) dt.

We want to investigate solutions to this problem when the integrand
F is a smooth non Lipschitz function with respect to u and the data
ϕ can be a distribution or other generalized function. So we search
for solutions in algebras containing the space of distributions, which
are invariant under nonlinear functions in addition. To do this, we
use some regularization processes and cutoff techniques described in
the framework of (C, E ,P)-algebras of Marti [13 16]. These algebras,
described in Section 2, are designed to admit multiparametric families
of smooth functions as representatives of generalized functions.

There are a lot of numerical methods for integro-differential equations
in a classical sense, when F satisfies a Lipschitz condition [18]. In this
paper we are interested in generalized solutions to integral equations
with non-Lipschitz non linearity.
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The plan of this article is as follows. This section is followed by Sec-
tion 2 which briefly introduces the generalized algebras with our appli-
cation in mind. To generate this algebra we make some assumptions
which depend on estimations closely related to the problem.

In Section 3, we associate to (P ) a well-formulated generalized prob-
lem (Pgen) by means of a bi-parametric family of regularized Lipschitz
problems

(
P(ε,η)

)
: uε,η(x) = ϕη(x) +

∫ x

0

Fε(x, t, uε,η(t)) dt.

The parameter ε is used to render the problem Lipschitz and η makes it
regular. We replace F with a family of Lipschitz functions (Fε) given by
suitable cutoff techniques. Then, the classical successive approximation
technique permits to obtain, for each (ε, η), a global solution uε,η to
(P(ε,η)).

Notice that, because of the two regularization procedures and the
estimates for this problem, Colombeau type algebras would be insuffi-
cient. Thus, we build a (C, E ,P)-algebra, stable under the family (Fε),
in which the class of the family (uε,η)(ε,η) is the expected generalized
solution.

The solution depends a priori on the given cutoff family defining
(Pgen); however, we show that this solution only depends on the class
of the cutoff family of functions in some algebra.

Moreover, in Section 4, we show that if the initial problem (P ) admits
a smooth solution v satisfying appropriate growth estimates on some
open subset Ω of R, then this solution and the generalized one are
equal in a meaning given in Theorem 24.

2. Algebras of generalized functions. We recall briefly here the
definition of the (C, E ,P)-algebras upon which the remainder of this
paper is based. We follow here the expositions found in [13 16]. We
do not intend to properly define and explain (C, E ,P)-algebras here; we
rather want to fix the notations we will use in the latter sections. We
refer the reader to the references.

The formalism described here, the (C, E ,P)-algebras, is well suited
for partial differential equations because of its parametric nature; this
will become clear in the next section.
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2.1. The presheaves of (C, E ,P)-algebras.

2.1.1. Definitions. Take

• Λ a set of indices;

• A a solid subring of the ring KΛ, (K = R or C), that is, A has
the following stability property: whenever (|sλ|)λ ≤ (rλ)λ (i.e., for any
λ, |sλ| ≤ rλ) for any pair ((sλ)λ, (rλ)λ) ∈ KΛ × |A|, it follows that
(sλ)λ ∈ A, with |A| = {(|rλ|)λ : (rλ)λ ∈ A};
• IA a solid ideal of A with the same property;

• E a sheaf of K-topological algebras on a topological space X , such
that for any open set Ω in X , the algebra E(Ω) is endowed with a family
P(Ω) = (pi)i∈I(Ω) of seminorms satisfying that, for all i ∈ I(Ω), there
exists

(j, k, C) ∈ (I(Ω))
2 ×R∗

+,

for all f, g ∈ E(Ω),
pi(fg) ≤ Cpj(f)pk(g).

Assume that

• For any two open subsets Ω1, Ω2 of X such that Ω1 ⊂ Ω2, we have
I(Ω1) ⊂ I(Ω2) and, if ρ21 is the restriction operator E(Ω2) → E(Ω1),
then, for each pi ∈ P(Ω1), the seminorm p̃i = pi ◦ ρ21 extends pi to
P(Ω2);

• For any family F = (Ωh)h∈H of open subsets of X if Ω =
∪h∈HΩh, then, for each pi ∈ P(Ω), i ∈ I(Ω), there exists a fi-
nite subfamily Ω1, . . . ,Ωn(i) of F and corresponding seminorms p1 ∈
P(Ω1), · · · , pn(i) ∈ P(Ωn(i)), such that, for each u ∈ E(Ω),

pi (u) ≤ p1
(
u|Ω1

)
+ · · ·+ pn(i)(u|Ωn(i)

).

Set

X(A,E,P)(Ω) = {(uλ)λ ∈ [E(Ω)]Λ : ∀i ∈ I(Ω), (pi(uλ))λ ∈ |A|},
N(IA,E,P)(Ω) = {(uλ)λ ∈ [E(Ω)]Λ : ∀i ∈ I(Ω), (pi(uλ))λ ∈ |IA|},

C = A/IA.

One can prove that X(A,E,P) is a sheaf of subalgebras of the sheaf EΛ and
N(IA,E,P) is a sheaf of ideals of X(A,E,P) [14]. Moreover, the constant
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sheaf X(A,K,|.|)/N(IA,K,|.|) is exactly the sheaf C = A/IA, and ifK = R,

C will be denoted R.

Definition 1. We call the presheaf of (C, E ,P)-algebra the factor
presheaf of algebras over the ring C = A/IA

A = X(A,E,P)/N(IA,E,P).

We denote by [uλ] the class in A(Ω) defined by the representative
(uλ)λ∈Λ ∈ X(A,E,P)(Ω).

