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ABSTRACT. We characterize a class of functions satisfy-
ing the classical Bedrosian identity or the circular Bedrosian
identity by certain homogeneous semi-convolution equations.
The structure of solutions of these equations is then studied
using translation invariant subspaces of Hardy spaces and ad-
ditive positive definite kernels. The results obtained provide
some insight into the Bedrosian identity and a construction
of intrinsic mode functions for the time-frequency analysis of
nonlinear and nonstationary signals.

1. Introduction. The Hilbert transform is defined for each function
feLP(R),1<p<oo,atz R as

oYy 1 f(y)
(1.1) (Hf)(z) :=p.v. ) dy = ]6\}—14}191‘*' - /5§|y—9c|§N pr—y dy,

whenever the Cauchy principal value of the above singular integral
exists. In engineering analysis, people often face the need for calculating
the Hilbert transform of a product of functions. A simple method
for computing such products under certain conditions was found by
Bedrosian [2]: If two functions f,g € L2(R) satisfy either supp f C
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[0, 00), supp § C [0,00) or supp f C [~a,a], supp g € (—o0, —a]U[a, o)
for some positive number a, then there holds

(1.2) [H(fg)(z) = f(x)(Hg)(z), almost everywhere = € R.

Here supp f denotes the support of the Fourier transform f of f. Recall
that the Fourier transform F is defined for h € L1(R) as

h(E) = (Fh)(€) = /R h(z)e " dz, € € R,

and for h € L?(R) by the standard approximation process, [16].
Formula (1.2) is known as the Bedrosian identity in the literature and
the result above is called the Bedrosian theorem.

A reason for the wide application of the Hilbert transform in signal
theory is its importance in the time-frequency analysis, [8, 10, 11, 17,
23]. For a given real signal f € L?(R), we form its analytic signal
Af .= f+iHf. Denote by sgn the signum function taking values 1,
—1 and 0 for £ > 0, £ < 0 and £ = 0, respectively. By the well-known
fact, see, e.g., [9, page 324], that for each f € L?(R)

(Hf) (&) =—isgn(§)f(§), almost everywhere £ € R,

supp (Af)" C [0,00). Hence, Af can be extended to a holomorphic
function on the upper half-plane, [15]. The mathematical term analytic
is applied to Af for this reason. We further decompose Af into

(1.3) (Af)(t) = p(t)e® D teR.

The p(t) and 6(¢) above are called the instantaneous amplitude and
phase of the signal f at time ¢, respectively. However, the instanta-
neous phase 6 is physically meaningful only if its derivative is nonneg-
ative. This suggested introducing the intrinsic mode function (IMF) in
[17]. IMFs are expected to have the property that the instantaneous
amplitude and phase derived from (1.3) have sound physical meaning.
They are fundamental for the Hilbert-Huang transform (HHT) for the
time-frequency analysis of nonlinear and nonstationary signals, [17].
We shall present in Section 4 a method of constructing IMFs by under-
standing the equation

(1.4) H(p(-)e”)(t) = p(t)(He"V)(1), t R,



THE BEDROSIAN IDENTITY 529

which together with (1.2) has attracted much interest from engineering
[6, 7,11, 17, 22, 23].

Another variation of the Bedrosian identity comes from the practical
application of analytic signals. In engineering applications, a real-
valued signal f is typically represented by its finite samples

(1.5) Sy:={f(nty) :n=0,1,... ,N},

where tg is a selected sampling interval and Ntg is the sampling time.
A popular method, see e.g., [20], of calculating the Hilbert transform
of f using the samples (1.5) works by multiplying the discrete time
Fourier transform (DTFT) of Sy with sgn and then applying the
inverse DTFT. The mathematical principle of this algorithm is easy
to detect. Suppose we have an observation of a signal f € L?(R) in
a finite time duration, which we assume without loss of generality to
be [0,27]. This observation is first extended to a periodic function
f(t) == f(t — 2x[t/27]), t € R, where [z] denotes the biggest integer
that is less than or equal to x € R. An approximation of the analytic
signal of f is finally constructed as

(1.6) Af .= f+iHF,

where H is the circular Hilbert transform defined for each f € L at
t € [0,27] as

~ I s
(1.7) (Hf)(t) :==p.v. o ) f(t—s)cot 3 ds
1 s
= lim — - 5
Jim /e§s|§7rf(t s) cot 5 ds

if the Cauchy principal value of the above singular integral exists. Here
with X 4 being the characteristic function of a subset A C R, we denote
by L, 1 < p < oo, the set of all the 27-periodic functions f on R
such that fXp - € LP[0,27]. The above algorithm based on DTFT
suggests the necessity to study the condition for the following circular
Bedrosian identity in L3

(1.8) [H(fg)](t) = f(t)(Hg)(t), almost everywhere ¢ € [0,27].
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In particular, our interest in the Bedrosian identities is stimulated
by the recent mathematical progress on the Bedrosian identity [25,
31]. Before introducing these results, we collect here some notations
that are frequently referred to throughout the paper. Let N be the
set of all the positive integers, Z the set of all the integers and
Z, := NU{0}. We shall enumerate finite sets with Z,, := {0,... ,p—1}
and N, := {1,... ,p} for p € N. Following the custom in the literature,
we also denote by R and C the set of real numbers and the set of
complex numbers, respectively. Finally, we set R4 := {z € R: z > 0},
R.={z € R:z <0}, Cpr:={z € C: Re(z) > 0} and
Ci:={z€ C:Im(z) > 0}.

The following characterization of the classical Bedrosian identity was
given in [31].

Theorem A. If f, f',g € L?>(R), then the Hilbert transform of the
function fg satisfies the Bedrosian identity (1.2) if and only if

(1.9) [OlAt%ei”f(t+l>/tf<§>ﬁ(€) dé dt = 0.

A sufficient condition was derived from (1.9) in the same paper, which
states that if f,g € L?(R) are such that

(1.10) u({tﬁ:te [—1,0], £€suppf}ﬂsuppg) =0,

then the Bedrosian identity (1.2) holds, where p denotes the Lebesgue
measure on R. Note that condition (1.10) covers the sufficient condi-
tions in the Bedrosian theorem.

The circular Bedrosian theorem for the circular Bedrosian identity
(1.8) was established in [25]. Note first that if f € L3, then Hf has
the following form in terms of the Fourier coefficient of f

(1.11) (f[f)(t):Z—z sgn(k)cx(f)e™, almost everywhere t € [0, 27],
kEeZ
where ci(f) is the kth Fourier coefficient of f defined as
1 2m

(1.12) cx(f) =9 ), f(t)e *t at.
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Theorem B. Let f,g€ L3 and K € Z. If c,(f) =0 for |n| > K
and ¢,(g) =0 for |n| < K orif c,(f) =0 forn < —K and ¢,(g) =0
forn < K, then the circular Bedrosian identity (1.8) holds.

We shall show in Section 2 that the classical Bedrosian identity (1.2)
is equivalent to two homogeneous semi-convolution equations. The
characterizations of right translation invariant subspaces of L?*(R.y)
and additive positive definite kernels on R are then used to investi-
gate these equations. The results will provide some insight into the
Bedrosian identity (1.2). For example, we are able to show that con-
dition (1.10) is unnecessary. The circular Bedrosian identity (1.8) is
studied in Section 3. Especially, we shall prove that the sufficient con-
dition in Theorem B is unnecessary for (1.8). In Section 4, we apply the
method and theory developed in Sections 2 and 3 to the construction
of intrinsic mode functions.

2. The Bedrosian identity in L?(R). In this section, we focus
on the classical Bedrosian identity (1.2) where f,g € L?(R) and
“almost everywhere € R” implies that the equation H(fg) = fHg
holds everywhere on R except for a subset of R that has zero Lebesgue
measure. Note that we have used this convention several times in the
introduction. Our study will be based on a necessary and sufficient
condition for identity (1.2). A similar condition was first obtained in
[7] under the assumption that f,g € L2(R) N L>®(R).

