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ABSTRACT. Fast singularity preserving multiscale Galerkin
methods are developed in this paper for solving weakly sin-
gular Fredholm integral equations of the second kind with
non-smooth solutions. A truncation strategy for the coeffi-
cient matrix obtained by using singularity preserving multi-
scale Galerkin methods is proposed. The multilevel augmenta-
tion method is developed for solving the discrete system with
the truncated matrix. We prove that the methods preserve
the singularities of the solutions and possess optimal order of
convergence and linear computational complexity (up to a log-
arithmic factor). Finally, numerical experiments are presented
to confirm theoretical results and demonstrate the efficiency
and accuracy of the methods.

1. Introduction. Fast wavelet and multiscale methods for numeri-
cal solutions of weakly singular integral equations have attracted much
attention recently. The methods are based on the fact that the repre-
sentation of integral operators by appropriate wavelet and multiscale
bases produces numerically sparse matrices. Matrix truncation (com-
pression) techniques are then designed, which lead to fast algorithms for
solving the integral equations (see, for example, [1, 6, 7, 14, 15, 22,
23] and the references cited therein). Moreover, multilevel augmenta-
tion methods are proposed as fast solvers for solving the discrete linear
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systems derived from wavelet and multiscale methods [7-10]. These
methods were proved to possess nearly linear computational complex-
ity and optimal order of convergence. However, all of these results
are based on the regularity assumption of the solutions. It has been
shown that solutions of the weakly singular Fredholm integral equations
usually have singularities in their derivatives, which reflect the singu-
larities of the kernels (see, for example, [17, 24-26]). Some numerical
methods are developed based on this fact. The adaptive method is
one of the best methods to solve this problem ([11, 12] and the ref-
erences cited therein). The singularity preserving method is a simple
and direct method. It allows the approximate spaces to contain some
known singular functions that carry the singularities of the exact solu-
tion. Another part of the solution is considered as a smooth function.
Since singularities of the solution usually reflect important features of
practical physical problems, numerical methods preserving singulari-
ties of the solution are preferable. Singularity preserving Galerkin and
Petrov-Galerkin methods for weakly singular Fredholm integral equa-
tions and Hammerstein integral equations were developed respectively
(see [2, 18, 27]). The computational complexities of these methods
are all O(N?), where N is the dimension of the approximate subspace
of the solution. The paper [21] combines the ideas of singularity pre-
serving Galerkin methods and wavelet numerical methods for weakly
singular integral equations such that the approximate solution can be
obtained by solving a linear system of equation determined by a sparse
matrix with O(N log N) nonzero entries.

The purpose of this paper is to develop fast singularity preserving
Galerkin methods for solving weakly singular Fredholm integral equa-
tions of the second kind by using multiscale bases. The solutions
of these equations have certain singularities. Singularity preserving
Galerkin methods allow us to approximate non-smooth solutions more
efficiently. We will develop the corresponding matrix compression tech-
nique and multilevel augmentation algorithm to obtain fast solvers of
the equations, which possess linear computational complexity (up to a
logarithmic factor) and optimal order of convergence.

We organize this paper as follows. In Section 2, we will describe
the multiscale (wavelet) bases and present singularity preserving mul-
tiscale Galerkin methods for solving weakly singular Fredholm integral
equations of the second kind. Section 3 is devoted to proposing a corre-
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sponding matrix compression for the coefficient matrix of the discrete
system and analyzing the computational complexity of the algorithm
and the convergence order of the approximate solutions. In Section 4
we will present a multilevel augmentation algorithm to solve the dis-
crete system derived from the singularity preserving multiscale Galerkin
method with a matrix compression scheme. A complete analysis for
computational complexity and convergence order is also proposed. Fi-
nally, in Section 5, we will give numerical experiments to confirm our
theoretical results and illustrate the efficiency of the methods.

2. Singularity preserving multiscale Galerkin methods. In
this section we present singularity preserving multiscale Galerkin meth-
ods for solving weakly singular Fredholm integral equations of the sec-
ond kind with non-smooth solutions.

Let X := L%(E), with the norm | - || and inner product (-, -), where
E Cc RYd € N :={1,2,3,...}) is a compact domain. Assume that
K : X — X is a compact linear operator defined by

(Kz)(s) = /E K(s,H)z(t)dt, s€F,

where the function K : Ex E — R is a weakly singular kernel satisfying
condition (g) mentioned in Section 3. For f € X, we consider the
weakly singular Fredholm integral equation of the second kind

(2.1) x— Kz = f.

We assume that 1 is not an eigenvalue of K, so that equation (2.1) has
a unique solution in X.

Asin [2, 17, 24, 27], we assume that the solution of equation (2.1)
has the singularity decomposition

(2.2) r=v+4+u, veEV,uelU,

where V C X is a finite dimensional subspace including known singular
functions and U C H¥(E) is a subspace of X consisting of smooth
functions.