2.1.2. Overgenerated rings. See [6]. Let Bp = {(rn,λ)λ ∈
(R∗

+)
Λ : n = 1, . . . , p} and B be the subset of (R∗

+)
Λ obtained

as rational functions with coefficients in R∗
+, of elements in Bp as

variables. Define

A =
{
(aλ)λ ∈ KΛ | ∃ (bλ)λ ∈ B, ∃λ0 ∈ Λ, ∀λ ≺ λ0 : |aλ| ≤ bλ

}
.

Definition 2. In the above situation, we say that A is overgenerated
by Bp (and it is easy to see that A is a solid subring of KΛ). If IA is
some solid ideal of A, we also say that C = A/IA is overgenerated by
Bp.

Example 3. For example, as a “canonical” ideal of A, we can take

IA =
{
(aλ)λ ∈ KΛ | ∀ (bλ)λ ∈ B, ∃λ0 ∈ Λ, ∀λ ≺ λ0 : |aλ| ≤ bλ

}
.

Remark 4. We can see that with this definition B is stable by inverse.

2.1.3. Relationship with distribution theory. Let Ω be an
open subset of Rn. The space of distributions D′(Ω) can be embedded
into A(Ω). If (θλ)λ∈(0,1] is a family of mollifiers θλ(x) = 1/λnθ(x/λ),
x ∈ Rn,

∫
θ(x) dx = 1 and if T ∈ D′(Rn), the convolution product

family (T ∗ θλ)λ is a family of smooth functions slowly increasing in
1/λ. So, for Λ = (0, 1], we shall choose the subring A overgenerated by
some Bp of (R∗

+)
Λ containing the family (λ)λ, [4, 17].
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2.1.4. The association process. We assume that Λ is left-filtering
for a given partial order relation ≺. We denote by Ω an open subset
of X , E a given sheaf of topological K-vector spaces containing E as a
subsheaf, a a given map from Λ to K such that (a(λ))λ = (aλ)λ is an
element of A. We also assume that

N(IA,E,P)(Ω) ⊂
{
(uλ)λ ∈ X(A,E,P)(Ω) : lim

E(Ω),Λ
uλ = 0

}
.

Definition 5. We say that u = [uλ] and v = [vλ] ∈ E(Ω) are a-E
associated if

lim
E(Ω),Λ

aλ(uλ − vλ) = 0.

That is to say, for each neighborhood V of 0 for the E-topology, there
exists λ0 ∈ Λ such that λ ≺ λ0 ⇒ aλ(uλ − vλ) ∈ V . We write

u
a∼

E(Ω)
v.

Remark 6. We can also define an association process between u = [uλ]
and T ∈ E(Ω) by simply writing

u ∼ T ⇐⇒ lim
E(Ω),Λ

uλ = T.

Taking E = D′, E = C∞, Λ = (0, 1], we recover the association process
defined in the literature ([2, 3]).

2.1.5. D′-singular support. Assume that

NA
D′(Ω) =

{
(uλ)λ ∈ X (Ω) : lim

λ→0
uλ = 0 in D′(Ω)

}
⊃ N(Ω).

Set

D′
A(Ω) =

{
[uλ] ∈ A(Ω) : ∃T ∈ D′(Ω), lim

λ→0
(uλ) = T in D′(Ω)

}
.

D′
A(Ω) is clearly well defined because the limit is independent of the

chosen representative; indeed, if (iλ)λ ∈ N(Ω), we have limλ→0,D′(R) iλ =
0.
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D′
A(Ω) is an R-vector subspace of A(Ω). Therefore, we can consider

the set OD′
A of all x having a neighborhood V on which u is associated

to a distribution:

OD′
A(u) = {x ∈ Ω : ∃V ∈ V(x), u|V ∈ D′

A(V )} ,

V(x) being the set of all neighborhoods of x.

Definition 7. The D′-singular support of u ∈ A(Ω), denoted
singsuppD′(u) = SA

D′
A
(u), is the set

SA
DA′ (u) = Ω\OD′

A(u).

2.2. Algebraic framework for our problem. Set E = C∞,
X = Rd for d = 1, 2, E = D′ and Λ a set of indices, λ ∈ Λ. For any
open set Ω, in Rd, E(Ω) is endowed with the P(Ω) topology of uniform
convergence of all derivatives on compact subsets of Ω. This topology
may be defined by the family of the seminorms

PK,l(uλ) = sup
|α|≤l

PK,α(uλ) with PK,α(uλ) = sup
x∈K

|Dαuλ(x)| , K � Ω,

where the notation K � R2 means that K is a compact subset of R2

and Dα = ∂α1+···+αd/∂zα1
1 · · ·∂zαd

d for z = (z1, . . . , zd) ∈ Ω, l ∈ N,
α = (α1, . . . , αd) ∈ Nd. Let A be a subring of the ring RΛ of family of
reals with the usual laws. We consider a solid ideal IA of A. Then we
have

X (Ω) = {(uλ)λ ∈ [C∞(Ω)]
Λ
: ∀K � Ω, ∀l ∈ N, (PK,l(uλ))λ ∈ |A|},

N(Ω) = {(uλ)λ ∈ [C∞(Ω)]
Λ
: ∀K � Ω, ∀l ∈ N, (PK,l(uλ))λ ∈ |IA|},

A(Ω) = X (Ω)/N(Ω).

The generalized derivation Dα : u(= [uε]) �→ Dαu = [Dαuε] provides
A(Ω) with a differential algebraic structure.

