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THE DISCRETE GALERKIN METHOD FOR
NONLINEAR INTEGRAL EQUATIONS (%)

KENDALL ATKINSON AND FLORIAN POTRA

ABSTRACT. Let K be a completely continuous nonlinear
integral operator, and consider solving z = K (z) by Galerkin’s
method. This can be written as zn = PnK(zn),Pn an or-
thogonal projection; the iterated Galerkin solution is defined
by Zn = K(zn). We give a general framework and error anal-
ysis for the numerical method that results from replacing all
integrals in Galerkin’s method with numerical integrals. A
special high order formula is given for integral equations aris-
ing from solving nonlinear two-point boundary value prob-
lems.

1. Introduction. Consider the problem of solving the nonlinear
Urysohn integral equation

(1.1) z(t) =/ K(t,s,z(s))ds, te€.
Q

Denoting this equation by

(1.2) z = K(z),

we assume that K is a completely continuous operator from an open
set D C L*°(Q) into C(Q?), with O a set in R™, some m > 1. We
will analyze the use of the discretized Galerkin method to solve for the
fixed points z* of K.

Let S}, denote a finite dimensional approximating subspace of L>®({2),
with h the discretization parameter. The Galerkin method for solving
(1.2) is to find the element zj, € Sy, for which

(1'3) (zhﬂ/") = (K(xh)>w)7 all ¥ € Sp.

This is a well-analyzed method with a large literature; for example,
see Krasnoselskii (1964), Krasnoselskii-Vainikko, et al. (1972), and
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Krasnoselskii-Zabreiko (1984). Recently, we have given a more detailed
analysis of the Galerkin method, in [6], and some of those results will
be referred to in the following.

Assuming S}, is also a subspace of L%((2), let P, be the orthogonal
projection of L2({2) onto Sy. Then (1.3) can be rewritten as

(1.4) Tp = PhK(xh), Th € LOO(Q).
After obtaining the approximation zj to the desired solution z*, define
(1.5) Zn = K(zn),

which is called the iterated Galerkin solution. For the approximating
properties of Sy, we assume

(1.6) Pyz -z, ash—0,

for all z € C(Q).

Assuming [I — K’(z*)]~! exists and is bounded, we can show the
existence of z, for all sufficiently small h, along with its convergence
to z*. In particular, it can be shown that

(1.7) 2" —zn [|< ¢l 2" = Paz ||

(18) ”Z*—ih”SC“l‘*—PhIEH

‘Max {|| 2* — Paz |, || [T — Pa]K'(z")" [I}
where ¢ is a generic constant. This shows the superconvergence of Zj,
to z*, as compared to that of z; to z*. More details on the resulting
speed of convergence are given in (6.

The numerical scheme (1.3) is implemented by letting ¢ run through a
basis of Si. The resulting nonlinear system will involve many integrals,
both inner products and the integral operator K. When these are
approximated numerically, a new numerical method results. We will
analyze that method, to see when the results (1.7)-(1.8) are still valid
for the solutions obtained from the discretized nonlinear system.

In the next section we will present an abstract framework within
which the discrete Galerkin methods can be analyzed. §3 contains some
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general error estimates for integral equations of the form (1.1), which
can be used to obtain the actual rates of convergence of the discrete
Galerkin and the discrete iterated Galerkin methods for a large class of
problems. In §4 we obtain more specific results for the case where () is
a compact one-dimensional interval and the kernel K (¢, s, u) belongs to
the class G2(a,~) defined in [6]. Finally in §5, we give some numerical
examples which illustrate the theory.

We note that the results of this paper generalize some previous re-
sults obtained in the linear case ([4] and [7]). Although the present
paper is self-contained, we will often refer for proofs and details to the
above-mentioned works.

2. Discrete inner products and projections. As we have
mentioned in the introduction, the implementation of the Galerkin
method requires the computation of many integrals connected both
with the inner product L2(f)) and with the integral operator. The
numerical integration rules used to this effect may be different. In this
section we discuss only the problems related to the computation of
the inner product and the corresponding projection operator. For each
discretization parameter A > 0 we introduce a numerical quadrature
formula of the form

Rp
(2.1) /n fO)do() = 3 winf(t5,0):

Jj=1

Here f belongs to a certain space of piecewise continuous functions
Cp C L*™(Q) that is supposed to contain both C(2) and Sj. In what
follows, the subscript h will usually be dropped from Rp,wjn,t; h,
although implicitly understood. Applying (2.1) to the inner product of
L?(€1), we have a discrete inner product

R
(2:2) (fr9)n =D w;f(t;)g(ty)-

=1

This discrete inner product is an example of an indefinite inner product.
For an abstract theory of indefinite inner product spaces, the interested
reader may consult [8]. However, all properties of (2.2) needed for our
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purposes are proved directly in [4]. We will use the notation introduce
in the latter work.