We denote Ny := {0,1,2,...}, Z, := {0,1,2,...,n — 1}, and let
{U,, : n € Ng} be a sequence of finite dimensional subspaces of X



216 JIE CHEN, ZHONGYING CHEN AND YONGDONG ZHANG

satisfying VNU,, = {0} and U, en, U, 2 U. The singularity preserving
Galerkin method is to find z,, € X,, := V @ U,, such that

(2.3) (X — Kan,y) = (fyy), forallyeX,,

where the notation A @ B stands for the direct sum of two subspaces
A and B.

It has been proved (see, for example, [2]) that equation (2.3) has a
unique solution x,, when n is sufficiently large and, if x is the solution
of (2.1), x = v+ u with v € V, u € H*(E), and

. _ < k
it u = wl < ch¥ulm,

then
(2.4) l&n — || < ch”|lul| g,

where h is the maximal distance of the quasi-uniform mesh.

In order to present multiscale schemes, we assume that there is a
family of multiscale partitions {E; : i € No} such that, for each scale
i € No, FEj; consists of a family of star-shaped subsets F; ;, j € Z;),
satisfying that

U Eij=E meas(Ei;NEi;) =0, jj € Zew, j #J',
J€Ze(s)

and
meas (E; ;) ~ d?, j € Zew,

where e(i) denotes the cardinality of set E;, d; := max{d(E; ;) : j €
Ze(iy}, d(A) denotes the diameter of set A, and the notation a; ~ b;
means that there are positive constants ¢; and ¢y independent of ¢ such
that cra; < b; < coa; for all i € Ny.

We next assume that {U,, : n € Ny} are nested, that is, U,_1 C Uy,
n € N. Thus, a subspace W,, C U, can be defined such that U,
becomes an orthogonal direct sum of U, _; and W,. This leads to a
multiscale space decomposition

Un:WOEBLwl@L"'@Lan
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where we denote Wy := Uy. We will use denotations w(i) := dim W,
i € Ng and s(n) :=dimU,, =}, w(t), n € No.

We associate with the partitions and the subspaces a family of basis
functions {w; ; : (i,7) € J} C X such that

1€ Zn41

Wy = span{wyj : j € Zyn)}, n € No,
and
U, =span{w; ; : (i,7) € Jn},

where J := {(4,5) : j € Zw@),i € No}y and Jy, := {(4,5) : j € Zwy,1 €
Zn+1}. We require that the following properties hold for the partitions,
space decomposition and basis functions.

(a) There is a positive integer u > 1 such that, for i € Ny,
(2.5) di ~ i~ w(i) ~pf,  and s(i) ~ pl.

Therefore, when using the multiscale scheme, the maximal distance h
presented in formula (2.4) has the equivalence property h ~ (s(n))~¢.

(b) There exist positive integers p and r such that, for every i > r
and j € Z,,(; written in the form j = vp+ s where s € Z, and v € Ny,

Wi, j (t) =0, ¢ ¢ Eifr,w

This means that the support of w; ; is contained in S; j := E;_r ..

(¢) Vanishing moment conditions hold such that, for any (i,5) € J
with ¢ > 0, and polynomial p of total degree less than k,

<wi7jap> = O
(d) There is a positive constant 6y such that, for any (i,j) € J,
lwill =1, and ||wijlle < ‘_z)oﬂi/z7

where || - |0 denotes the norm in L (E).
(e) There is a positive constant 6 such that, for all n € Ny,

v =2 G5 e, ViiWigs
[vll2 < 6:]lv]],
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where v := [v; ; : (i,) € Jn]T. We remark that, throughout this paper,
the notation ||x||,(1 < p < 00) for a vector x := [z, : j € Z,|T denotes
the ¢,-norm defined by

Ix[lp = { (Xjez, [P 1<p<oo,
P max{|z;|:j € Z,} p=o0.

(f) If P, is the orthogonal projection of X onto U, then there exists
a positive constant ¢ such that, for any u € H*(E),

(2.6) lu = Prul| < cdy [l .

The construction of multiscale bases having all properties (a) ~ ()
can be found in much literature (see, for example, [3, 5, 6, 20]).
Especially, if we choose U,, n € Ng, to be spaces of piecewise
polynomials of total degree < k — 1 with respect to partition F,, and
if we choose {w; ; : (¢,7) € Jn} to be a sequence of orthonormal bases
for U, then property (e) holds with ||v||2 = ||v||, and the vanishing
moment property (c) and approximation property (f) hold naturally.

Assume that W_; :=V =span{w_1; : j € Z;}, where [ := w(-1) =
dim W_1. Then we have

Xy = span{wi; : (i,j) € J,},

where J), := {(i,7) : j € Zw@),i € Z) 4y} with Z) = {-1,0,1,... ,n}.

With the multiscale bases described above, the singularity preserving
multiscale Galerkin scheme for solving equation (2.1) is to find

Ty = E Ti jW; 5 € Xn,
(i,5)€J},

such that

(27) (wi/,j/,xn — ’C{En> = (wi/,j/, f>, for all (i,,j/) € J;L

Let P_; and P,, be orthogonal projections of X onto W_; and U,
defined by

<7D_1l‘,y> = <$,y>, for auyew—la
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and
(Ppz,y) = (x,y), forallye€ U,,
respectively. Equation (2.7) can be formulated as

(28) { lpfl(I - ]C)xn - ’Pflfa

Pn(Z — K)xy = Ppf.