Example 8. Set Λ = (0, 1]. Consider

A =
{
(mλ)λ ∈ RΛ : ∃p ∈ R∗

+, ∃C ∈ R∗
+, ∃μ ∈ (0, 1],

∀λ ∈ (0, μ], |mλ| ≤ Cλ−p
}
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and the ideal

IA =
{
(mλ)λ ∈ RΛ : ∀q ∈ R∗

+, ∃D ∈ R∗
+, ∃μ ∈ (0, 1],

∀λ ∈ (0, μ], |mε| ≤ Dλq} .

In this case the sheaf of factor algebras G(·) = X (·)/N(·) is called
the sheaf of simplified Colombeau algebras and G(Rd) is the simplified
Colombeau algebra of generalized functions [2, 3].

We have the analogue of Theorem 1.2.3 of [1] for (C, E ,P)-algebras.
We suppose here that Λ is left filtering and give this proposition for
A(R), although it is valid in more general situations.

Proposition 9. Let B be the set introduced in Definition 2, and
assume that there exists an (aλ)λ ∈ B with limλ→0 aλ = 0. Consider
(uλ)λ ∈ X (R) such that, for all K � R2,

(PK,0 (uλ))λ ∈ |IA| .

Then (uλ)λ ∈ N(R).

We refer the reader to [6] for a similar proof.

2.2.1. Integration of generalized functions. A generalized func-
tion u can be integrated over a compact set K of Ω defining

∫
K
u(y) dy

as the generalized number with representative (
∫
K uλ(y) dy)λ. (This

class does not depend on the choice of the representative of u.)

The integral of a generalized function having a compact support
is an immediate extension of the previous case; we set

∫
Ω
u(y) dy =∫

K u(y) dy where K is any compact set containing suppu in its interior.
See [1, 10].

2.2.2. Generalized operator associated to a stability prop-
erty.

Definition 10. Let Ω be an open subset of R and F ∈ C∞(Ω2 ×
R,R). We say that the algebra A(Ω) is stable under F if for all



462 VICTOR DÉVOUÉ

(uε)ε ∈ X (Ω) and (iε)ε ∈ N(Ω), we have (F (·, ·, uε))ε ∈ X (Ω);
(F (·, ·, uε + iε)− F (·, ·, uε))ε ∈ N(Ω).

If A(R) is stable under F , for u = [uε] ∈ A(R), [F (·, ·, uε)] is a well-
defined element of A (i.e., not depending on the representative (uε)ε of
u).

Definition 11. Let Ω be an open subset of R and F ∈ C∞(Ω2 ×
R,R). We say that F is smoothly tempered if the following two
conditions are satisfied:

For each K � R, l ∈ N and u ∈ C∞(Ω,R), there is a positive finite
sequence C0, . . . , Cl, such that

PK2,l(F (·, ·, u)) ≤
l∑

i=0

Ci (PK,l(u))
i
,

For each K � R, l ∈ N, u, v ∈ C∞(Ω,R), there is a positive finite
sequence D1, . . . , Dl such that

PK2,l(F (·, ·, v)− F (·, ·, u)) ≤
l∑

j=1

Dj (PK,l(v − u))
j
.

We then have the following obvious proposition:

Proposition 12. Let Ω be an open subset of R and F ∈ C∞(Ω2 ×
R,R). Assume that F is smoothly tempered. Then A(R) is stable
under F .

This leads to the following:

Definition 13. If A(R) is stable under F , the operator

F : A (R) −→ A (R) , u = [uε] �−→ [F (·, ·, uε)]

is called the generalized operator associated to F . See [6].
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3. Existence of solutions to the problem in (C, E ,P)-algebras.
We study the following problem:

(P ) : u(x) = ϕ(x) +

∫ x

0

F (x, t, u(t)) dt

where ϕ is the data which will be specified later. The function F may
be non Lipschitz with respect to u.

Let (ε, η) ∈ (0, 1]2. As the data ϕ is as irregular as distribution, we
set ϕη = ϕ∗θη and ϕ = [ϕη] where (θη)η is a chosen family of mollifiers.

3.1. Cut off procedure. Let ε be a parameter belonging to
the interval (0, 1], (rε)ε be in (R+∗ )(0,1] such that limε→0 rε = +∞.
Consider a family of smooth one-variable functions (gε)ε such that
supz∈[−rε,rε] |gε(z)| = 1 with

gε(z) =

{
0 if |z| ≥ rε

1 if −rε + 1 ≤ z ≤ rε − 1.

Assume that ∂ngε/∂z
n is bounded on [−rε, rε] for any integer n, n > 0

and

sup
z∈[−rε,rε]

∣∣∣∣∂ngε
∂zn

(z)

∣∣∣∣ = Mn.

Let φε(z) = zgε(z). We approximate the function F by

(x, y, z) �−→ F (x, y, φε(z)) = Fε(x, y, z)

then problem (P ) is changed into the family of regularized Lipschitz
problems

(
P(ε,η)

)
: uε,η(x) = ϕη(x) +

∫ x

0

Fε(x, t, uε,η(t)) dt.

Here F can be non-Lipschitz but still have polynomial growth. More
precisely, we assume the existence of p ∈ N such that, for all K � R
and for all l ∈ N, there exists a μK,l > 0,

sup
(x,t,z)∈K2×R

∣∣DlF (x, t, z)
∣∣ ≤ μK,l(1 + |z|)p.
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Thus,

sup
(x,t,z)∈K2×R;|α|≤l

∣∣DlFε(x, t, z)
∣∣ = sup

(x,t)∈K2;|z|≤rε;|α|≤l

∣∣DlF (x, t, φε(z))
∣∣

≤ μK,l(1 + rε)
p.