Let {p1,92,...,©nN,} be a basis of S, and let us consider the N x R
matrix

(2.3) ® = [pi(t;)], 1<i<N,1<j<R.

For all A > 0, assume that

(H1] R>N

(H2] Rank (&) = N

(H3] w]~>d, 1<j<R

[H4) peSpand p#0= (p,p)n >0.

_Under the above hypotheses there is a unique linear operator @ :
Cp, — Sy, defined by

(24) (thyp)h = (Z, <p)h) all pE Sh-

It is easily seen that the linear operator Qj is a projection (i.e.,
Q2% = Q) and that it satisfies

(25) (tha y)h = (IE, th)ha all z,y S éh~

If R = N, then Qpz is simply the element of S, that interpolates z
at the nodes {¢;}. In order to obtain a representation for Qs in the
general case, we need some additional notation. Introduce the diagonal
matrix

(2.6) W = diag (wy, ..., wr].

and the vector function p : (1 — RN

(2.7) o(t) =[pa(t),. .., en(®)].
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Also we will associate with any function z € C, the vector
(2.8) z = [z(ty),...,z(tr)]%.

Then it is straightforward to prove that

(2.9) (@n2)(t) = ()T [(@WeT) oW ]z

for any function z € C;, and all ¢t € Q.

In the Introduction we have considered the orthogonal projection
P, : L%(Q1) — S;. From now on, it will be called the “continuous
projection” onto Sp, in contrast to the “discrete projection” Q. We
assume that

[H5] | Poz — z ||oo— 0, as h — 0, all z € C(Q2),

(He] Sup || @n |loo< 00
h>0

The above assumptions ensure the fact that
(2.10) |z - Qrz|lw< cl||z— Przlloo, z€C(Q).

For a proof and other details, see [4]. The same reference contains
some sufficient conditions under which [H1]-[H6] are satisfied, as well
as some examples satisfying those conditions. In the remainder of this
section we will give one such example which then is used in §4.

Single variable results. Let ) = [a, b] be a finite interval and let A(™)
be a partition of this interval of the form

(2.11) a= Té") < Tl(") <0< T,(,::) =b.
Let us define

hE") = Ti(") - Ti(fi, h("™) = max ht(-"),
h{™

(n) — 2
(2.12) LW MO
J
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and suppose that the sequence of partitions {A(™} is quasi-uniform in
the sense that

(2.13) lim m, =00, supq™ < .

n—oo n
Under this assumption we have

(2.14) lim A(™ =0.

n—oo

In what follows we will measure the convergence rates of different
approximation schemes in terms of the parameter h = h{™. For
notational convenience we will drop the index n and we will write
h — 0 instead of n — oco. The elements of the partition A = A"
will be denoted simply

(2.15) A= {T((:)Tl""’Tm}’ ri=1", Ay =[ri_q,7]
h; = hi , M = My, q:q(")’ h = h(n)

We will denote C%X the space of all piecewise continuous functions
g : [a,b) — R such that g [a,€ C¥(Ay), © = 1,2,...,m. Clearly
Ca = CX is a closed subspace of L®[a, b] which contains the space of
all continuous functions defined on [a, b]. Let r be a nonnegative integer
and let P, A denote the subspace of Ca composed of all functions that
are polynomials of degree < r on each of the subintervals A;.

We now put the above into the general framework considered at the
beginning of this section. Let

(2.16) Q= [a,b], Sh=Pra, Ch=Ca.