2.1 A necessary and sufficient condition. We begin with two lemmas
from [9, Chapter 8].

Lemma 2.1. There exists a positive constant ¢ such that for each
feL'R) andy >0

pla s [(Hf) (@) > y) < gnfnwm.

Lemma 2.2. Let f € LP(R), 1 < p < 2. Then Hf € L?(R),
H?f = —f almost everywhere and the Fourier transform of Hf is
given by

(2.1) (Hf) (&) = —i sgn(€) f(€), almost everywhere € € R.
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For p = 1, formula (2.1) remains valid for all £ € R provided that
Hf € L'(R).

Lemma 2.2 exhibits that if Hf € L'(R), then —i sgn(-)f is the
Fourier transform of some function in L!'(R). Our next result shows
that this is also sufficient for H f to be integrable on R.

Lemma 2.3. Let f € L*(R). If there exists g € L'(R) such that

(2.2) —i sgn(é)f(€) = §(¢), €€R,

then H f = g almost everywhere.

Proof. Suppose f € L'(R) and there exists ¢ € L*(R) such that
(2.2) holds. We can choose a sequence of functions {¢, : n € N} that
are infinitely differentiable and compactly supported such that for each
h € L*(R), see e.g., [16, pages 188-189),

Jm {16n k= hllrm) =0,

where the convolution ¢, * h of ¢, and h is defined by
G x b= /R(bn( —y)h(y) dy.
It is also clear that for each h € L'(R), ¢, * h € L*(R), and hence
(¢ % W) (€) = n(€)A(E), almost everywhere ¢ € R.

The above equation implies that

i 5gn(€) (G * £)7(€) = (6 +9)"(€), almost everywhere € € R.
By Lemma 2.2, we have
(2.3) H(¢py, * f) = ¢p xg almost everywhere.

Since ¢, * f converges to f in L'(R), by Lemma 2.1, H (¢, * f) converges
to Hf in Lebesgue measure. There hence exists a subsequence {¢,, :
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i € N} for which H(¢,, * f) converges to H f almost everywhere on R
with respect to the Lebesgue measure. This combined with (2.3) yields
that H f = g almost everywhere and completes the proof. O

Theorem 2.4. Functions f,g € L*(R) satisfy the Bedrosian identity
(1.2) if and only if

(24) A FE&+ma(=mydn=0, {€Ry
and
(2.5) - fE+na(-n)dn=0, E€R_.

Proof. Since fg, fHg € L*(R), by Lemmas 2.2 and 2.3, H(fg) =
fHg almost everywhere if and only if

(2.6) (fHg)(§) = —isgn(£)(fg)"(§), {€R.
By the fact that for all f, fo € L*(R)

(fif2) = %ﬂ xfy and (Hf1) = —isgn(-)fi almost everywhere,

equation (2.6) has the form

/R F(€ — m)a(n)(sen(€) — sen(n)) dy = 0, € €R.

Clearly, the above equation can be divided into the following three
equations

(2.7) N fE+mg(-n)dn=0, €&eRy\{0},

(2.8) /R €+ ma(—mdn =0, €eR_\{0},

i
(2.9) /R Fn)i(—n) dn = / Fn)a(~n) dn.
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By the continuity of [ f(-+m)a(—n)dn and [ f(- +n)g(=n) dn,
f, g satisfy equations (2.7), (2.8) and (2.9) if and only if they satisfy
(2.4) and (2.5). O

2.2. Particular solutions. By Theorem 2.4, we shall consider the
two Hilbert spaces L?(R) and L?(R_). For simplicity, we denote by
fT = fXgr, and f~ := fxgr_ for each f € L*(R). Equations (2.4)
and (2.5) can be interpreted as

(2.10) G(—)7) Lspan {7} (f*) iy € Re}, in L2(R.)
and
(2.11) (G(=)7) Lspan{ry(f):y e R_}, in L*(R),

where f denotes the conjugate of f, 7* is the dual of the translation

operator 7 which is defined for each function f € L?(R) and y € R as
Ty f = f(- —y). We remark that the sufficient condition (1.10) can also
be derived from (2.10) and (2.11) by noting that

U supp (7 (7)) = {t€ ¢ € [0.1).6 € Re nsupp ()}

yER
supp (§(—)") ={¢: ¢ € Ry, ¢ €supp g} -

Equations (2.4) and (2.5) are independent of each other in the sense
that only the values of f and §(—) on R are used in equation (2.4)
while equation (2.5) only involves the values of f and §(—-) on R_.
For this reason, we shall work in the space L?(R. ) only and consider
the general homogeneous semi-convolution equation

(2.12) (e +y)oe) dz = 0, ye Ry,
Ry

where 1, ¢ € L?>(R.), or its equivalent form
(2.13) ¢ Lspan{r;¢:y € Ry}, in L*(R,).

The results to be obtained for (2.13) can be applied directly to equa-
tions (2.10) and (2.11).
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A subspace M of L?(R) is said to be left translation invariant if

for each y € Ry, 7, (M) C M. The homogeneous semi-convolution
equation (2.12) is closely related to the closed left translation invariant
subspace of L?(R;). To see this, we set for each ¢p € L2?*(R.),
7*(¢) :=span {7,% : y € Ry}, the closure of span {7, : y € Ry} in
L?(R.y). Clearly, 7*(¢) is the smallest closed left translation invariant
subspace of L?(R.y) that contains ¢. For a specified 1) € L?(R..), there
exists nontrivial ¢ € L?(R) satisfying (2.13) if and only if 7*(z)) is
a proper subspace of L?(R.). For instance, if the following sufficient
condition in the Bedrosian theorem

supp f C [~a,a, supp g C (—o0,—a] U [a, o0)
is valid for some a € R, then
7*(fT) C Mg :={h e L>(Ry) : supph C [0,a]}

and G(—-)T is in the orthogonal complement of M,. The Bedrosian
theorem is essentially a consequence of the trivial fact that M, is a
closed left translation invariant subspace of L?(R;). This suggests
that if we impose other particular requirements on 7*(1) we may obtain
more sufficient conditions for (2.13). The following theorem provides a
characterization of functions ¢ for which 7*(¢)) is finite dimensional.

Theorem 2.5. Set ¢ € L*(Ry). Then the space T*(3) is finite-
dimensional if and only if there exists p € N, {}; : j € N,} C Cg,
{nj:jeN,} CZy and {cjx : j € Ny, k € Zy,,; } C C such that

(2.14) (t)= D D epthe ™ teRy.

JEN, kEZy |

It was established in [1] that 7*(¢)) is finite dimensional if and only if
1 is of form (2.14). With the additional requirement that 1 € L?(R.),
the A; in (2.14) can be chosen from Cg.

Suppose ¢ € L*(R) has the form (2.14). The second step in solving
equation (2.12) is to find ¢ € L?(R) such that ¢ L 7*(¢)). To this
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end, we introduce the Laplace transform L defined for each h € L*(Ry)
at s € Cp as

(L) (s) = / e~ h(t) dt.

Ry

Proposition 2.6. Let v be given by (2.14) with cjn,—1 # 0, A\j # Ak,
J,k € Np,. Then ¢ € L*(R4) satisfies ¢ L 7*(¢) if and only if for all
JENy and k € Zy,

(2.15)

Proof. Set T := {(j,k) : j € Ny, k € Zy,,} and q := #Z, the
cardinality of Z. We first prove that

() = M :=span {t*e %" : (j,k) € T}.

It is clear that 7*(y) C M. To show the inverse inclusion, we observe
for all y € R4 that

(2.16) bty =Y Y theNle NPy (y),

JEN, kEZ,,,

where
njfl l
Pi(y) =Y e <k>yl_k-
1=k

We define a matrix associated with each {y;r : (j,k) € I} € CY by
setting

B(yjk : (j, k) € T) := {e"Y* Py (yjn) : (5, k), (5, k') € T}.