In particular, we set

mK,ε = sup
(x,t)∈K2;z∈R

∣∣∣∣ ∂∂zFε(x, t, z)

∣∣∣∣ ≤ μK,1(1 + rε)
p.

Theorem 14. Set n ∈ N. Let (Fε)ε ∈ (C∞(R3,R))(0,1]. Assume
that for all ε ∈ (0, 1] and for all (x, t) ∈ R2,

(A0) Fε(x, t, 0) = 0,

for all ε ∈ (0, 1], there exists p > 0, for all n ∈ N and for all K � R,
there exists μK,n > 0,

sup
(x,t)∈K2;z∈R;|α|≤l

|DnFε(x, t, z)| ≤ μK,n(1 + rε)
p,

then A(R) is stable under the family (Fε)ε.

See [7, 8] for a similar proof.

3.2. Construction of A(R). We make the following assumptions
to generate a convenient (C, E ,P)-algebra adapted to our problem: for
all K � R and for all l ∈ N, there exists μK,l > 0,

(H1)

sup
(x,t,z)∈K2×R, l

∣∣DlF (x, t, z)
∣∣ ≤ μK,l(1 + |z|)p.

(H2) ϕη ∈ C∞(R)

(H3)

⎧⎪⎪⎨
⎪⎪⎩

C = A/IA is overgenerated by the following

elements of R
(0,1]
∗

(ε)ε,η , (η)ε,η , (rε)ε,η , (exp rε)ε,η.

(H4)

⎧⎨
⎩

A(R) = X (R/N(R)) is built on C with

(E ,P) =
(
C∞(R), (PK,l)K�R2,l∈N

)
.
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Then the data ϕ belong to A(R) and u is searched in the algebraA(R).

3.3. A generalized differential problem associated to the
classical one. The problem associated to (P ) can be written as the
well-formulated one

(Pgen) : u (x) = ϕ (x) +

∫ x

0

F(u)(t) dt

where u is searched in the algebra A(R) and F is defined as previously.

The family of problems

(
P(ε,η)

)
: uε,η(x) = ϕη(x) +

∫ x

0

Fε(x, t, uε,η(t)) dt

is associated to problem (P ).

In terms of representatives, and thanks to the stability hypothesis,
solving the generalized problem (Pgen) amounts to finding a family
(uε,η)ε,η ∈ X (R) such that

uε,η(x)− (ϕη(x) + iε,η(x)) =

∫ x

0

Fε(x, t, uε,η(t)) dt+ jε,η(x),

where (jε)ε, (iε)ε ∈ N(R).

Suppose we can find uε,η ∈ C∞(R) verifying

(
P(ε,η)

)
: uε,η(x) = ϕη(x) +

∫ x

0

Fε(x, t, uε,η(t)) dt;

then, if we can prove that (uε,η)ε,η ∈ X (R), u = [uε,η] is a solution of
(Pgen).

3.4. Estimates for a parametrized regular problem. We are
going to replace (P ) with a family (P(ε,η)) of regularized problems:

(
P(ε,η)

)
: uε,η(x) = ϕη(x) +

∫ x

0

Fε(x, t, uε,η(t)) dt,
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where Fε is Lipschitz, ϕη regular, we are going to prove that (P(ε,η))
has a unique smooth solution under the following assumption

(Hε,η)

⎧⎨
⎩

Fε ∈ C∞(R3,R), ∀K � R,

sup(x,y)∈K2;z∈R |∂zFε(x, y, z)| = mK,ε < +∞;

ϕη ∈ C∞(R).

Theorem 15. Under Assumption (Hε,η), Problem (P(ε,η)) has a
unique solution in C∞(R).

The main idea consists in a Picard’s procedure to define a sequence
of successive approximations

un,ε,η(x) = u0,ε,η(x) +

∫ x

0

Fε(x, t, un−1,ε,η(t)) dt,

where u0,ε,η(x) = ϕη(x). For any compact subset K of R there exits a
compact subset Kλ = [−λ, λ] � R containing K.

Putting vn,ε,η = un,ε,η − un−1,ε,η, mλ,ε = mKλ,ε, we prove that

‖vn,ε,η‖∞,Kλ
≤ Φλ,ε,η

mλ,ε

(λmλ,ε)
n

n!

where
Φλ,ε,η = sup

(x,t)∈K2
λ

|Fε(x, t, 0)|+mλ,ε sup
x∈Kλ

|ϕη(x)| .

Finally, the sequence un,ε,η converges uniformly on any compact set to

uε,η = u0,ε,η +
∑
n≥1

vn,ε,η,

which is the solution to (P(ε,η)). Gronwall’s lemma gives the uniqueness
of uε,η. Moreover, we have the estimate

‖uε,η‖∞,K ≤ ‖uε,η‖∞,Kλ
≤ ‖u0,ε,η‖∞,Kλ

+
Φλ,ε,η

mλ,ε
exp(λmλ,ε).

These results are proved in Appendix 5.
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3.5. Solution to (Pgen).

Proposition 16. The family (uε,η)ε,η is a representative of a
generalized function u which belongs to the algebra A(R). Then, (Pgen)
admits u = [uε,η]A(R) as a solution.

Proof. Take K to be a compact subset of R. There exists a compact
subset Kλ = [−λ, λ] � R containing K such that

‖uε,η‖∞,K ≤ ‖uε,η‖∞,Kλ
≤ ‖u0,ε,η‖∞,Kλ

+
Φλ,ε,η

mλ,ε
exp(λmλ,ε),

where mλ,ε = mKλ,ε,

Φλ,ε,η = sup
(x,t)∈K2

λ

|Fε(x, t, 0)|+mλ,ε sup
x∈Kλ

|ϕη(x)| .