We have N = m(r + 1) = dim S;. The continuous projection Py :
L?[a,b] — S,

In our case this means that for any polynomial ¢ of degree < r, we
must have

(218) (th,'d})i:(faw)i, 1=1,2,...,m
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where (-,-) denotes the inner product in L2?(4;), ie., (u,v); =
/, T:‘_l u(t)v(t)dt. In order to define a discrete projection Qh Ch — Sh,
we first construct a numerical integration formula of the form

b R
(2.19) [ rwar= 3wy,
a j=1

We start with a numerical quadrature rule on [0, 1],

1 ) p X R
(2.20) / o) = 3 )

It is assumed to have the degree of precision d, such that
(2.21) d>p—-1>r,

and positive weights

(2.22) w; >0, 7=1,2,...,p

Then using the partition A, we define a numerical integration formula
on [a,b] by

b m P
(2.23) / F&)dt ="k > i f(ric1 + hity).
a 1=1 J=1
This can be identified with (2.19) by setting
(2.24) R =mp, wi—1)p+j = hithj, tli—1)pts = Ti—1 + hil;
for i = 1,...,m and j = 1,...,p. Following [7] we consider the

following sets of integers,

(2.25) J={(t-Vp+yj;5=1,...,p}, i=1,....m

which allow us to rewrite (2.23) as

(2.26) / f(t)dt = Zw, f(t;).
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With this numerical integration method, we define a discrete scalar
product, as in (2.2), and then a discrete projection Qp : Cp, — Sh, as
in (2.4). Asin [7], we can state

PROPOSITION 2.1. Let Py, (-, -)p and Qp be defined as above, and
suppose that (2.13), (2.21), (2.22) hold. Then [H1]-[H6] are satisfied for
any basis P1,-- '7<PN’N = mp, OfSh = PT,A'

PROPOSITION 2.2. Suppose that the hypothesis of Proposition 2.1 1s
satisfied with p > r + 1. Let z € C*~1(A;) be given such that 2(*=1) is

absolutely continuous on A;, i =1,...,m and 2(*) € L*°[a,b]. Then
1/2 z(R) 41
(S w12 - @] < Ll ped

JEJ

where
w=min{v,r + 1}.

We note that the conclusion of the above proposition is trivially verified
in case p = r + 1 when 2(t;) = (Qr2)(¢;), 7=1,...,R.

PROPOSITION 2.3. Under the hypothesis of Proposition 2.1,
Il 2 — @nz [lo= O(R¥).

3. Nonlinear discrete Galerkin methods. Let us consider
again the nonlinear integral equation (1.1). Suppose we have chosen
a sequence of finite dimensional spaces {Sp} and some numerical
quadrature formulas of the form (2.1) such that conditions [H1]-[H6]
are satisfied. The standard way of constructing a discrete nonlinear
operator Kp to approximate the continuous nonlinear operator K from
(1.1) is to use the same numerical integration formula (2.1) and define

(3-1) [Kn(@)(t) = D wiK(t,15,2(t5)), t €.

=1
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In some cases it is advantageous to use a quadrature formula different
from (2.1) in constructing the discrete operator K. Such a formula will
be considered in §4.

Once the discrete inner product (-,-), and the discrete operator K
have been defined, then the corresponding discrete Galerkin approxi-
mation to the solution of (1.1) is an element 2;, € Sy, of the form

N
2= &p;.
i=1

The set {©1,...,0n} is a basis of Sp, and the coefficients &;,..., &N
are obtained solving the nonlinear system

N
(3-2) Z ‘PJa‘Pz h= Kh ZEJ(P] (Pz)
= o
The iterated discrete Galerkin solution is

N
(3.3) an(t) = Kn(Q_ &5)(t), tEQ.

LEMMA 3.1. The discrete Galerkin method (3.2) is equivalent to
solving

(3.4) zn = QnKh(2n)
while the iterated Galerkin solution (3.3) satisfies
(3.5) zn = Kn(QnZn)

where Qp, 18 the discrete projection induced by the discrete inner prod-
uct (-, -)n as described in §2.

PROOF. Equation (3.4) implies (1) 2z, € Range (Qr) = S, and (2) 2x
satisfies

(2h, ¥)n = (Kn(21),¥)n, all Y € Sp.
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Letting ¥ = ¢1,...,on, we obtain (3.2). The argument is easily
reversed as well.

From (3.3) for Zp,

(3.6) zZn = Kn(zn)

(3.7) QnrZn = QuKn(2n) = 2p.

Substituting into (3.6), we obtain (3.5). O

The analysis of (3.5) and %, will follow closely the framework of Atkin-
son (1973), which gave a general theory for collectively compact fam-
ilies of approximating operators. From this, we assume the following
hypotheses for {Kp}.