Since c¢jp; 1 # 0 for each j € N, Pj; is a nontrivial polynomial of
degree nj — 1 —k, k € Zy,. One can see by this fact that the function
(yjr : (4,k) € I) — det(B(yjx : (j,k) € I)) is a nontrivial entire
function on C?. By the well-known fact that the real zeros of an
entire function on C? form a set of zero Lebesgue measure on R,



THE BEDROSIAN IDENTITY 537

we can choose {y;x : (j,k) € I} C Ry such that By, : (4,k) € I) is
nonsingular. Substituting these y;; into equation (2.16) yields that
{the= Nt . (4, k) € T} C 7 (¥).

This relation implies that M C 7*(v).
We conclude that ¢ L 7%(¢) if and only if for all (j,k) € 7

(2.17) /R the=Aitg(t) dt = 0.

The proposition is proved by the observation that (2.15) is equivalent
to (2.17). o

The application of Theorem 2.5 and Proposition 2.6 to equations
(2.10) and (2.11) yields a class of functions f, g satisfying the Bedrosian
identity (1.2).

Proposition 2.7. Let f,g € L>(R). If there exists {\; : j € N} C
Cr and {v; : j € Ny} C Cg such that \; is the zero of L(G(—-)") of
order nj, j € Ny, v; is the zero of L(GT) of order m;, j € N, and f
has the form

(218) f(©) =u©) 3. 3 epete

JEN, kE€Zn;
+u(=¢) Y Y ket ¢eR,
JENG kEZpm,

where u is the Heaviside function defined by u(x) = 1 for x > 0
and u(x) = 0 for x < 0, {cjx : j € Np,k € Z,;} C C and
{c;-k :j € Ngk € Zp;} C C are arbitrary constants, then the
Bedrosian identity (1.2) holds.

Let f € L%(R) be given by (2.18). If there exist nonzero constants c;
and ¢ in (2.18), then supp f = R. Since 7(f*) and 7*(f(—)") are
of finite dimensions, there must exist ¢ € L?(R) satisfying equations
(2.10) and (2.11). This implies that condition (1.10) is unnecessary
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for the Bedrosian identity (1.2). We give an explicit example below to
make this clearer. Set

(2.19) f&) =e7lEl g(e) :=elel - 26—2\5‘, £ER.

It can be verified by Proposition 2.7 that f,g satisfy the Bedrosian
identity. Therefore, the functions f,g € L?(R) given above satisfy
the Bedrosian identity (1.2) while we have the property that supp f =
supp g = R.

The example above tells us that f,g € L?(R) are of low Fourier
frequency and high Fourier frequency respectively is unnecessary for
them to satisfy the Bedrosian identity (1.2). On the other hand, we
shall prove in a special case that if f € L?(R) is of low Fourier frequency
then it is necessary for ¢ € L?(R) to have high Fourier frequency to
satisfy the Bedrosian identity. We begin with a technical lemma.

Lemma 2.8. Let ¢ € L?>(R.) be such that suppy C [0,1]. If
there exists k € N and ¢ € (0,1) such that YXp_.q) € CHFI[1 — 1]
and F=1 (1) £ 0 then ¢ € L*(Ry) satisfies the homogeneous semi-
convolution equation (2.12) if and only if supp ¢ C [1, 00).

Proof. Let v € L?(Ry) have all the properties described in the
assumption. It is clear that if ¢ € L?(R.) satisfies supp¢ C [1,00)
then (2.12) holds. On the other hand, suppose ¢ € L?(R.) satisfies
(2.12), or equivalently,

1—y
(2.20) (a+y)da)de =0, ye [0,1].
0
Let k be the smallest positive integer such that there exists ¢ € (0,1)
satisfying ¢¥X[1_c 1) € C®[1 —¢,1] and ¥*=1 (1) # 0. We can choose
e € (0,1) small enough so that

(2.21) el ™| ey < [W*D(D)].

Differentiate the lefthand side of equation (2.20) with respect to y
on (1 —e,1) k times to get at each y € (1 —¢,1) for which 1 —y is a
Lebesgue point of ¢ that

1-y

@Zj(kfl)(l)(ﬁ(l —y)— 1Z)(k) (z +y)o(x)dx = 0.

0
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This equation implies that we can define a function ¢ € C]0,¢] such
that
o(y) = ¢(y), almost everywhere y € [0, €]

and
oly) = w“ﬁ%m) /0 Ty (@ 41— () de, y e [0,]

We observe that ¢ is a fixed point of the mapping K : C[0,¢] — C]0, €]
that is defined for each h € C]0,¢] as

(Kh)(y) = 1/1(%1)(1) /wa’ﬂ (x+1—y)h(z)dz, ye0,q]

By (2.21), K is a contraction mapping, which implies that ¢(y) = 0 for
each y € [0,¢]. It follows that ¢(y) = 0 almost everywhere y € [0, £].

Equation (2.20) can then be rewritten as

1—
W@t y)date)dr =0, yele 1),
0

The arguments above can be repeated to show that ¢(y) = 0 almost
everywhere y € [0, 1]. O

Recall that a function h on R is real-analytic if it possesses derivatives
of all orders and agrees with its Taylor series in a neighborhood of every
point. A nontrivial real-analytic function h has the property that at
each z € R there exists n € Z such that h(™(z) # 0. Proposition 2.9
is a consequence of this fact, Theorem 2.4 and Lemma 2.8.

Proposition 2.9. Let f,g € L?>(R). Suppose there exists a,b € R
such that supp f C [—a,b] and fX[,a’b] is the restriction on [—a,b] of
a nontrivial real-analytic function. Then the Bedrosian identity (1.2)
holds if and only if supp § C (—oo, —b] U [a, 0).

2.3 Relations with right translation invariant subspaces of L*(R.).
As shown by the Bedrosian theorem, the roles of f, g in the Bedrosian
identity (1.2) are different. The purpose of this subsection is to
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determine for what g € L?(R)) would there exist nontrivial f € L?(R)
satisfying the Bedrosian identity (1.2). The study will be based on
a characterization of closed right translation invariant subspaces of
L?(R;) due to Lax, [18]. We need to introduce the Hardy spaces
on the upper half-plane, also the Hardy spaces on the unit disc for
later use in Section 3, from [12, 15, 26].

Set U:={z€C:|z] <1} and T:={z € C: |z| = 1}. Let H(U)
and H(C,) be the set of all the holomorphic functions on U and C,
respectively. We introduce the Hardy spaces by setting for 0 < p < oo

HP(U) = {h € H(U) : sup { /0277 Ih(xet )P dt : 7 € (0, 1)} < oo},
HP(C,) = {h € H(C,) : sup { /R h(z+iy) P de : y > 0} < oo}

and for p = oo

H>®(U) :={he H{U) : sup{|h(z)| : 2 € U} < 0},
H>(C4) :={h € H(C;) : sup{|h(z)| : 2 € C1} < o0}.

If h € H?(U) or HP(C4), 0 < p < oo, then h has a nontangential
boundary limit, which we still denote by h. For instance, an inner
function on U is a function h € H*(U) for which |h| = 1 almost
everywhere on T. An interesting class of inner functions on U is the
Blaschke products. Such functions are given by

B(z) := 2k H ﬂﬁ, zeU
1—2z,2 zp
neN
where k € Zy, {z, : n € N} is a sequence in U\{0} such that
> nen(l—2zn|) < oco. A function h € H(U) is called an outer function
if it is of the form

1 2m it )
h(z)—cexp{%/o Ziti—zloggp(e”)dt}, zeU,

where ¢ € T, ¢ is a positive measurable function on T such that
logp € LY(T). The Blaschke products, inner functions and outer
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functions on C, are obtained from their counterparts on U through
the Cayley transform
1 —w

K(w) = T’ we Cy.

There is a canonical factorization in Hardy spaces. For each nontrivial
heHP(U), 0 < p< oo,

1 2m it )
Qn(z) = exp{—/ < +Zlog|h(e”)|dt}, el
0

2T et — z

is an outer function in HP(U), and there exists a unique inner function
Mj, on U such that h = MQp. Similarly, for each nontrivial h €
HP(CJr)a 0<p<oo,

o 1 (14 tz)log|h(t)]
Qn(z) .exp{E/R i— 0+ dt}, z€Cy

is an outer function in HP(C.), and there exists a unique inner function
Mj, on Cy such that b = M,Q),. In both cases, we shall call Qp, M,
in the factorization the outer factor and inner factor of h, respectively.