So

Φλ,ε,η

mλ,ε
exp(λmλ,ε) =

‖Fε(·, ·, 0)‖∞,K2
λ

mλ,ε
exp(λmλ,ε)+‖ϕη‖∞,Kλ

exp(λmλ,ε).

Consequently,

‖uε,η‖∞,K ≤ ‖uε,η‖∞,Kλ

≤ ‖ϕη‖∞,Kλ
(1 + exp(λmλ,ε))

+
‖Fε(·, ·, 0)‖∞,K2

λ

mλ,ε
exp(λmλ,ε);

thus

(VD1) PKλ,0 (uε,η) ≤ c1,λ,ε + c2,λ,εPKλ,0 (ϕη) ,

where the constants

c1,λ,ε =
‖Fε(·, ·, 0)‖∞,K2

λ

mλ,ε
exp(λmλ,ε))
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and c2,λ,ε = (1 + exp(λmλ,ε)) depend only on Fε and Kλ. So
(PKλ,0(uε,η))ε,η ∈ |A|. For any (x, t) ∈ K2

λ, the mean value theorem
yields the expression

Fε(x, t, z)− Fε(x, t, r) = (z − r)

∫ 1

0

∂Fε

∂z
(x, t, r + σ(t− r)) dσ.

In particular,

Fε(x, t, uε,η(t)) = Fε(x, t, 0) + uε,η(t)

∫ 1

0

∂Fε

∂z
(x, t, σ(uε,η(t))) dσ.

So
|Fε(x, t, uε,η(t))| ≤ |Fε(x, t, 0))|+mλ,ε ‖uε,η‖∞,Kλ

≤ ‖Fε(·, ·, 0)‖∞,K2
λ
+mλ,ε ‖uε,η‖∞,Kλ

.

Then, according to (VD1),

|Fε(x, t, uε,η(t))| ≤ ‖Fε(·, ·, 0)‖∞,K2
λ
+mλ,ε (c1,λ,ε + c2,λ,εPKλ,0 (ϕη)) .

Finally,

(VD2) PK2
λ
,0(Fε(·, ·, uε,η)) ≤ c3,λ,ε + c4,λ,εPKλ,0 (ϕη) ,

with c3,λ,ε = ‖Fε(·, ·, 0)‖∞,K2
λ
+mλ,εc1,λ,ε and c4,λ,ε = mλ,εc2,λ,ε. We

have

∂uε,η

∂x
(x) =

∂ϕη

∂x
(x) + Fε(x, x, uε,η(x)) +

∫ x

0

∂Fε

∂x
(x, t, uε,η(t)) dt;

thus,∣∣∣∣∂uε,η

∂x
(x)

∣∣∣∣ ≤ PKλ,1 (ϕη) + PK2
λ
,0(Fε) +

∫ x

0

μKλ,1(1 + rε)
p dt.

Then

PKλ,1 (uε,η) ≤ PKλ,1 (ϕη) + PK2
λ
,0(Fε) + λμKλ,1(1 + rε)

p

≤ PKλ,1 (ϕη) + c3,λ,ε + c4,λ,εPKλ,0 (ϕη) + λμKλ,1(1 + rε)
p.
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We have

∂nuε,η

∂xn
(x) =

∂nϕη

∂xn
(x) + n

∂n−1

∂xn−1
Fε(x, x, uε,η(x))

+

∫ x

0

∂nFε

∂xn
(x, t, uε,η(t)) dt.

Then

PKλ,n (uε,η) ≤ PKλ,n (ϕη) + nPK2
λ
,n−1(Fε) + λPKλ,n(Fε)

≤ PKλ,n (ϕη) + nμKλ,n−1(1 + rε)
p + λμKλ,n(1 + rε)

p

≤ PKλ,n (ϕη) + (nμKλ,n−1 + λμKλ,n) (1 + rε)
p.

We deduce that (PKλ,n(uε,η))ε,η ∈ A and then (uε,η)ε,η ∈ A(R). Let v
be another solution to (Pgen) with v = (vε,η)ε,η. For any x ∈ Kλ, we
have

vε,η(x) = iη(x) + ϕη(x) +

∫ x

0

Fε(x, t, vε,η(t)) dt.

Set wε,η = (vε,η − uε,η). Then

wε,η(x) = iη(x) +

∫ x

0

(Fε(x, t, vε,η(t)) − Fε(x, t, uε,η(t)) dt,

but

Fε(x, t, vε,η(t))− Fε(x, t, uε,η(t))

= wε,η(t)

∫ 1

0

∂Fε

∂z
(x, t, uε,η(t) + θwε,η(t)) dθ,

so

wε,η(x) = iη(x) +

∫ x

0

(
wε,η(t)

∫ 1

0

∂Fε

∂z
(x, t, uε,η(t) + θwε,η(t)) dθ

)
dt.

Taking x ∈ Kλ, we have

|wε,η(x)| ≤ PKλ,0(iη) +

∫ x

0

mλ,ε |wε,η(t)| dt.
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Thus, according to Gronwall’s lemma, for all x ∈ [−λ, λ],

|wε,η(x)| ≤ PKλ,0(iη) exp

(∫ x

0

mλ,ε dt

)
.

Then
|wε,η(x)| ≤ PKλ,0(iη) exp (λmλ,ε) ,

and consequently

PKλ,0(wε,η) ≤ PKλ,0(iη) exp (λmλ,ε) .