As in [5], we identify the vector [v,u]T in V x U,, with the sum v +u
in V@ U,,. We then introduce the operator IC,, : X,, — X,, by

Un]

U Y

write z, € X, as , = [Un, un]T with v, € V, u, € U,, and define
fn = [P_1f,Pnf]’. Equation (2.8) is now written in the form

Un | _ | PaiKlv PoaKlu, | |ve | _ | P-1f
Un Pn,C|V IPn]C|U,,L Un Pnf ’

or the operator equation

Pkl Poik
Poklv  PuK

(2.9) K o= {

(2.10) (T = Kn)&n = fo.

We remark that definition (2.9) of the operator C,, will help us to
build a theoretical framework for the analysis of singularity preserving
multiscale Galerkin methods.

Denote
E, = [(wi g, wig) : (i,5), (@', 5') € J?{L]s/(n)xs’(n) )

K, = [<wi/7j/7lcwi,j> : (Zaj)a (i,7j/) € ‘];L]S’(n)Xs’(n);

£ 1= [(wi g0, )+ (7)€ T,

and
X o= (i o (7, 57) € JR)T
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where s'(n) := 1+ s(n). Equation (2.7) can be written in the matrix
form

(2.11) (En — Kn)xp = £

3. Matrix compression algorithm. In this section we de-
velop a matrix truncation strategy for singularity preserving multiscale
Galerkin methods described in the last section, which will result in
matrix compression and lead us to a fast algorithm for approximately
solving equation (2.1).

Throughout this paper, we suppose that the following weak singular-
ity conditions on kernel K hold:

(g) For s,t € E, s # t, K has a continuous partial derivative
DYDP K (s,t) for |a| < k, |8] < k. Moreover, there exist constants
o € [0,d) and ¢ > 0 such that, for |a| = |8| = &,

c

apnb
|DgDy K (s, t)| < =

We denote entries of the matrix K,, by Ky jr;; = (wir jr, Kw; ),
(i,7),(¢,4") € J/. Note that the entries of the coefficient matrix
obtained by the singularity preserving multiscale Galerkin method are
the same as that by the corresponding multiscale (wavelet) Galerkin
method except for the entries with ¢ = —1 or ¢/ = —1. It has been
proved for multiscale Galerkin methods that most of these entries are so
small that they can be neglected without affecting the overall accuracy
of the approximation scheme. To present and analyze the truncation
strategy for the singularity preserving method, we quote the estimate
of these entries in the following lemma (cf. [3, 22]).

Lemma 3.1. If conditions (a)—(d), (g) hold and there is a constant
r > 1 such that

dist (Si’j, Si/’j/) 2 max{rdi, Tdi/},
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then there exists a positive constant ¢ independent of 1, j, i’ and j' such
that, for i,i’ >0,

_ . dt
| Ky jrsi ] < c(didi’)k d/2 mm{df, max /SJ m7

sESilyj/

ds
d¢ max T [
teSijiJs, ., |S — t| +o

il

We now partition matrix K,, into a block matrix K,, = [Ky/ ;)i icz

n41
with Ky i = (K j1ijliez, i€, and choose truncation parame-

)
ters 7 ., which will be specified later, to obtain a truncation matrix

i1
K, = |:Ki’,ii| I ;
3 ,'LEZW_*_1
where
R n —
Kiri = K(07 )iri = [Kz'xj';i,j} , . )
€211y, I€Zw (i)
with
1 n
N Ky gy dist (Sy 5, 8,5) <05 4,
K’/,j’;z,] = or 1 = —1, or ¢ = —1,

0 otherwise.
We remark that if we write K,, as the block matrix

K., K°
Kn = |: K?:}ill K(:)l’ :| ;

where K(ll,n = [K,Lo,... ,K,Ln], K%_l = [Koyfl,... ,Knﬁfl]T,

and Kg = [Kilﬂ‘]i/’ieZnJrl, then we have

R _ K71’,1 K(ll,n
LKL K

in which the block I~(% is obtained from K by using the truncation
strategy as was done in fast multiscale Galerkin methods (cf. [3, 22]).

Our approximate algorithm is to find x,, == [7;; : (i,5) € J}]T €
R*' (") such that

(3.12) (En — Kp)%, = f,.
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Let IEn : X,, = X, be the linear operator defined by

= . [P-1iKlv P-iK|u,
(3.13) Ky = {anv o]

where K is the operator from U, into itself relative to the basis
{wi ;, (i,j) € Jn} corresponding to matrix KO. Then, the approximate
algorithm of equation (3.12) in operator form is to find

Ty = E Ti Wi 5 S Xn,
(i,9)€J},

such that

(3.14) (Z = Kn)in = fo-

For any matrix K, we denote by N(K) the number of nonzero entries
in K. Now we estimate the number of nonzero entries of matrix Rn,
which will show that the truncation strategy leads to a fast numerical
algorithm for solving equation (2.1).