Let us return to the Bedrosian identity (1.2). We introduce a map
Hc, from L?*(Ry) to H*(C,) by setting for each ¢ € L*(R.)

(He, 0)(= = g(x)de, z€ Cy.

If we further impose an inner product (-,-) on H?(C,) by setting for
each hy, hy € H2(C})

(h1,ho) == Ahl(t)mdt,

then Hc, is an isomorphism from L*(R) to H?(C ). The translation
operator 7 is turned into a multiplication operator, which we denote
by A, on H?(C,)

(Ayh)(z) :=€"*h(z), yeRy, 2€Cy, heH*(C,).
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In terms of the isomorphism Hc, , the relation between the translation
operator on L?(R,) and the multiplication operator on H?(C) is
shown below.

Hc+7'y = AyHc+, Yy € R+.

A subspace M of H?(C,) is called right translation invariant if
Ay (M) C M for each y € R;. We set for each h € H*(C,), A(h) :=
span{A,h : y € R4} which is the smallest closed right translation
invariant subspace of H?(C, ) that contains h. It was established in
[18] that M is a closed right translation invariant subspace of H?(C.)
if and only if there exists an inner function hyy € H(C,) such that

M = {hpmep: o € H*(Cy)}.

Moreover, the haq above is uniquely determined by M, save for
multiplication by a complex constant in T. One can obtain the
following result using this fact and the same arguments as those for
Theorem 17.23 in [26, page 350].

Lemma 2.10. Suppose My, is the inner factor of h € H>(C,). Then
A(h) = {Mnp : ¢ € H*(C)}.

Moreover, A(h) = H?(C.) if and only if h is an outer function in
H?(C,).

Theorem 2.11. Let g € L?(R). Then there does not exist nontrivial
f € L*(R) satisfying the Bedrosian identity (1.2) if and only if both
He, (§7) and He, (G(—)1) are outer functions in H?(C..).

Proof. Tt suffices to show that for a given ¢ € L?(R.;), there does not
exist a nontrivial ¢ € L*(R) satisfying (2.12) if and only if Hc, ¢ is
an outer function in H?(C,). It is clear that (2.12) can be rewritten
as

¢ L{ry¢:y €Ry}, in LX(Ry).

Since Hc, is an isomorphism, the above equation is equivalent to

(2.22) Ho, (@) L A(Ho, @), in HA(C,).
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There does not exist a nontrivial ¢ satisfying (2.22) if and only
if A(Hc,¢) = H?*(Ci). The result now follows directly from
Lemma 2.10. a

If either He, (§7) or He, (§(—-)T) is not an outer function then a
method of constructing nontrivial f € L?(R) satisfying the Bedrosian
identity will be provided in subsection 2.5. To this end, we need to
characterize additive positive definite kernels on R.

2.4. Additive positive definite kernels. This subsection will make
preparations for the next one where we shall show that there exists
f € L*(R) for which there is no nontrivial g € L?(R) satisfying the
Bedrosian identity (1.2) and give a method of constructing f € L?(R)
from a given g € L?(R) so that f, g would satisfy identity (1.2). These
will be done through the additive positive definite kernels on R .

We first explain our motivation. For each ¢ € L'(Ry) we define an
operator Ly on L?(Ry) by setting for each ¢ € L*(Ry)

Ly(¢) = | (- +x)(x)dr.
R

Then ¢ satisfies the homogeneous semi-convolution equation (2.12) if
and only if Ly(¢) = 0. If Ly, is a strictly positive self-adjoint operator
on L?*(R) then there does not exist a nontrivial ¢ € L?(R. ) such that
Ly (¢) = 0. Suppose we have )1, 15 such that Ly, , Ly, are positive self-
adjoint, then Ly, + Ly, = Ly, 44, has more chance to become strictly
positive. This suggests that we should look for ¢ € L'(R. ) such that
Ly is positive self-adjoint and use them to construct strictly positive
self-adjoint operators on L?(R.). We shall study the construction in
a general setting.

With & being Ry or Z, in mind, we let X be a locally compact
metric space with a Borel measure dr on X’ such that every nonempty
open subset of X has nonzero measure and every compact subset of X’
has finite measure. Suppose there exists a sequence of compact subsets
{X, C X :n € N} such that X = UpenX,, and X, C X,11,n € N.
We also suppose that there exists a continuous commutative operator
+: X x X — X. The image of this operator at each (z,y) € X x X
will be denoted by x 4+ y. We require that there exist an element of X,
denoted by 0, such that 0 + z = z for each x € X.
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Recall that Cy(X) is the space of all the continuous functions f on X
such that for each € > 0, the set {x € X : |f(z)| > €} is compact. We
point out that a continuous function f € Cy(X) if and only if for each
sequence {z, : n € N} C X that has no clustering points

lim f(x,)=0.

Denote by B(X) the set of all the regular complex Borel measures on
X and By (X) the set of all the finite regular positive Borel measures
on X. It is well known that the dual of Co(X) is B(X), namely,
Co(X)* = B(X). We shall make use of the fact that a continuous
functional T on Cy(X) satisfies T'(f) > 0 for each f € Co(X) with f >0
if and only if there exists v € B4 (X) such that for each f € Cy(X), see
e.g., [26, pages 40—41]

ﬂﬁ:Aﬂmwm.

Finally, we assume that there is a function £ : X x X — R such that
for all x,y,y1,y2 € X

E(l‘,y) = E(y,l‘), E(xvyl + y2) = E(xayl)E(xva)v

and that the class of functions E, := FE(x,:), * € X, is uniformly
bounded and has the properties that Ey = 1, span{F, : x € X,z # 0}
is dense in Cy(X).

A continuous function f : X x X — C is called a positive definite
kernel ([19]) on X if for each sequence {z; : j € N} C X the matrix
{f(zj,xk) : 4,k € Ny} is positive semi-definite. We call f € C(X) an
additive positive definite kernel if f(-+-) is a positive definite kernel on
X. Let F(X) :={c+g:ceRy,gec Co(X)} and P(X) be the set of
all the functions in F(X) that are additive positive definite kernels on
X.

We start the characterization of additive positive definite kernels on
X with an extension of a result of Mercer [19].

Lemma 2.12. A function f € F(X) is an additive positive definite
kernel if and only if for each g € L*(X,dx)

(2.23) /X/Xf(wry)g(x)@dxdyzo.
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Proof. By Lemma 1 in [5], f € C(X) is an additive positive definite
kernel if and only if for each compact set Z C X and g € L(Z,dz)

[ [ s+ vty asdy = o
Z2JZ

Therefore, if f € F(X) satisfies (2.23) for each g € L'(X,dx) then
f € P(X). On the other hand, suppose f € P(X). Noting that for
each g € LY(X,dx)

/X/Xf(a?—i—y)g( 9(y) dxdy—nlggo/ / (@ +y)g(x)g(y) de dy
proves the lemma. a
Lemma 2.13. Let v € B(X). Then the function
foi= [ BC) i)
X
belongs to P(X) if and only if v € B4 (X).

Proof. Suppose v € B4 (X) then for each sequence {z; : j e N,} C X
and {¢; : jeN,} CC

S cendula; + o) / S B, y)Elary) du(y)

J,k€Np, J,k€EN,,
= [15 Bl i) >
JEN,
Since

—wmp+AﬂmEmmwwx

to show that f, € P(X) it suffices to show that

/ E(y) dv(y) € Co(X).
x\{0}
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Let {z, : n € N} C X be a sequence without clustering points. Since
E,,, n € N, are uniformly bounded and for each y € A \ {0}

lim E(z,,y) =0,

n—oo

by the Lebesgue dominated convergence theorem [26, page 26],

lim E(zy,y)dv(y) = 0.
oo Jx\{o}

We conclude that f, € P(X) if v € BL(X).