Then (PKλ,0(wε,η))ε,η ∈ I. This implies the 0th order estimate. We
deduce that (wε,η)ε,η ∈ N(R).

3.6. Independence of the generalized solution from the class
of cut off functions. See [8, 9]. Take Λ1 = (0, 1], and set

X1(R) = {(gε)ε ∈ [C∞(R)]Λ1 : ∀K � R, ∀l ∈ N, (PK,l(gε))ε ∈ |A|},
N1(R) = {(gε)ε ∈ [C∞(R)]

Λ1 : ∀K � R, ∀l ∈ N, (PK,l(gε))ε ∈ |IA|},
A1(R) = X1(R)/N1(R).

Consider T (R) the set of families of smooth one-variable functions
(hε)ε∈Λ1 ∈ X1(R), verifying the following assumptions. There exists

(sε)ε ∈ R
(0,1]
∗ :

sup
z∈[−sε,sε]

|hε(z)| = 1,

hε(z) =

{
0 if |z| ≥ sε

1 if −sε + 1 ≤ z ≤ sε − 1,

there exists q ∈ N∗, for all (hε)ε ∈ T (R) and for all ε, sε ≤ rqε .
Moreover, assume that ∂nhε/∂z

n is bounded on Jε = [−sε, sε] for any
integer n, n > 0.

We have (gε)ε∈Λ1 ∈ T (R). Recall that φε(z) = zgε(z) for z ∈ R,
Fε(x, y, z) = F (x, y, φε(z)) for (x, y, z) ∈ R3 and

sup
z∈[−rε,rε]

∣∣∣∣∂ngε
∂zn

(z)

∣∣∣∣ = Mn.
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Let g ∈ T (R)/N1(R) be the class of (gε)ε. Take (hε)ε to be another
representative of g, that is to say, (hε)ε ∈ T (R) and

(gε − hε)ε ∈ N1(R).

Set σε(z) = zhε(z) for z ∈ R, Hε(x, y, z) = F (x, y, σε(z)) for (x, y, z) ∈
R3 and

sup
z∈[−sε,sε]

∣∣∣∣∂nhε

∂z
(z)

∣∣∣∣ = M ′
n.

Our choice is made such that (supp (hε))ε have the same growth as
(supp (fε))ε with respect to the scale (rqε)ε; in this way, the corre-
sponding solutions are lying in the same algebra A(R2).

Proposition 17. Set Sn = {α ∈ N3 : |α| = n} when n ∈ N∗. Let
F ∈ C∞(R3,R) and Lε be defined by

Lε(x, y, z) = F (x, y, σε(z)).

Assume that

∀ (x, y) ∈ R2, F (x, y, 0) = 0 ,

∀n ∈ N, n ≤ p0, ∃dn > 0, ∀ε ∈ (0, 1] , ∀K � R2,

sup
(x,y)∈K; z∈Jε;α∈Sn

|DαF (x, y, z)| ≤ dnr
p0
ε

and
∃p0 > 0, ∀α ∈ N3, |α| = n > p0, D

αF (x, y, z) = 0,

then
∀n ∈ N, n ≤ p0, ∃cn > 0, ∀ε ∈ (0, 1] , ∀K � R2,

sup
(x,y)∈K; z∈R;α∈Sn

|DαLε(x, y, z)| ≤ cnr
p0(1+q)
ε

and A(R) is stable under the family (Lε)ε.

We refer the reader to [8] for a similar proof.

Theorem 18. Assume that p = p0(1 + q) and the hypotheses of
Proposition 17 are verified. Let F be the generalized operator associated
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to F via the family (gε)ε. Let (hε)ε ∈ (C∞(R))Λ1 be another family
representative of the class [gε] = g and leading to another generalized
operator L associated to F . Furthermore, we have L = F , i.e.,
L(u) = F(u) for any u ∈ A(R). Then, in terms of representatives, that
is to say, if (uε,η)ε,η, (vε,η)ε,η ∈ X (R) and (wε,η)ε,η = (vε,η−uε,η)ε,η ∈
N(R),

(F (·, ·, σε (vε,η))− F (·, ·, φε (uε,η)))ε,η ∈ N(R).

We refer the reader to [8] for a similar proof.

Corollary 19. Problem (Pgen) and, a fortiori, its solution, does
not depend of the choice of the representative (fε)ε of the class f ∈
T (R)/N1(R).

3.7. Examples.

Example 20. Consider the equation

(P ) : u(x) = L(x)−
∫ x

0

u2(t) dt.

This equation is equivalent to the nonlinear differential Ricatti equa-
tion: {

u′(x) + u2(x) = l(x);

u(0) = L(0); l = L′.

In [12] the authors show that, under some conditions, this equation
where l and u are elements from Colombeau algebra G(R) with u(0) =
L(0) a known generalized number, has a unique solution in G(R).

Example 21. Consider the equation

(P ) : u(x) = c+

∫ x

0

(
u− u2

)
(t) dt,

where c is a generalized number c = [cε,η] ∈ R (the algebra of
generalized numbers). This equation is equivalent to the logistic
equation

u′(x) = u(x)− u2(x); u(0) = c.
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Using our previous notation, we have Fε(x, t, uε,η(t)) = φε(uε,η(t)) −
(φε(uε,η(t)))

2 and the family (P(ε,η)) of regularized problems:

(
P(ε,η)

)
: uε,η(x) = cε,η +

∫ x

0

Fε(x, t, uε,η(t)) dt,

is associated to problem (P ). The solution uε,η to problem (P(ε,η)) is
defined by

uε,η(x) =
cε,ηe

x

1 + cε,η(ex − 1)
.