[A1] K and Kj, h > 0, are completely continuous nonlinear operators
from the open set D C L*°(Q2) into C(f2). [In the case that S, C C((2),
the domain space L>((2) can be replaced by C(12).]

[A2] {K~ | h > 0} is a collectively compact family on D, i.e., for every
bounded set B C D, the closure of

U kn(B)
h>0
is compact in C(02)

[A3] K}, is pointwise convergent to K on D, i.e., for all z € D,

Kn(z) — K(z) as h — 0.

[A4] At each z € D, {Ky} is an equicontinuous family.

Examples of such families {Kp} are given in Atkinson (1973). For
K(t,s,u) continuous, the definition (3.1) satisfies [A1]-[A4]. For a
satisfactory definition of point evaluation for functions in L°°(Q), see
5, 52].

We begin the analysis of Z; by examining the operators

(3.8) Kth T — Kh(QhIII), T e D
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with D = DN C(A).

LEMMA 3.2. Assume [H1]-[H6] for the approzimating subspaces { Sy}
and the discrete product (-, -)n. Further assume K and {Kp} satisfy
[A1]-[A4]. Then {KrQr} also satisfies [A1]-[A4], from D into C(Q).

PROOF. The derivations of [A1]-[A4] are straightforward, and we
include only the proof of [A3]. From [A4] for {K,}, we have that
for each z € D there exists a real-valued function e,(r) for which

(3.9) Il Kn(z) = Kn(¥) lloo < €z(ll 2 =y [loo), h >0

(3.10) ez(r) = 0asr—0.
Then for KnQn,
I K(z) = Kn(@nrz) || < || K(2) — Kn(2) || + || Kn(z) = Kn(@n2) ||
<[ K(2) = Kn(2) || +e2(1| 2 — Qnz |])-
Use (3.10) and [A3] for {Ky} to prove [A3] for {KrQhnr}.

The analysis of {Z,} in (3.5) can now follow that given in [7]. Rather
than reproduce that complete theory, we consider the most important
case. Assume{K}} satisfies

[A5] Let z* € D be a fixed point of K, and let B(z*,r) C C(2) denote
a ball of radius r about z*. Then for some r > 0, K and Ky, h > 0, are
twice differentiable on B(z*,r) and

Il K () Il | K¢ () [IS M < 00, h >0, z € B(z",r).
[Note: This will imply [A4] for {K,} on B(z*,r).]

LEMMA 3.3. The second derivatives of KnQp will also satisfy [A5] on
the ball B(z*,r).

PROOF. Let L (z) = Ki(Qnrz). Then

w(@)e = Ki(Qnz)Qnp

(3.11) "(@)(p, %) = Ki'(Qnz)(Qre, Qnv).
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Apply [A5] for {Kx} and [H6] for {Qr} to finish the proof. O

THEOREM 3.4. Assume that [H1]-[H6] and [A1]-[A5] are satisfied. Let
z* be a fized point of K, and assume 1 is not an eigenvalue of K'(z*).
Then there is a neighborhood B(z*,r) and an hy > 0 such that for
0 < h < ho, the equation z = Ky (Qnrz) has a unique solution Zp, inside
B(z*,r). In addition,

(3-12) Il 2% = Zh [loo< ¢ || K(2%) = Kn(@n2") [loo

with some c > 0. [The letter ¢ denotes a generic positive constant.]

PROOF. This is immediate from applying [1,Theorem 4] to the family
{KnQnr}. D

COROLLARY 3.5. For each 0 < h < hy,

I 2* = Zn lloo< eMax { || K(z") = Kn(2") |loos
(3.13) b I 2" — Qnz™ |2,
I K (z*)[z* — Qnz*] |loo}

PROOF. Take bounds in the expansion
K(z*) — Kn(Qnz*) =
[K(z*) = Kn(z")] + Ki(2*)[z* — Que*] + O(|| z* — Qnz™ |I?).

The family {K}/(z*)} is uniformly bounded using [A5]. O

Error bounds for the discrete Galerkin solution are obtained by using
(3.7). We have

aa) {37 Qi =2 O 4 ()
Il 2* = zn [I<I| * — Qnz* || +[sup || Qn ] || * — Zn || -
Actual rates of convergence are then easily obtained using (3.13).