Theorem 3.2. Assume that conditions (a) and (b) hold. Choose the
truncation parameters 0;; ; such that, for some positive constants a and
r with r > 1,

o ; < max{a,u[_"“’(”_i)*'“l(”_il)]/d, rdi,rdir}, 0,7 € Zpya,
where « and o are any numbers in (—oo,1]. Then
N(K,) = O(s(n) log” s(n),
where 7 = 1 except for a = o' =1 in which case T = 2.
Proof. 1t is obvious that
N(K,) = 12 4 2ls(n) + N(K?).

According to Theorem 3.3 in [22],
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O(s(n)logs(n)) a=dao =1,
O(s(n)logs(n))  otherwise.

NS - {

This completes the proof. ]

This theorem shows that the singularity preserving multiscale Galerkin
method enjoys the same nearly linear computational complexity as gen-
eral multiscale and wavelet methods. In some literature, this leads to
linear computational complexity through the second compression ([13]
and the references cited therein). Here we will not discuss the second
compression.

In order to show the order of convergence of the truncated scheme and
stability of the operator equation, we introduce a special projection.

Assume that W is the complement of V in X, that is, X :=V W
with U,, CW. For n € Ny we define the linear operator P, : X — X,
by

'P;L = [P_1|V,Pn|w]T.

Lemma 3.3. {P/ : n € N} is a sequence of uniformly bounded
projections. Moreover, for any x =v+u € X withv € V and u € W,

[Pz =l = Pou — ul|.

Proof. Letting z =v+w € X with v € V and w € W, then
P2z = PL(P_1v + Paw) = P_1?v + Po2w = Pla,

which means that P> = P/; thus, P/, is a linear projection from X
onto X,,. On the other hand, for any = € X,

Plx=v+Paw—v+w=x, asn— oo.

This means that {P/,} converges point wisely to the identity operator
Z on X. We conclude by using the uniform boundedness theorem
that P/, n € N, are uniformly bounded. Finally, we have that
Plez—x=v+Puw—(v+w) =P,w—w. This completes the proof. O
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With the help of the projection P;,, we give a useful lemma. To
describe it, we assume 7 := 2k — d+ o > 0, and for real numbers a and

b, set
pla,bin]i= Y pt N
1€ 2041 iV €Znt1

Lemma 3.4. Assume that conditions (a)—(d), (g) hold. Choose the
truncation parameter 8% ., i, i’ € Zn41 such that, for some positive

i3

constant a and r with r > 1,
6?,i 2 maX{au[—n-l-O’(n—’i)-i-(Xl(YL—’L'/)]/d, ’I”di, Td’i' }7 i i’ € Zn+17

where a and o are any real numbers. Then, for any x = v+u € X
withv € V andu € H™(E), 0 <m < k,

1(KCn, — Kn)Pha|| < cplk +m — an, k — o/ m;n]p™ M H4=0m |y || o,

where ¢ is a constant independent of n.

Proof. Tt follows from (2.9) and (3.13) that our truncation strategy
leads to B
(K —Kp)v=0, forallveV.

Therefore,
(Kn — Kn)Pha = (K — Kn)Phu = (K2 — K2)Pou,

where KU := P,K|u,. It has been proved (see, for example, [3, 22])
that there exists a constant ¢ independent of n such that

15, = K0 Poul| < cplk +m — am, k — o/n;n]p= 4= || .

Thus, the proof of this lemma is completed. a

Recall that, for the standard Galerkin scheme, there is a positive
constant ¢y such that, when n is sufficiently large,

(3.15) (Z — Kn)x|| = collz|], for all z € X,,.

We get the stability of the approximate operator equation (3.14) in the
following theorem.
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Theorem 3.5. Assume that conditions (a)—(e) and (g) hold, and

03 ; are chosen as in Lemma 3.4 with
- d—o s 1 d-o rd >
a> - — a>-———, a+ta .
2 2n 2 2n

Then there exist a positive constant ¢ and a positive integer N such
that, when n > N and z € X,,,

I(Z - Koz = el

Proof. 1t follows from the estimate in Lemma 3.4 with m =0, x € X,,
and u =z € X = H(E) that

[(KCn — Kn)z|| < culk — am, k — a/n;n]u= @~/ ||z

Note that, for any real numbers a, b and e, lim,_oo =% = 0 when
e >max{0,a,b,a+b}. Witha:=k—an,b:=k—a'nand e:=d— o,
thus the choice of ¢; ; ensures that there exists a positive integer N
such that, when n > N,

cplk — am, k — o/msm)p= = < ¢ /2.
This along with (3.15) leads to
IZ = Kozl = 1T = K|l = [(Ka = Ka)al| = %OH$||7
for any = € X,;, and the proof is completed. O

The next theorem shows that the convergence order of the matrix
compression algorithm is optimal (up to a logarithmic factor).

Theorem 3.6. Let x and T, be solutions of equations (2.1) and
(3.14), respectively, with a decomposition x = v+ u, v € V and u €
H*(E). Assume that conditions (a)—(g) hold, and &) ; are chosen as in
Lemma 3.4 with o and o satisfying one of the following conditions:
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Ha>1,¢>1/2)—[(d—0)/2n], a+a" >1+(k/2n), ora > 1,
o > [(d=0o)/2n), a+a > 1+ (k/2n), or a > 1, & > [(d—0)/27],
a+ao >1+(k/2n).