So u = [uε,η] is the solution to Problem (P ), u belongs to A(R) and u
is not a distribution.

Example 22. In the case of linear equations, we recover well-known
results. We use one parameter η to regularize the data, then we obtain
the Colombeau algebra. Consider the equation

(P ) : u(x) = G(x) +

∫ x

0

u(t) dt;

it is equivalent to the differential equation

u′(x) = g(x) + u(x); u(0) = G(0),

where G′ = g.

Let H be the Heaviside distribution. Then G is the distribution
H ∗ g so the distributional solution is u = E ∗ g with E(t) = H(t)et. If
(θη)η∈(0,1] is a family of mollifiers, the family of problems

(
P(η)

)
: uη(x) = gη(x) +

∫ x

0

u(t) dt,

with gη = (G ∗ θη), is associated to problem (P ). Then

uη(x) =

∫ x

0

gη(t)e
x−tdt,

and, as [gη] � g, we have u = [uη] � E ∗ g. In particular, take G = H .
Then g = δ and u � E ∗ δ = E so u(x) = H(x)ex.
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4. Consistency with classical results. Suppose that ϕ ∈ C∞(R)

then C = A/IA is overgenerated by the following elements of R
(0,1]
∗ :

(ε)ε, (rε)ε, (exp rε)ε. A(R) = X (R)/N(R) is built on C. We have the
same results as previously taking ϕη = ϕ.

Remark 23. The generalized function represented by the family of
solutions to the regularized problems (Pε) is defined from the integral
representation uε(x) = ϕ(x)+

∫ x

0
Fε(x, t, uε(t)) dt. Thus, we are going

to study the relationship between this generalized function and the
classical solutions to (P ) (when they exist) on a domain Ω = ]μ, ν[. If
Problem (P ) has a smooth solution v on Ω then, necessarily we have
Ω ⊂ R\singsupp (u).

Recall that there exists a canonical sheaf embedding of C∞ into A,
through the morphism of algebra

σO : C∞ (O) −→ A (O) , g �−→ [gε]

(where O is any open subset of R and gε = g).

The presheaf A allows to define restriction and, as usual, we denote by
u|O the restriction on O of u ∈ A(R).

Theorem 24. Let Ω = ]μ, ν[ be an open subset of R such that

Ω ⊂ R\singsupp (u) .

Assume that Ω = ∪εΩε when (Ωε)ε is an increasing family of open
subsets of R such that Ωε = ]με, νε[ with με < νε. Assume that
the nonregularized problem has a smooth solution v on Ω such that
supx∈Ωε

|v(x)| < rε − 1 for any ε. Let u ∈ A(R) be the generalized
function represented by the family (uε)ε of solutions to (Pε) given by
Theorem 16. Then σΩ(v) = u|Ω.

Proof. See [5, 7, 9]. We can choose as representative of σΩ(v) the
net (v)ε. We clearly have for all x ∈ Ω, there exists a ε0, for all ε ≤ ε0,
x ∈ Ωε. Then

v(x) = ϕ(x) +

∫ x

0

F (x, t, v(t)) dt.
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We take as representative of u the net (uε)ε given by Theorem 16. This
net satisfies for all x ∈ Ω,

uε(x) = ϕ(x) +

∫ x

0

Fε(x, t, uε(t)) dt.

Take K � Ω. There exists a ε1 such that, for all ε ≤ ε1, K � Ωε.
According to the definition of Ωε, there exists a λ, 0 < λ < (νε−με)/2,
such that K ⊂ Qλ ⊂ Ωε with Qλ = [με + λ, νε − λ]. Note that, for
(x, t, z) ∈ Ω2

ε × ]−rε + 1, rε − 1[, we have F (x, t, z) = Fε(x, t, z) by
construction of Fε. Set (wε)ε = (v − uε|Ω)ε. Take x ∈ K. Then

wε(x) =

∫ x

0

F (x, t, v(t)) dt −
∫ x

0

Fε(x, t, uε(t)) dt

=

∫ x

0

(F (x, t, v(t)) − Fε(x, t, v(t))) dt

+

∫ x

0

(Fε(x, t, v(t)) − Fε(x, t, uε(t))) dt.

However,

Fε(x, t, v(t)) − Fε(x, t, uε(t))

= (v(t) − uε(t))

(∫ 1

0

∂Fε

∂z
(x, t, (uε(t) + σ(v(t)) − uε(t))) dσ

)
.

Thus,
|Fε(x, t, v(t)) − Fε(x, t, uε(t))| ≤ |wε(t)|mQλ,ε.

Moreover, as the values of v are in ]−rε + 1, rε − 1[, we have

F (·, ·, v)− Fε (·, ·, v) = 0

on Ωε. So

|wε(x)| ≤ mQλ,ε

∫ x

0

|wε(t)| dt.

Thus, according to Gronwall’s lemma, wε(x) = 0; hence, wε = 0 on K.
It follows that, for all ε ≤ ε1, supx∈Qλ

|wε(x)| = 0; hence, (PK,l(wε))ε ∈
IA for any l ∈ N as wε vanishes on K. Thus, (wε)ε ∈ N(Ω) and
σΩ(v) = u|Ω as claimed.
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Remark 25. The hypotheses made in Theorem 24 are satisfied for
F (·, ·, u) = uk (k ≥ 2) and ϕ = 1, for which the local solution

v(x) = (1 − (k − 1)x)−(k−1)−1

exists in
]
−∞, (k − 1)−1

[
. On Ωε =

]
−∞, (1− ε)(k − 1)−1

[
, we have

|u(x)| ≤ ε−(k−1)−1

. It suffices to take rε > ε−(k−1)−1

, say rε > ε−1 [5].