On the other hand, suppose that f, € P(X). For each g € Cy(X)
with g > 0, by the density of span {E, : € X\{0}} in Cy(X), for each
e > 0 we can choose {z; : j € N,} C X\{0} and {¢; : j e N,} CR

such that
H\/.a_ Z CjE(xj7 ')”L"O(X,dz) <e.
JEN,

Therefore,

2
IRCE ( T ch<xj,x>) dv(z) > —< V]| @IVl e ey + ),

JEN,

where ||v| is the total variance of v on X. By the calculation that

[ (% o) ano

/X Z cickE(zj + xp, x) dv(x)

JEN, J,k€EN,
= Z cickfo(z; +x5) >0,
J,k€N,
we have
(2.24) / g(x)dv(z) > 0.
X

The measure v hence has the property that for each g € Co(X) with
g >0, (2.24) holds. We conclude that v € B4 (X)) and prove the lemma.
O
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Lemma 2.14. The set {f, : v € B4 (X)} is closed under uniformly
convergence. Namely, if f,, where v, € B4(X), n € N, converges
uniformly to f € C(X) then there exists some v € B4 (X) such that

f=JyECy)dv(y).

Proof. Suppose that {f,, : v, € BL(X),n € N} converges to
f € C(X) uniformly. Firstly,

Jim£,,(0) = lim_ [ = £(0).

This equation means that ||v,||, n € N, are bounded. The Alaoglu
theorem states that the closed unit ball of B(X) is compact in the weak-
star topology. There hence exists a subsequence {n; : j € N} C N and
a v € B(X) such that for each g € Cp(X)

lin [ gla)du,, (@) = [ gl)dv(a),

J=oe Jx X

We hence have for each z € X\{0} that

(2.25) fa) = /X E(z,y) du(y).

By the continuity of both sides of the equation above, (2.25) holds
for all z € X. Since for each sequence {z; : j € N,,} C X and
{¢j:jeN,} CC

Yo cef(zitan) = lim Y cienfy, (zj+ax) >0,
J,k€Np, J,kEN,

f is an additive positive definite kernel on X'. By the second part of the
proof of Lemma 2.13, we have v € B, (X), which completes the proof.
]

Theorem 2.15. A function f € F(X) is an additive positive kernel
on X if and only if there exists v € B1(X) such that

(2.26) ;= /X E(y) du(y).
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Proof. By Lemma 2.13, if there exists v € B4 (X)) such that f is given
by (2.26) then f € P(X).

Now suppose f € F(X) is an additive positive definite kernel on X.
Since {f + (1/m) : m € N} converges uniformly to f, by Lemma 2.14,
it suffices to show that for each m € N there exists vy, € B4(X) such
that

o= /E ) dvm (y):

Let g := f + (1/m). Since span{E; : x € X\{0}} is dense in Cy(X),
the set {f, : v € B(X)} is dense in F(X) with respect to the norm of
L>(X,dx). As a consequence, we have a sequence {f,, : v, € B(X)}
that is convergent to g in L>°(X, dx). For each h € L'(X,dz) we have

/X/Xfl,n(a:—i—y)h da:dy // (x+y)h ()dxdy

> —|fo. — g”L‘”(X,dm)HhHLl(X,dz)'
Note that

[ 1
/ / 9o+ Yh(@) dvdy > ~ Bl ey
xJx m

By Lemma 2.12, there exists N € N such that for each n > N, f, is
an additive positive definite kernel on X'. This implies, by Lemma 2.13,
Up € B4(X) for n > N. By Lemma 2.14, there exists v, € B4 (X) such

that
g—/ E(-,y) dvm(y).

This equation completes the proof. ]

We shall use Theorem 2.15 to characterize additive positive definite
kernels in F(R4+) and F(Z4). To this end, we remark that by
Theorem 6.2 in [30, Chapter 2], span{e " : x > 0} and span{E,
n € N} is dense in Co(R4) and Cy(Z,) respectively, where for each
neN, E,:={e ™ :mecZi}.

Theorem 2.16. A function f € P(Zy) if and only if there exists
Ni={\n:meZy} € lNZy) with Ay, > 0,m € Zy such that
(2.27) f(n)= Z Ame™ ", neZ,.

meZy
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Theorem 2.17. A continuous function f is a bounded additive
positive definite kernel on Ry if and only if there exists v € By (R4)
such that

(2.28) fz) = /R e "tdu(t), z€R,.

Proof. By Theorem 2.15, it suffices to show that if f is a bounded
additive positive definite kernel on Ry then f € P(R4). We assume
that f is not the zero function on R . Since f is an additive positive
definite kernel on R, we have for each z,y € Ry that f(z) > 0 and

(2:29) f2x)f(2y) = f2(z+y).

We claim that f has no zero on R,. Otherwise, suppose there exists
xzo € Ry such that f(xg) = 0. Then we set y = 0 and x = x(/2"
for n € N successively in (2.29) to find that f(xzo/2") = 0 for each
n € N, which implies by the continuity of f that f(0) = 0. By (2.29),
f(y) = 0 for each y € Ry, contradicting with the assumption that f is
nontrivial. Therefore, (2.29) can be rewritten as

(2.30) log f(2x) + log f(2y) > 2log f(z + v).

For all 2o € R4 and 6 > 0, setting z = (2o +26)/2 and y = z¢/2 in
(2.30) yields that

log f(wo + 26) —log f(xo + 0) > log f(xo + &) — log f(z0o).

We deduce from the above inequality for each n > 2 that

log f(x0 + nd) > (n — 1)[log (o +8) — log f(x0)] + log f(z0 + ).

Since f is bounded, log f(xzg + §) — log f(zo) < 0. This means that f
is nonincreasing on Ry. There hence exists ¢ € R4 such that

lim f(z)=c.

xTr— 00

To complete the proof, we decompose f into f = ¢ + (f — ¢) with
f—ceCy (R+) O
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Theorem 2.17 shows that bounded additive positive definite kernels
on R turn out to be the only functions f € C(R. ) such that f(||-—-||?)
is a positive definite kernel on R? for all d € N, [27]. Here || - — - | is
the distance on R,

We end up this subsection with a discussion on existing results on
additive positive definite kernels on Z; and R, [30]. The problem
of Hanburger is to determine for what f € C(Zy) will there exist a
nondecreasing function 1 such that

(2.31) Fn) = /Rt”dw(t).

It was proved in [30] that there exists a nondecreasing function i such
that (2.31) holds if and only if f is an additive positive definite kernel on
Z . Another result ([4, 29, 30]) states that for all —oco < a < b < o0,
f is continuous on (a, b) and satisfies for all a < ¢’ < b’ < b and real
functions g € C[(a’/2), (b'/2)] that

'J2 b2
/ / flx+y)g(x)g(y)drdy >0
a’'/2 Ja'/2

if and only if f can be represented in the form

fa) = /R e d(t), xER,

where v is nondecreasing and the above integral converges for a < z <
b. It is difficult to prove Theorems 2.16 and 2.17 from these two results
or to conjecture form (2.27) from (2.31). Finally, we remark that our
methods of proof are different from those in [4, 29, 30].

2.5 Studying the Bedrosian identity with kernels in P(Ry). Let us
return to the homogeneous semi-convolution equation

(2.32) Y@ +y)o(r)de =0, yeR;.
Ry

We shall set ¢ € P(Ry) N LY(Ry). This suggests that v € Co(R)
and hence 1 € L?(R ). By Theorem 2.17, v must have the form

(2.33) w(x)z/R e du(t), = €R.,
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where v € B4 (Ry). By Tonelli’s theorem [14, page 67], we impose the
requirement that

(2.34) /R ) _ o

t

to make 1 € L'(R). This requirement implies that v({0}) = 0.

Our proof for the next result is adapted from [21]. Recall that the
support of a Borel measure v on a topological space Z, denoted by
supp v, is defined as

supp (v) := ﬂ {SC Z:8is closed, v(SY) =0} .

Lemma 2.18. Let ¢ be defined by (2.33) with v satisfying condition
(2.34). Then

7 (¢p) = span {e~*" : t € supp (»)\{0}}.