Urysohn Operators. We will now consider more specific approxima-
tions Ky. For the Urysohn operator (1.1), assume K (t,s,u) is twice
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continuously differentiable with respect to u. Define K, by (3.1). Then
easily

(3.15) K (z)p(t) = /ﬂ Ku(t, 5,2(s))p(s)ds, ten
R

(3.16) Ki(z)yo(t) = Y wiKu(t,t;, z(t;))e(t;)
=1

with K, = 0K/0u. The weights w; are to be the same as in (2.2) for
the discrete inner product. K” and K} are defined similarly.

Examine the terms on the right side of (3.13). The term
|| K(z*) — Kp(2*) ||loo is simply a numerical integration error. The
term || z* — Qz* ||, involves the approximation properties S, and
it can be bounded from (2.10). The third term can be treated in the
same way as in (4, Lemma 5.4]. Let

i (s) =£%(t,s) = Kyu(t,s,z"(s))-

Then
(3.17)

Ki(z")[z* — @na”)(t) = (¢, (I = Qn)z™)n = (I — Qn)&;, (I — Qn)z")n
| Ki(z")lI — @Qnla" ()€ |
I = @) Nl - 11 (T = @r)2™ (0o

where
R
1 F lna=Y_ws | £(t) |, 1] £ llhoo= Maxi<j<r | £(t5) |
i=1

For smooth £(t, s), the term || (I — Qp)€; ||n,1 will be of the same order
as || (I — Qr)z* ||; and then the error bound (3.13) will reduce to

(3.18) |l 2" ~ Zn || < eMax {|| K(2*) = Kn(2") lloo, || * = Qnz" I3}

More detailed results will require additional assumptions about S and
the numerical integration scheme used in defining K and (-, )». We



30 K. ATKINSON AND F. POTRA

have not stated these results more formally because they are mainly a
guide to obtaining the actual rates of convergence.

An especially interesting case of the iterated discrete Galerkin solu-
tion is when N = R.

THEOREM 3.6. Assume Kp(z) depends on z(t) at onlyt =1t1,...,tg.
Further assume that N = R, h > 0. Then

(3.19) Zn = Kn(Zn),

and thus Zp 13 independent of the choice of Sy. Then the error bound
for Zn, 13 of the simpler form

(3.20) 2% = Zh [loo< C || K(2%) = Kn(2") lloo -

PROOF. From the comment following (2.5), N = R implies Qnz in-
terpolates z at ¢t = ty,...,tg. In (3.5), Kn(QnrZp) depends on Qrzx(t)
at t = t1,...,tgr; and by the interpolating property, these are simply
Zn(t1)s-.-,2n(tr). Thus Kn(QrZp) = Kn(Zs). The error bound is im-
mediate from (3.12).

4. Discrete Galerkin methods for equations with kernels of
class §a(a,~). In this section we will give a more detailed analysis in
the one dimensional case. Accordingly, ) will be a closed and bounded
interval of the real axis, so that (1.1) can be written in the form

b
(4.1) z(t) :/ K(t,s,z(s))ds.

We will assume that the kernel K belongs to the class Gi(a,7),
defined in [6] where a and ~y are two integers such that @ > ~v,a >
0,7 > —1. This means that K has the following properties:

[G1] The partial derivative

0K (t,s,u)
ou

exists for all (¢,s,u) € ¥ = [a,b] X [a,bd] X R.

(4.2) £t s,u) =
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[G2] Define

wl:{(ta'S’u)IaSSStSb, UER}
Uy ={(t,s,u) |a<t<s<b u€R}

There are functions ¢; € C*(¥;),7 = 1,2, with

bt s,u), (t,s,u) €0y, t#s
e(t’ % U) - {ZZ(tas,u)a (t’sau) € \Il2-

[G3] If v > 0, then £ € CY(¥). If vy = —1, then ¢ may have a
discontinuity of the first kind along the line s = ¢.

Under the above assumptions it is clear that there are two functions
K; € C*(¥;),7 = 1,2 such that

_ | Ki(t,s,u), (t,s,u) € ¥y, t#s
Koo = {Kg(t, s,u), (t,5,u) € V.
If the kernel K satisfies [G1]-[G2] as well as
(G4)
’K;

(4.4) ~

€ C(¥;), 1=1,2,

then we say that K belongs to the class Go(a,). If @ > 2 then
obviously Gi(a,7) = G2(a,7).