(i) @ =1, o' = (k/n), or a = (2k/n), o’ = (1/2) = [(d — o) /21].

Then there exist a positive constant ¢ and a positive integer N such
that, whenn > N,

lz = Zall < es(n) =/ (log s(n))" ul e,

where T =0 in case (i), and T =1 in case (ii).
Proof. It follows from Theorem 3.5 that there exists a positive

constant ¢ independent of n such that

1P = Zall < ell(Z = Kn)(Pha — ).
From equations (2.10) and (3.14) we see that

(T — Kn)in = (T — Kn)zp.

This leads to

(T = K)(Pha — ) = (T — Kn)Pla — (T — Kn)zn
= (T —Kn)(Pha —x,) + (K, — Kn)P .

It can easily be verified that ||K,| < 2|[||. Therefore, there exists a
positive constant ¢’ such that
(3.16)

[z = Zn|l < [l = Ppz|| + [|Prz — 2

< llz = Phall + ell(Z = Ka) (Phz = ) + (Ko = Kn)Pra]
< (llz = Phall + llzn = 2l + 1(Ca — Ka)Phzl) -

It follows from Lemma 3.3, properties (a), (f) and (2.4) that
(3.17) lz =Pl = llu = Poul| < es(n) ™ lul| g,
and

(3.18) s — || < es(n) ™ lull v
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From Lemma 3.4, we see that
1 — K)Ppall < enl2k — am, k — o/m; m]p= =/ A=k ||
Observe that

O() ife>a,e>b,e>a+b
ore>a,e>b,e>a+b
ore>a,e>b, e>a-+b,

O(n) ife=a,b=0o0re=>b,a=0,

pla, by e/ =

as n — oco. From this, with @ := 2k —an, b:=k —a'n, and e :=d — o,
we obtain that
O(1) in case (i),

U k—a'n: —(d=o)n/d _
ul afn, a'n;njp O(n) in case (ii).

Since s(n) ~ p, then
(3.19) 1o = Ko )Pral| < es(n)™*/*(log s(n)" lul| .

Substituting (3.17)—(3.19) into (3.16) yields the result of this theo-
rem. O

4. Singularity preserving multilevel augmentation methods.
In this section, we will develop a fast solver, named the multilevel
augmentation method, to solve the discrete systems obtained by using
the singularity preserving multiscale Galerkin method with the matrix
compression scheme described in the last section.

Our multilevel augmentation method is based on the multiscale space
decomposition, that is, for a fixed £ € Ny and any m € Ny,

(4.20) Xopom =VoU, & Wi @t - o Wi,

We are aiming at approximately solving equation (3.14) with n = £+m,
ie.,

(4.21) Z- ’€€+M)§€+m = ferm.
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To this end, we first denote Q,,+1 = Ppt1 — Pn, n € Ny, and write the
operator Koym : Xotm — Xetrm as the matrix form

(4.22) _ _ B _
PoiKly  PoaKlu,  PoiKiwe, -0 PaaKlwgg,
PEICLV ,PEICLU;_; 'PZICLWHI t ,PEICLWH,,,L
Keym=| Qe+1Klv  QeniKlu,  QetiKlwe, - QeviKlwi, |,
QuimKlv  QuymKlu, Qumlam+1 . Qum/awprm

in which we use K to denote /Eum for simplicity. Similarly, the identity
operator Zpym : Xptm — Xetm can be written in the following form
(4.23)

P_iIlv  P-ZIly, P-1Zlwe, - P-1Zlw,.,
PiZlv PiIlu, 0 e 0
Toim = Qri1Zlv 0 QeiiZlwe,, -+ 0 ,
QrymIlv 0 0 o QeymZlWe,

where we have used the equations
'PgI|WHJ = 07 Qg+jI|U[ = 07 fOI"j > 0,

and
Ql+iI|Wz+J‘ = 07 for Za] > Oa { # ja

which can easily be verified by using the relation described by (4.20).
We next split the operators Krpy,, and Zyi,, as the sums of two
operators respectively, that is,

Koym =Kfm + Ki,

with
PoiKlv Poiklu, Poillwe, - P-iKlwi,
- 7DZ]C|\/ PZ’C|U( PZ,C|WZ+1 T P£K|Wl+m
Kfm = 0 0 0 . 0 ,
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and
Tovm =Tih + i,
with
P—11|V P—11|Ue ,P—11-|We+1 e ,P—11-|WZ+7n
PiZlv Pil|u, 0 e 0
I%m — O 0 Q£+1I|Wz+1 e 0 ,
0 0 0 o QormZl Wi,

where K;m and szm correspond to lower and higher frequencies of the

operator Kyi.,, respectively, and Iél\,/[m and Igm correspond to main
and subordinate parts of operator Zy,,,, respectively. Set

and
Com =1}, —Ki'.
Operator equation (4.21) is written as
Bl,mEZer - fEer - Cl,m§€+m~