Proof. Tt suffices to show that g € L?(R.) satisfies ¢ L 7*(¢) if
and only if g L e ® for each t € supp (v)\{0}. Suppose for each
t € supp (v)\{0} that

(2.35) / g(z)e "' dx = 0.
R
Then we observe by the Fubini theorem that for each y € R

(2.36) /R+ g(@x)(z +y)dx :/

e vt dl/(t)/ g(z)e " dx = 0.
R4 R4

Conversely, suppose for each y € R there holds (2.36). Integrating
the second term in (2.36) with respect to g(y)dy on R4 and using the
Fubini theorem yields that

(2.37) /R + /R e e

i dv(t) = 0.
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Since fR+ g(z)e~**dx is continuous on (0,00), by the definition of

supp v, equation (2.35) holds true for each ¢t € supp (v)\{0}. The proof
is complete. a

The following results follow immediately from Lemma 2.18.

Lemma 2.19. Let ¢ be defined by (2.33) with v satisfying (2.34).
Then ¢ € L?(R) satisfies the homogeneous semi-convolution equation
(2.32) if and only if L& vanishes on supp (v)\{0}.

Lemma 2.19 suggests a method to construct f € L?(R) satisfying
the Bedrosian identity (1.2) from a given g € L?(R) for which either
Hc, (7) or He, (§(—-)T) is not an outer function in H*(C,.). Let g be
a specified function in L?(R). First determine the two sets A, = {t €
R\{0}: £(37)(t) = 0} and A = {t € R \{0} : £(G(~)")(t) = 0},
then find two measures vy, v_ € By (R4) satisfying (2.34) that are
supported on A_ and A, respectively. The function f satisfying (1.2)
is finally given by

€)= enute) [

e Stduy (1) + CQu(—f)/ efldv_(t), €€R,
Ry

Ry

or equivalently,

G 1 Co 1
J@) =57 /R+ O+ o /R+ T - TER,

where ¢1, co are arbitrary complex constants. Example (2.19) falls into
this kind of construction.

We next give examples of f for each of which there does not exist
nontrivial ¢ € L?(R) satisfying the Bedrosian identity (1.2). For
this purpose, we introduce the concept of uniqueness subsets of Cg,
which are subsets A C Cp such that there does not exist a nontrivial
holomorphic function on Cg that vanishes on A. For example, if A has
a clustering point in Cg then A is a uniqueness subset of Cg.

Theorem 2.20. Let f be given by

1 1
Fl) = /R+ — dz/+(t)+/R+t+m dv_(t), = €R,
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where vy, v_ € By(Ry) satisfy condition (2.34). If both supp (v4)
and supp (v_) are uniqueness subsets of Cr then there does not exist
nontrivial g € L?>(R) satisfying the Bedrosian identity (1.2).

Proof. Since vy, v_ satisfy (2.34), we have

o) = 2mue) [

e Stduy (t) + 27ru(—§)/ eftdv_(t), € €R.
R

R

By Lemma 2.19, g € L?(R) satisfies (1.2) if and only if £(g(—-)") and
L(g") vanish on supp (v4)\{0} and supp (v_) \ {0}, respectively. Since
L(g(—)") and L(g") are holomorphic on Cg, this is possible if and
only if g = 0. O

3. The circular Bedrosian identity in L3 _. We study in this
section the circular Bedrosian identity (1.8) where f,g € L3, .

3.1. A necessary and sufficient condition. Similar results as Lemmas
2.1 and 2.2 hold for the circular Hilbert transform [9, Chapter 9].

Lemma 3.1. There exists a constant ¢ such that for each f € Li_
andy >0

[0,27]

pf € [0,27] : [(Hf)(@)] > y} < §||f||u

Lemma 3.2. Iff € L5, 1 < p < oo, then Hf € L}, I?’Qf =
—f 4 co(f) almost everywhere and the Fourier coefficients of Hf are
given by

(3.1) cr(Hf) = —i sgn(k)er(f), k€ Z.

For p =1, formula (3.1) remains true under the additional assumption
that Hf € L.

The same arguments as those for Lemma 2.3 are able to yield the
following result based on Lemmas 3.1 and 3.2.
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Lemma 3.3. Let f € Li_. Then ﬁf € LY _if and only if there
exists g € L3 such that

(3.2) —i sgn(k)ex (f) = cr(g), k€ Z.
Moreover, if (3.2) holds then Hf = g almost everywhere.

We shall give a characterization of the circular Bedrosian identity
(1.8). Let I be a countable index set. An element ¢ € ¢?(I) will be
viewed as a continuous function on I. The kth component of 1 is
denoted by (k) for each k € I. For convenience, we also introduce a
map F from L2, to (2(Z) by setting for cach f € L2,

(Ff)(k) == c(f), keZ

and two adjoint maps ﬁr, F_ from L3 to (*(Z,) by setting

EpO) =L (B = alf). keN

(F o)=L (F ) = e i), ke

The shift operator S on £2(Z ) is defined for each ¢ € (%(Z,) as
(SU)(0) =0, (S6)(k) = w(k—1), keN.

The adjoint operator S* of S is hence given for each ¢ € ¢2(Z) by

(") (k) == (b +1), keZy.

~—

and

~—

Using Lemmas 3.2, 3.3 and similar arguments as those in the proof
of Theorem 2.4, we get a characterization of the circular Bedrosian
identity.

Theorem 3.4. Let f,g € L3.. Then the circular Bedrosian identity
(1.8) holds if and only if f,g satisfy the following three equations:

(3-3) Y (FEHDF-9)) = Y (F- N F+9) (),
JEZy JEZ4
(3-4) Y (STFFLNG)F-g)(4) =0, kEN,
JEZ+
35 3 (SFE NG Fa)i) =0, kEN.

JEZ
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3.2. Particular solutions. We start the discussion of this subsection
by making a simple observation based on Theorem 3.4. Theorem B
in the introduction says that if f € L2_ is of low Fourier frequency
and g € LZ_ is of high Fourier frequency, then they satisfy the circular
Bedrosian identity (1.8). Our next result shows that if f is of low
Fourier frequency, then it is necessary for g € L3_ to have high Fourier
frequency in order to satisfy the circular Bedrosian identity.

Proposition 3.5. Let f,g € L3.. If there exists k1, ks € N such that
supp Ff C [—k1, ko] and (Ff)(—=k1)(Ff)(k2) # O, then the circular
Bedrosian identity (1.8) holds if and only if

(3.6) supp]?g C (—o00, —ka] U [k, 00)
and
(3.7) (Ff)(k2)(Fg)(—ka) — (Ff)(—k1)(Fg) (k1) = 0.

Proof. Tt can be verified directly that if (3.6) and (3.7) hold, then
equations (3.3), (3.4) and (3.5) are satisfied. Conversely, suppose
H (fg) = ff[ g almost everywhere, or equivalently, equations (3.3),
(3.4) and (3.5) hold. We substitute k = ky — j for j = 0,... k2 — 1
successively into equation (3.4) to find that (Fg)(—j) = 0 for j =
0,...,ko — 1. Similarly, (j-:g)(j) =0for j=0,...,k — 1. Equation
(3.7) is now a direct consequence of equation (3.3). O

We impose in this subsection the requirement that

(Fyf,Fg) = (F_f,Fyg) =0,

in order to satisfy (3.3), where (-,-) is the inner product on ¢*(Z.),
¢ denotes the conjugate of ¢ € ¢2(Z,). As a consequence, it suffices
to solve the homogeneous discrete semi-convolution equations below to
find f,g € L2 satisfying the circular Bedrosian identity (1.8)

(S*kﬁ-l-.ﬁE)Z(L (S*kﬁ—faa):(L kEZ-i-'
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Therefore, we shall consider the following general homogeneous discrete
semi-convolution equation

(38) (5*%4.0) =0, k€Zy,
where 1, ¢ € ¢?(Z,). Let ¥ be a specified element in £(Z,). We set
S*(1p) :=span {S** 1 : k € Z. ).

There exists nontrivial ¢ € [?(Z,) satisfying (3.8) if and only if S*(3))
is not dense in #2(Z. ). Theorem 3.6 gives a characterization for S* (1))
to be finite dimensional.