Let us denote by K the nonlinear operator defined by the right hand
side of (4.1):

b
(4.5) (Kz)(t) = / K(t,5,2(s))ds.

In [6] we have proved the following result:

THEOREM 4.1. Suppose that Urysohn’s operator (4.5) has a kernel
K € Gi(a,y). Then

(a) K is a completely continuous operator from L*[a,b] into C¥[a,b]
forv=0,1,...,v1, with vy = Min{y + 1,a}.
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(b) For a > 1,K is a continuous operator fromC" [a, b] into C¥*+1[a, b],
v=01,...,a-1.

As an immediate consequence we have

COROLLARY 4.2. Under the hypothesis of Theorem 4.1 suppose that
K has a fized point z*. Then z* € C*[a,b].

Now let A be a partition of the interval [a,b] as defined in the last
part of §2, let Sp = P, o and let P, (resp., @p) be the continuous
(resp., the discrete) projection onto Sy, considered there. In accordance
with the notation introduced in §1, let z, Z5 denote the Galerkin and
iterated Galerkin solutions of (4.1) corresponding to the projection Py,.
In [6] we have proved that under appropriate hypothesis the orders
of convergence of these solutions are the same as those obtained by
Chatelin-Lebbar (1984) in the linear case:

THEOREM 4.3. Assume K € Ga(a,7), and let z* be a fized point of
the Urysohn operator (4.5) with 1 not an eigenvalue of K'(z*). Also,
suppose that the hypothesis of Proposition 1 is satisfied. Then for all
sufficiently small h > 0, the equations

(4.6) zp = ProK(zp), Tn = K(PrZr)

have solutions xp, Ty, which satisfy

(4.7) | 2 — 2* |loo= O(R?)
(4.8) | Zn = 2* |loo= O(RPT#2)
(4.9) max | Zn(t) — 2*(t) |= O(h??)
where

(4.10) B =Min{a,r + 1}, 82 = Min{a,r + 1,7+ 2}.



THE DISCRETE GALERKIN METHOD 33

Let us consider now a quadrature formula of the form (2.19)-(2.26),
the corresponding discrete inner product (-, -)n, and the discrete pro-
jection @p induced by it. Also let us denote, by K, the standard
numerical approximation of the operator (4.5) constructed with this
quadrature rule:

(4.11) (Knz)(t) ij (t,t;, z(t;))-
The following result is then easily proved.

PROPOSITION 4.4. Assume that the hypotheses of Proposition 2.1
and Theorem 4.3 are satisfied with v > 0, and let Ky, be the discrete
operator defined by (4.11). Then for any z € CX|a,b],

(4.12) I (Kn = K)(2) lloo= O(h**)

(4.13) max | [(Kn = K)(2)() |= O(h®)
where

(4.14) 6, = min{e,v,d + 1}, w, = min{6,,~y + 2}.

Moreover, conditions [A1]-[A5] from §3 are satisfied.

As observed in §3, the Frechét derivative of K, resp. Kj, at * can
be represented by the formulae

b
(4.15) K'@)el(e) = [ £ 9p(s)ds,

respectively

(4.16) (K (2*)el() ij (t,t)plt;),
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where
(4.17) £ (t,s) = Kyu(t,8,2%(s)).

Under the hypothesis of Theorem 4.3, the function £* belongs to the
class G(a,~) defined in Chatelin-Lebbar (1984).

DEFINITION 4.5. A function y : [a.b] X [a,b] — C is of class G(a,7)
(with @ > v, > 0,7 > —1) if and only if

_Juts), a<s<t<b
y(t’s)_{yz(t,S), a<t<s<b

with y1 € C*({a < s <t < b}),y2 € C*({a <t < s < BY),
and y € C([a,b] x [a,b]), for v+ > 0. In case v = —1, y may
have a discontinuity of the first kind on {s = ¢}. Let us denote
by M, respectively M, the resolvents of the linear operators (4.15),
respectively (4.16):

M= (I-K'(z*)" K" (z*)
My = (I = Ky (2*) " K5 (%)