According to the idea of the multilevel augmentation method (cf.
[7]), we first solve equation (4.21) at an initial coarse level ¢ and then
augment the equation from a coarse level to a finer level one by one.
At each level we solve the equation

Bé,mfé,m = fé+m - Cé,mgé,m—l

to update the solution from the coarse level solution Z;,,,—1 to the
finer level solution Zy ,,,, where the notations Z,;, ¢ = 1,... ,m, denote
the solutions obtained by the augmentation method. The process is
repeated until a satisfactory solution is obtained. Since the matrix
representation of the operator By ,, has a very simple form, we will
show later (the matrix By ,,) that the algorithm is fast and efficient.
We now describe the method exactly as follows.
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Algorithm 4.1 (Operator form of singularity preserving multilevel
augmentation methods). Let ¢ > 0 be a fized integer.

Step 1. Solve equation (4.21) with m :=0 for T, € Xy exactly.
Step 2. Set 240 := zp and compute B,y and Cy.

Step 3. For m € N, suppose that Tpm—1 € Xppm—1 has been
obtained and do the following:

o Augment By m—1 and Cpm—1 to form By m and Cpy,, respectively.
o Augment Ty ,—1 by setting Tpn, = [;‘)g—l] € Xitm-

o Solve T¢ pm € Xypqm, from equation

(4'24) Bé,mgé,m = fé—i—m - Cé,mjé,m-

To implement Algorithm 4.1 we need to present its matrix form.
Corresponding to the form (4.22) of the operator Kyy.,, we write
its matrix representation relative to the singular and multiscale bases
{w; ;: (i,5) € Jé+m} as:

re ! Ve 14 !
K™ . Ko, Ko, -+ KI,
K/ K/ K, oo K¢
0,~1 0,0 0,1 0,m
Ve rcl Ve Ve !
Kiym=| K1 Kig Ki; - Kij,
S s T
Km,fl Km,O Km,l e Km;m

The matrix representations of operators Zy4m,, i@%m, szm, I%m, Igm,
Be,m and Cy , can be given similarly. Especially when we choose {w;, g
(1,7) € Ji4m} to be orthonormal bases, the matrix representations of

operators By, and Cy,,, have the following forms

BE,m
’ Kl ’ Kl ’ Kl ’ <l
E71,71*K71,71 E71,0*K71,o E71,1*K71,1 Efl,m*KfLm
0 1l <l e <l
Eo,71 7KO,71 I*Ko,o *Ko,1 T *Ko,m

0 0 I 0
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and
0 0 0 - 0
0 0 o 0
Crm = Ef ,-K{, -K{, -Ki, .-~ -Kf{, |
respectively.

Using these notations, the matrix form of Algorithm 4.1 can be
described as follows.

Algorithm 4.2 (Matrix form of singularity preserving multilevel
augmentation methods). Let £ > 0 be a fized integer.

Step 1. Solve X, € R0 from the equation (Ey — Rg)ig =1f,.

Step 2. Set X¢0 := X¢, and compute the matrices ngo, Kgo; E%),
and Eio.

Step 3. For m € N, suppose that X¢m-1 € R (=1 has been
obtained and do the following:

e Augment the matrices Kﬁmfl, Kfmfl, Eé\,/[mq and Ef’mi1 to form
Kf,. KI  EM

tm» By, and E7 | respectively.

Lm>

o Augment Xp m—1 by setting Xp m = [;‘-’v"gfl} e RS (t+m),

o Solve X¢m € R (¢4+m) from the linear system

(4.25) Bz,m;(z,m =fim — Cz,mfg,m.

To derive the detailed computation form and analyze the complexity
of Algorithm 4.2, we partition the vectors X¢ , and fr4p, as
~ ~0. . .
Xem =X i€ Zh )7, and fopm =[f i€ Z), 4]
respectively, which correspond to the multiscale space decomposition
(4.20). With the help of these notations, equation (4.25) can be written
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as follows: First, compute

(4.26) xim =l - (B!, - f(f RO 4 Z K¢ gtm=1

J]

to obtain ;(f»m € RUUHY i =m,m—1,...,1. Next, solve i{’ln e R

and X5™ € R*® from the equation

K K ~l{m
(4.27) Ez_lv—l - Ifz—l,—l EE—LO _NKZ_LQ] [Xl ]
Eé,fl - Ké,l I—Kéo

_{ffl STL(EY Kf )~jm}
fO+Z] 1K0j j

It can be seen that, at each level m, the higher frequency part of
the solution Xy, is obtained by direct computation, and the lower
frequency part is obtained by solving a system with the same coefficient
matrix

Bw:[ oK K-
Eg,—l - Kg,—l I- Kg,o

Noting that the order of the matrix By is only s'(¢), the algorithm
reduces the computation cost greatly. In the remainder of this section
we will prove that the singularity preserving multilevel augmentation
method enjoys the optimal convergence order and linear computational
complexity (up to logarithmic factor).