Theorem 3.6. Let ¢ € (*(Z). Then S*(3) is finite dimensional if
and only if ¢ is given by

(3.9) wn) =)+ Y Y eunfA} s neZy,

JEN, kEZ,,

where @ € (%(Z.) is of finite support, p € N, {\; : j € N,} CU\ {0},
{nj:jeN,} CZy, {cjr:jENykeZy,} CC.

Proof. Suppose 1 is defined by (3.9) with {); : j € N,} C U \ {0}.
Then S*(¢) is of finite dimensions because

S*(¢) C span {{p} U {Ejk 1 j € Ny, k € Zn, }},
where Ejp, = {nk/\? :n € Z,} € (*(Zy). Conversely, suppose that
S*(1) is of finite dimensions. Then there exists ¢ € N such that
S* () C span{S**¢ : k € Z,}.

This inclusion relation implies that there exists {cx : k € Z,} C C such
that

SHp = > xS,

kEZ,

or equivalently,

bntq)= Y cxb(n+k), neZy.

kEZ,
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By the theory of linear difference equations, see e.g., [13], ¥ must be
of form (3.9). The requirement that ¢ € ¢?(Z,) enables us to choose
{A\j:j€N,} CU\{0}in (3.9). o

Let ¢ be of form (3.9). We would like to associate each element in
(?(Z.) with a function in H?(U) before we solve ¢ € ¢%(Z.) from (3.8).
It is known that if h € H(U) is expanded as

h(z) = Z anz", z €U,
neZy

then h € H2(U) if and only if {a, : n € Z,} € (*(Z,), [26]. By
this fact, we define a map Hy : ¢2(Z;) — H2(U) by setting for each
p € 3(Zy)

(3.10) (Hue)(z) :== Z p(n)z", zeU.

neZy

Similar arguments as those in the proof of Proposition 2.6 yield our
next result.

Proposition 3.7. If ¢ is given by (3.9) with ¢ = 0, cjn;—1 # 0,
j € N, and || > [Akt1|, k € Np_1, then ¢ € (%(Z) satisfies (3.8) if
and only if for each j € Ny, \j is the zero of Hy () of order n;.

We apply Theorem 3.6 and Proposition 3.7 to give a particular class
of solutions for the circular Bedrosian identity (1.8).

Proposition 3.8. Let p,g € N, {}; : j € N} € U\ {0},
{3525 € NG} CUN{OL, {n; € N} C Zy {my € N} € Zy,
{cjr:j €Ny, k € Zp;} CC, {c}y 1 j € Ny, k € Zpy; } € C be such that

Z Cjo = Z C;’O'
JEN, JEN,

Then the circular Bedrosian identity (1.8) is satisfied if f,g € L3, are
given by
en(f) :i=u(n) Z Z cjknk)\? + u(—n) Z Z c}k(—n)kfy;”,
JEN, kEZ,, JEN, kEZp,,

n €7



558 B. YU AND H. ZHANG

g(t) = gl(e_it) H (e_it_)‘j)nj +92(eit) H (eit_’}/j)mjv te [0727T]7

JEN, JEN,

where g1, g2 € H2(U) satisfy

910) TT (=3)™ = g200) T (=)™

JEN, JEN,

We shall use Proposition 3.8 to give an explicit example of functions
satisfying the circular Bedrosian identity (1.8). This example is con-
structed as

1 + 1
Cl-teit 1 Lemit?
e it —1/2 N et —1/3
1—(1/3)e~* = "1—(1/2)e*’

(3.11)

g(t) =2 t €[0,2n].

That f,g given by (3.11) satisfy identity (1.8) follows directly from
Proposition 3.8. Since supp (F'f) = supp (F'g) = Z, all the Bedrosian
type sufficient conditions for (1.8) are unnecessary.

3.3. Relations with shift invariant subspaces of £*(Z ). The purpose
of this subsection is to determine for what g € L3_ would there exist
nonconstant f € L3 satisfying (1.8). Our main tool is the Beurling
theorem characterizing the closed shift invariant subspace of H?(U),
3, 26].

With the inner product (-,-) on H?(U) defined for all f,g € H?(U)
as

Fog)= = [ fetyglem dr,

:27r0

the operator Hy defined by (3.10) becomes an isomorphism from
(*(Z) to H2(U). The shift operator S is turned into a multiplication
operator, which is denoted by S, on H?(U)

(Sh)(2) := zh(z), he€H*(U), z€U.
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The shift operator on £2(Z) and the multiplication operator on H?(U)
are related through the isomorphism Hy as follows

HuS = SHy.

We call a subspace M of H2(U) a shift invariant subspace if S(M) C
M. For each h € H?(U), we denote by S(h) the smallest closed shift
invariant subspace that contains h. It is clear that

S(h) =span{S*h:kc Z,}.

Equations (3.3), (3.4) and (3.5) are transformed into

(312)  (Hu(S*Fyf), Hu(S*F-g)) = (Hu(S*F-f), Hu(S*Fy.g)),

(3.13) Hu(S*Fy f) L S(Hu(F_g))
and
(3.14) Hu(S*F_f) L S(Hy(F.g)).

There is a celebrated characterization of the closed shift invariant
subspace of H?(U) due to Beurling [3]. We shall make use of some
consequences of this characterization [26, pages 348-350].

Lemma 3.9. Let M, be the inner factor of a function h € H2(U).
Then S(h) = {Mpp : ¢ € H2(U)}, S(h) = H2(U) if and only if h is
an outer function on U. Moreover, for two inner functions hy,ho on
U, S(h1) = S(hz) if and only if hy = che for some c € T.

Another observation is needed to prove the main result of this sub-
section. If ¢ is a function on T then ¢(e*) is defined on [0, 2x]. For
simplicity, we shall not distinguish between these two functions.

Lemma 3.9. Leth € H?(U). Then S(h)* has ezactly one dimension
if and only if the inner factor My of h is a Mdbius transformation,
namely, there exists A € U and ¢ € T such that

(3.15) Mp(z) =c——=—, z€U.
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Proof. If M}, has form (3.15), by Lemma 3.9, » € S(h)* if and only
if for each n € Z4

2 it
A t A int dt =0
| .

The equation above has the following form in terms of the Fourier
coefficient of ¢

(3.16) “MFe)(n) + Y (1= AN F)(n + k) = 0.
keEN

Comparing two consecutive equations of (3.16) yields that

(Fo)(n+1) = A(Fp)(n), neZ,.

Consequently, we have

which is of one dimension.

On the other hand, suppose that S(h)' is one dimensional. We
first prove that M}, has a zero on U. Let ¢ € H?(U) be such that
S(h)* = span{p}. Since S(h) is shift invariant, S* F¢ C span {Fp}.
By Theorem 3.6, there exists ¢ € C\ {0} and A € U such that

(Fp)(n) = A", n € Zy,

where we set 0° := 1if it appears. Since M}, L ¢, a simple computation

shows that My (A) = 0. Therefore, there exists an inner function ¢ on
U such that M} = ¢m) where

ma(z) : z—A

.:m, zeU.

It follows from this equation that S(h) C S(my). Since both S(h)~+
and S(my)t are one dimensional, we have S(h) = S(M}) = S(my).
By Lemma 3.9, M}, is a Mobius transformation. O
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Theorem 3.11. Let g € L3,.. Then there does not exist a noncon-
stant f € L3, satisfying the circular Bedrosian identity (1.8) if and
only if one of the following conditions holds:

(1) both Hy (Fg) and Hy(F_g) are outer functions on U,

(2) one of Hy(Fyg) and Hy (F_g) is an outer function and the inner
factor of the other is a Mdbius transformation.

Proof. If condition (1) above is satisfied, then by Lemma 3.9,
S(Hu(F_g)) = S(Hu(Fyg)) = H(U).