Let (uε)ε be the family of solutions to (Pε). Then u = [uε,η]A(R)

is the solution to (Pgen). The theorem shows that the restriction of
u ∈ A(R2) to Ω is precisely v. The local classical solution v, which
blows up for x = (k − 1)−1, extends to a global generalized solution u
which absorbs this blow up.

Take k = 2. Then v(x) = (1 − x)−1 and the generalized solution is
u ∼ vp((1 − x)−1) where vp denotes the principal value distribution.

APPENDIX

We use the method of successive approximations to establish the
existence and uniqueness of a solution of the integral equation:

u(x) = ϕ(x) +

∫ x

0

F (x, t, u(t)) dt

when the integrand F satisfies a Lipschitz condition as a function of its
third argument u.

We define a sequence of successive approximations for the solution of
the integral equation by means of the formula:

(ivp) un+1(x) = u0(x) +

∫ x

0

F (x, t, un(t)) dt.

The first approximation u0 will be taken here to be u0(t) = ϕ(x).
Our purpose is to establish that, under suitable hypotheses about the
integrand F , the limit

u = u0 + lim
n→+∞un = u0 +

∞∑
n=0

(un+1 − un)
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of the successive approximations exists and satisfies the integro-differential
equation (ivp).

For the proof of convergence of the infinite series we shall need to
estimate differences corresponding to increments in the argument z.

Let K be a compact of R and there exists a λ > 0 such that
K ⊂ Kλ = [−λ,+λ].

For any (x, t) ∈ K2
λ, the mean value theorem yields the expression

F (x, t, z)− F (x, t, r) = (z − r)

∫ 1

0

∂F

∂z
(x, t, r + σ(t− r)) dσ.

According to hypothesis (H), we put

mλ = sup
(x,t)∈K2

λ
; z∈R

∣∣∣∣∂F∂z (x, t, z)

∣∣∣∣.
We can conclude that |F (x, t, z)− F (x, t, r)| ≤ mλ|z − r|.
In particular, |F (x, t, u0(t))− F (x, t, 0)| ≤ mλ|u0(t)|. Then

|F (x, t, u0(t))| ≤ |F (x, t, 0)|+mλ |u0(t)| .

Set
Φλ = sup

(x,t)∈K2
λ

|F (x, t, 0)|+mλ sup
x∈Kλ

|ϕ(x)| .

We have for all x ∈ Kλ,

|un+1(x)− un(x)| ≤
∫ x

0

mλ |un(t)− un−1(t)| dt.

We have

u1(x) − u0(x) =

∫ x

0

F (x, t, u0(t)) dt;

thus,

|u1(x)− u0(x)| ≤
∫ x

0

Φλdt ≤ xΦλ.

So we find that

|u2(x)− u1(x)| ≤
∫ x

0

mλ |u1(t)− u0(t)| dt

≤ mλΦλ

∫ x

0

t dt ≤ mλΦλ
x2

2
.
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By induction, we obtain:

|un+1(x) − un(x)| ≤
Φλ

mλ

(mλx)
n+1

(n+ 1)!
.

Thus,

Φλ

mλ
emλx =

Φλ

mλ

∞∑
n=0

(mλx)
n+1

(n+ 1)!

is a majorant for the infinite series
∑∞

n=0 ‖un+1 − un‖∞,K2,λ
, and

it follows that the series
∑∞

n=0(un+1 − un) converges uniformly on
any compact of R. For any n, un is continuous; thus, u − u0 =∑∞

n=0(un+1 − un) is continuous on R.

We obtain the estimate

‖u‖∞,K ≤ ‖u‖∞,Kλ
≤ ‖u0‖∞,Kλ

+
Φλ

mλ
eλmλ .

We compute

un(t)−
(
u0(t) +

∫ x

0

F (x, t, u(t)) dt

)

=

∫ x

0

(F (x, t, un(t))− F (x, t, u(t))) dt

and ∣∣∣∣
∫ x

0

(F (x, t, un(t)) − F (x, t, u(t))) dt

∣∣∣∣ ≤ mλ |un(t)− u(t)| .

We have

u(t)−
(
u0(t) +

∫ x

0

F (x, t, u(t)) dt

)

= (u(t)− un(t)) +

[
un(t)−

(
u0(t) +

∫ x

0

F (x, t, u(t)) dt

)]
;

thus∣∣∣∣u(t)−
(
u0(t) +

∫ x

0

F (x, t, u(t)) dt

)∣∣∣∣
≤ |un(t)− u(t)|+mλ

∫ x

0

|un(t)− u(t)| dt

≤ |un(t)− u(t)| (1 + λmλ) .
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We conclude that, for any x ∈ Kλ,

u(x) = u0(x) +

∫ x

0

F (x, t, u(t)) dt.

Let us show the uniqueness of the solution. Let v be another solution;
putting Δ = v − u, we obtain

Δ(x) =

∫ x

0

(F (x, t, v(t)) − F (x, t, u(t))) dt.

We have

|Δ(x)| ≤
∫ x

0

(F (x, t, v(t))− F (x, t, u(t))) dt

≤ mλ

∫ x

0

|v(t)− u(t)| dt ≤ mλ

∫ x

0

|Δ(t)| dt.

By applying Gronwall’s lemma, we get Δ = 0, which proves the
uniqueness of u.
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Equipe Analyse Algébrique Non Linéaire, Laboratoire CEREGMIA, Uni-
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