Theorem 4.3. Let x be the solution of equation (2.1) with a decom-
position = v+wu, v € V and u € H¥(E). Assume that conditions
(a)—(g) hold, and Ty is obtained by using Algorithm 4.1 with matriz
compression described in Section 3 and truncation parameters described
in Theorem 3.6. Then, there exist a positive integer N and a positive
constant ¢ such that, for all £ > N and m € Ny,

e = Foamll < e(s(£+m)) /4 (log s(€ + m))" ull v,

where T is the integer described in Theorem 3.6.
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Proof. 1t follows from Theorem 3.5 that the operators (Z — K,,) ™ :
X, — X, exist and are uniformly bounded. Moreover, from Theo-
rem 3.6 we see that there exist a positive constant ¢ and a positive
integer N such that, when n > N,

lz = Znll < v = e(s(n)) = (log 5(n)) 7l v
Since s(n) ~ p™ as n — 00, Yni1/Yn ~ & := p~*/¢ > 0. Therefore,
according to Theorem 2.2 in [8], the result of this theorem is valid

provided the following holds:

(4.28) Zlim ICe,m|l =0, uniformly for m € N.
—00

To prove (4.28), we observe that

(4.29) Com =Tpm — K,
I3 = Togm — I = (Prsm — PP 41X epms

and

Kitm = Ketm = Km = (Perm — POKerm|x,, 0
= (Pesm — Po)K|X s + (Petm — Pe) (Kegm — Kem) X1
where P’ ; : X — X is a linear operator defined by
Pix=wv, forz=v+wwithveVandweW.
Since the operator P’ ; has finite dimensional range, it is compact.
Noting that the orthogonal projection P,, pointwisely converges to the
identity operator, we conclude that ||P, P ; — P_;|| = 0 as n — oo.

This yields

(4.30) lim ||Z,,|| =0, uniformly for m € N.
£— 00 ’

Likewise, the compactness of operator K leads to

(4.31) elim |(Pegm — Pe)Klx,.,. || =0, uniformly for m € N.
— 00
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On the other hand, it follows from Lemma 3.4 that, for any z € X,
(K — Kn)Pp|| < eulk — am, k — o/ nyn]u= =7/ ju]],

which means that, for our choice of the parameters,

|| (’Cn - ]Cn)|Xn

— 0, asn — oo.

This with (4.31) leads to
(4.32) _
IKZ | < N1 (Pesm = POKIx,p | + 20 (Kesm — Kem)lx o | — 0,

as £ — oo,

uniformly for m € N.

Combining (4.29), (4.30) and (4.32) yields (4.28), and completes the
proof of this theorem. ]

We now estimate the computational cost (the total number of multi-
plications) for obtaining the solution T, ,,,. To this end, we require an
additional condition.

(h) Computing the integrals (entries) that appear in E,, K, and f,
requires a constant computational cost per integral.

Lemma 4.4. The total number of multiplications required for ob-
taining X¢m from X, is bounded by

(m+ M) + S IN (B + N (Kep),

i=1

where M({) denotes the number of multiplications required for solving
equation (4.27) with a known right hand side.

Proof. For fixed £, m € N, we need N'(Cy_,,) multiplications to obtain
the right hand side of (4.25). Since Cy,,, = Egm — Kfm, the number of
multiplications to obtain if’m, i=1,2,...,m, from (4.26) is less than
or equal to N'(E7,,) + N(f(fm) On the other hand, the computation
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of the right hand side of (4.27) requires J\/(E%n) +N(R£m) numbers
of multiplications. Since we have assumed, that solving X, from (4.27)
with a known right hand side needs M (¢) multiplications, the total
number of multiplications for computing X », from X¢ ,,—1 is less than
or equal to

(4.33) Nom i= M) + N (Epym) + N Kepm).

Recall that, to obtain Xg,,, we first compute X, and then use
(4.26)—(4.27) to compute Xg;, ¢ = 1,2,...,m, successively. The total
number of multiplications required to obtain X¢ ,, is bounded by

M)+ Ney = (m+ DM + >IN (Beyi) + N(Kesi)].

i=1 i=1

The proof is complete. i

Theorem 4.5. Let £, m € N. Assume that conditions (a), (b)
and (h) hold, and X; , is obtained by using Algorithm 3.2 with matriz
compression described in the last section and truncation parameters
described in Theorem 3.2. Then, the total number of multiplications
required for computing Xg m s

O(s(f+m)log™ (s(¢ +m))), asm — oo,
where T is the constant appearing in Theorem 3.2.
Proof. According to Lemma 4.4, the total number of multiplications

required for computing X, ,, from X, is bounded by

(m+ MO + DIV (Ber) + N (Rop)]

i=1

Noting that Eyy; is the matrix representation of Z,;, it follows from
(4.23), Theorem 3.2 and condition (h) that

N(Er4i) = O(s(€ + i),
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and
N(Kegi) = O(s(£ + i) log™ s(€ + i)).

Since m ~ log(s(¢ +m)) as m — oo, we conclude

S N (Begi) + N (Kepa)] = O(s(¢+m) log” (s(€ +m))), as m — oc,

i=1
This with the fact that M(¢) is a finite number for any fixed integer ¢

yields the estimate of this theorem. O

5. Numerical experiments. In this section we present the
numerical experiments to demonstrate the efficiency and accuracy of
the proposed fast singularity preserving methods.