If f € L3, satisfies the circular Bedrosian identity then by equations
(3.13) and (3.14),

S*F,f=S8*F_f=0.
The function f is hence a constant function. Suppose HU(ﬁJrg) is

an outer function, the inner factor of h := Hy(F_g) is a Mdbius
transformation and f € L _ satisfies identity (1.8). By equation (3.14),

S*ﬁ,f = 0. Since S(h)* is one dimensional, f is nonconstant if and
only if B
Hy(S*F_g) € S(h).
The above formula holds if and only if there exists ¢ € H?(U) such
that
QnMy — h(0) = zMpep,
where @y, and M), are the outer factor and inner factor of h, respec-
tively. Since Mj, is a Mobius transformation, it has a zero on U. As a
consequence, h(0) = 0, which implies that Q;, = z¢. This is impossible
since @y, has no zeros on U. It is concluded that only constant f € L2_
would satisfy (1.8) if condition (1) or (2) holds.
There are two possibilities if neither (1) nor (2) is valid. First, if
neither Hy (Fyg) nor Hy(F_g) is an outer function, then there exist
nontrivial elements 11,12 € £?(Z) such that

Hu (1) L S(Hu(F-g)) and Hy(s) L S(Hu(Fig)).
Let f € L3, be defined by

S*Fif =1, S*F_f = ey,
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where ¢, o are constants chosen to satisfy (3.12), that is,
(3.17)  er(My (), Hu(S™F_g)) = e2(Hu (12), Hu (S"Frg)) = 0.

Second, suppose that HU(ﬁ+g) is an outer function and the inner
factor of Hy (F_g) is not a Mdbius transformation. By Lemma 3.10,
there exist linear independent elements 1,1y € ¢2(Z.) for which
Hy (1), Hu (1hs) are orthogonal to S(Hy(F_g)). Let f € L2 be
defined by

S*Fy f = csthy + cathy, S*F_f =0,

where cs3, ¢4 are constants such that
(318)  ea(Hu (), Hu(S"F-g)) + ea(Hu (¢h2), Hu (S"F-g)) = 0.

Both (3.17) and (3.18) have a nontrivial solution (c1,¢2) or (cs,ca).
We are hence able to find nonconstant f € L3 satisfying the circular
Bedrosian identity. O

If g € L3 does not satisfy condition (1) or (2) in Theorem 3.11, then
the additive positive definite kernels on Z can be used to construct
nontrivial f € L3 _ satisfying the circular Bedrosian identity. Also, a
class of functions f € L3, for each of which there does not exist a
nontrivial ¢ € L2_ satisfying the circular Bedrosian identity can be
obtained from additive positive definite kernels on Z, . However, since
these would be trivial extensions of the real line case, we would not
present them.

4. Applications to intrinsic mode functions. Originally, an
intrinsic mode function (IMF) is defined to be a real function such
that the numbers of its zeros and local extrema differ at most by one
and that its local mean is zero, [17]. For a study on IMFs along this
direction, see [28]. As a different approach, it was suggested in [32]
that real functions f € L?(R) such that

(4.1) (f +iHf)(t) = p(t)e®?, teR
where for all t € R
(4.2) p(t) >0, O

dt
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be taken as a basic atom for the Hilbert-Huang transform [17]. Follow-
ing [32], we still refer to functions f satisfying (4.1) and (4.2) as IMFs.
A method of constructing such IMFs is to solve functions p € L?(R)
and 6 € C*(R) from the nonlinear singular integral equation

(4.3)  H(p(-)cosO(-))(t) = p(t)sin(t), almost everywhere ¢ € R,

with the constraint that p, 6 satisfy (4.2) for all t € R. In the circular
case, the method is to find p € L3, and 2n-periodic function § € C*(R)
such that

(4.4) H(p(-)cosb(:))(t) = p(t)sinb(t), almost everywhere t € [0, 27]

with p, 6 satisfying (4.2) for all ¢ € [0, 27].

Functions p, 6 satisfying (4.3) or (4.4) have been characterized using
the boundary value of functions in Hardy spaces, [24]. Solutions of
(4.3) and (4.4) with explicit expression are desirable in engineering
applications. In the unimodular case p = 1, an interesting class of
functions 6 satisfying (4.3) or (4.4) is provided in [24] using finite
Blaschke products. Specifically, they are given in the real line case
by

ei2 arctan(z) __ A

(4.5) RO — Y ]

1 — )\et2arctan(z)’

and in the circular case by

4.6 o _ g €A
() e =e 1—)\6”’ 6[7 7T],

where A € (0,1). The purpose of this section is to extend the
construction of IMFs by characterizing p satisfying (4.3) or (4.4).

Proposition 4.1. Let 0 be given in (4.5). Then a nonnegative
function p € L*(R) satisfies

(4.7 H(pcosf) = psind almost everywhere

if and only if it has the form
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c
l)=—F=, teR

where b:= (1 4+ X)/(1 — X), ¢ is an arbitrary nonnegative constant.
Proof. Suppose p € L?(R) satisfies (4.7). Set ¢ := cosf + 1 and

rewrite (4.7) into

(4.8) H(pc) — Hp = psinf almost everywhere.

Note the relations that Hé = sinf [25] and

(F)(©) = Tesp(~I2]), R

By Lemma 2.2, equation (4.8) holds if and only if

an) e~ |7 )ate - misen©) - st g

— bsgu(£)p(€), €€ R.

We observe from equation (4.9) that (4.8) holds if and only if p satisfies
the following two inhomogeneous semi-convolution equations

410) 2 [ e (=7 )ate+ man= 1) € <R\ (0}

a2 [ e (= [2])ate + man =130 €< R\ (01
R_
A change of variables transforms (4.10) into

2exp (%) /5 wexp(—g)ﬁ@)ds:bﬁ(o, £ R\ {0,

This equation shows that p € C'(0,00) and satisfies for each £ €
Ry \ {0} that

bp'(€) + sgn(€)p(€) = 0.
Likewise, we can obtain the above equation for each £ € R_ \ {0}.
Therefore, if p € L?(R) satisfies (4.7), then there exist constants
c1,co € C such that

(412)  4(6) = crul©) exp ( - %) T cu(—€) exp (%) £ R\ {0},
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Conversely, it can be verified directly that if p is given above, then
it satisfies equations (4.10) and (4.11). Applying the inverse Fourier
transform yields that p has the form (4.12) if and only if there exists
c3,cq4 € C such that

C3 Cq

+

— . teR.
1—4bt 1+ibt’

p(t) =

Simple computations show that p given above is nonnegative if and
only if ¢s = ¢4, Re(cg) > 0 and Im (c3) = 0. This completes the proof.
O

We next characterize nonnegative p € L3 satisfying (4.4). Consider-
ing the local symmetry of IMF's, we would like to impose the additional
requirement that

(4.13) /27r p(t)cosO(t)dt = 0.
0

Proposition 4.2. Let 6 be given by (4.6) with A € (0,1). Then a
nonnegative function p € L3 satisfies (4.4) and (4.13) if and only if it
s given by

—it

p(t) = Re (m) + ca, te [0, 271'],

where ¢; € C, co € R are constants such that

(4.14) ARe (c1) — |e1] + e2(1 = A?) > 0.

Proof. Tt was proved in [24] that
He?O) = —je??0),

We point out by this fact that a real function p € L3, satisfies (4.4)
and (4.13) if and only if

(4.15) H(pe®)) = pHe™") almost everywhere.
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Note that the following expansion holds

() — _)eit 4 Z(}\nq _ )\nﬂ)ei(nﬂ)t7 t € [0, 2]
neN

By Theorem 3.4, (4.15) holds if and only if for each k € N

(4.16) “Aemi(p) + Y o)W =N =0,
jeN

It is then observed that (4.16) holds if and only if there exists the
constant ¢j € C such that

c_k(p) = N1 ke N.

As a consequence, p satisfies (4.15) if and only if there exists ¢ € H?(U)
such that
che it

=1 ew + (™), te]o,2n].

(4.17) p(t)

We next observe that p given by (4.17) is a real function if and only if
there exists ¢s € R such that

it cje
p(e™) = T +ca, t€]0,27.

Finally, we verify by elementary analysis that
cre—it

p(t) = Re (m) + ca, te [0, 271'],

where ¢; := 2¢}, is nonnegative on [0, 2] if and only if condition (4.14)
is satisfied. O
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