Consider the integral equation

(531 a(s) —/0 K(s,t)z(t)dt = f(s), 0<s<I,

where K(s,t) := log(]s — t|)m(s,t) is a weakly singular kernel with
a smooth function m(s,t) := exp(2st) and f(s) is chosen so that
x(s) = slogs + (1 — s)log(1 — s) + s? is the solution of the equation.
That is,

f(s) :=slogs+ (1 —s)log(l —s)+ s*
1
- / log(|s — t|) exp(2st)[tlogt + (1 — t)log(1 — t) + t*] dt.
0
The solution z of (5.34) has singularities at s = 0 and s = 1.
We set V :=span {w_1 9, w_11}, where (cf. [2])
w-1,0(s) :=slogs, and w_11(s):=(1—s)log(l—s).
We choose U,, as the space of piecewise linear polynomials with the
knots at j/2", j =1,2,...,2" — 1. The basis functions of Wy and Wy

are given by

weo(s) =1, woy (s) == V3(2s — 1),
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and 1-6s s€0,1/2],
wiols) = {5—63 se(1/2.1],

[ VB(1-4s) sel0,1/2],

wi(s) = { V3(4s —3) s (1/2,1],

respectively. The basis functions w;j;, (i,j) € J,, are generated
recursively by

wij = Tew;—1y, j=c+21,i=2,3,...n,
where 7. is the isometry defined by u € X,
{ V2u(2t —e) tele/2,(e+1)/2],
Tou :=
0 Eé /2, (e +1)/2),

The weakly singular integrals appearing in the numerical solution
of the example are computed by employing Gauss-type quadrature
formulas with a change of variables for the integral and a graded mesh
for the integral interval introduced in [16, 19]. We denote by N(n) the
dimension of the approximate subspace of the solution. The notations
C.R. and C.O. stand for the compression rate and convergence order
defined, respectively, by

N(Ky) [ = Zn

N(Kn)’ le—anl

The symbol C.T. denotes the computing time for solving the truncated
linear system measured in seconds running on the PC with 1.83G
CPU and 2G RAM. The results by using the Gauss-Seidel iteration
method to solve the truncated discrete equation (3.12) are included
in Table 1, where I.N. denotes the iteration number, while Table 2
lists the results of using the multilevel augmentation method described
in Section 4 (initial level £ = 5) to solve (3.12). The L? error is
computed by (fol(a:(s) —Zn(5))%ds)/2. Figure 1 illustrates the error by
the iteration method and the multilevel augmentation method to solve
the discrete system. For the piecewise linear scheme, the convergence
order of the approximation should be 2, and from the numerical results
above we can see that the multilevel augmentation method doesn’t ruin
the convergence order. Therefore, the numerical experiments confirm
the theoretical analysis and illustrate the efficiency of the methods
presented in this paper.

e €{0,1}.

CR.:=

and C.O.:=log,
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FIGURE 1. (a) errors by the iteration method; (b) errors by MAM.

TABLE 1. Numerical performance of the Gauss-Seidel iteration.

n | N(n) C.R. C.T | |z — 2|2 | C.O. | LN.
5| 34 0.834 < 0.01 | 2.8475¢-004 | 1.999 | 10
6 66 0.651 < 0.01 | 7.1120e-005 | 2.001 | 11
7 | 130 0.449 < 0.01 | 1.7890e-005 | 1.991 | 13
8 258 0.300 0.019 | 4.5665e-006 | 1.970 | 14
9 | 514 0.189 0.038 | 1.1397e-006 | 2.002 | 14

10 | 1026 0.117 0.115 | 2.8687e-007 | 1.990 | 16
11 | 2050 | 7.205e-002 | 0.289 | 7.2118e-008 | 1.992 | 17
12 | 4098 | 4.314e-002 | 0.684 | 1.8406e-008 | 1.970 | 18
13 | 8194 | 2.569e-002 | 1.687 | 4.6449e-009 | 1.986 | 19
14 | 16386 | 1.530e-002 | 4.136 | 1.3313e-009 | 1.803 | 19

TABLE 2. Numerical performance of the MAM.

n | N(n) C.R. C.T | |z—2n|r2 | C.O.
6 66 0.651 < 0.01 | 7.1150e-005

7 | 130 0.449 < 0.01 | 1.9440e-005 | 1.872
8 | 258 0.300 < 0.01 | 4.9542¢-006 | 1.972
9 514 0.189 0.013 | 1.2622e-006 | 1.973

10 | 1026 0.117 0.031 | 3.1792e-007 | 1.989
11 | 2050 | 7.205e-002 | 0.063 | 7.9947e-008 | 1.992
12 | 4098 | 4.314e-002 | 0.132 | 1.9995e-008 | 1.999
13 | 8194 | 2.569e-002 | 0.252 | 5.0481e-009 | 1.986
14 | 16386 | 1.530e-002 | 0.605 | 1.4451e-009 | 1.805
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