Using results proved in [9] and (B, 7], we obtain
PROPOSITION 4.5. Under the hypothesis of Proposition 4.4, there s

a function M € G(a,v) and a function My € C7([a,b] X [a,b]) such
that

b
(4.18) (Ma)(t) = / M(t, 5)a(s)ds

b
(4.19) (Mpz)(2) =/ My, (t,8)z(s)ds
(4.20) sup | M(t,s) — M;?(t, s) |= O(h*)

3,t€la,b]
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(4.21) | Mr(@Qn — I)z* ||loo= O(hP+P1)

(4.22) I (T + M) (K — K)(z*) [loo O(h*)
where B is given by (4.10) and

(4.23) w = min{e,d + 1,7+ 2}, 1 = min{o,7 + 1,7+ 1}.

The above proposition and Proposition 2.3 are used in the proof of
our main result.

THEOREM 4.6. Assume that the hypothesis of Proposition 4.4 holds.
Then, for all sufficiently small h > 0, the equation

(4.24) Zn = Kn(Qnzn)

has a solution Zp, satisfying the following:
(a) Ifp=r+1, then

(4.25) Il Zrn — 2" |loo= O(h*)
(b) If p>r+1, then
(4.26) Il 3 — 2 lloo= O(h®).
The exponents are defined by
w =min{a,d + 1,7 + 2}, @ = min{w, 2r + 2}.
PROOF. Let us denote

a = Kn(QnZn) — Kn(Qnz"),
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so that
(4.27) h—c*=a+b+é
We have
@ = Ky(Qnz")Qn(2n — 2*) + @1
= Kp(2*)Qnr(2n — %) + @1 + a2
= Kn(z*)(@n — I)(Zn — 2%) + Kp (") (3n — 2*) + @1 + G2
where

Il 1 lloo= O(ll 21 — 2* [I3),
I @2 lloo=O(l| 2n — 7 |||l @nz" — 2" ||0)-
According to Proposition 2.3,
|| @2 [loo = || 22 — z* | O(h).
Also
¢=Kp(z")(@Qn—D)z" +&
with ¢ =¢; =0for p=r+1 and
121 lloo = O(l (@n — D" I%) = O(h*)
forp>r+1.
Using Corollary 4.2 and (4.12), we deduce that
18 ]lec = O(R*).

With the above notation, we can move the term Kj (z*)(zn — =*) to
the left side of the error equation (4.27) and then solve for z, — z*,
obtaining

(a28) 7% =M@ =D -a)
' + Mu(Qn — D)z* + (M + 1) (b + a1 + a2 + &1).

In case p = r + 1 the first two terms on the rlght hand side of (4.28),
as well as ¢1, vanish so that

1 2h = 2" lloo < || M+ 1 lloo (I B lloo + 11 @1 || + Il @2 lloo)-



THE DISCRETE GALERKIN METHOD 37

It follows that
1 2n = 2" [loo < Il 2o = 2" lloo O(ll 2 — 2" lloo +h”) + O(h¥),
from which we deduce that
I Zn — 2% |lo = O(R%),

thus proving (4.25).

In case p > r + 1, then the first term on the right hand side of (4.28)
can be majorized if we observe that, according to Proposition 2.2,

[[Ma(@Qn = I)(Zn — 27)](2) |
<eSRPTELS wi | [(1- Q)G —2)(ty) P}
=1 JEN

<l —z* ||oo K7

The constant ¢ does not depend on ¢ or A.

The second term on the right side of (4.28) is majorized by (4.21) so
that

”Eh -z ”oo
S|l 2n = 2" lloo O(K® + AP+ || 20 — 2" [loo) + O(RP2 + B + B?P).

Hence _
12— 2* lloo= O(W™* + b + 12°) = O(K?),

which completes the proof of our theorem. O

COROLLARY 4.7. Assume that the hypotheses of Proposition 4.4 hold.
Then for all sufficiently small h > 0, the discrete Galerkin equation

2n = QnKn(zn)
has a solution z, such that

(4.29) || 2n — 2* ||oo= O(K??)
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where B2 = min{a,r + 1,7 + 2}.

PROOF. We have
zn — 2" = Qnp(Zh — %) + (Qpz* — z*).
By using [H6], Proposition 2.3 and Theorem 4.6, we obtain
| 2n — 2* |loo= O(h® + BP) = O(hP?).
By comparing Theorem 4.3 and Corollary 4.7 it follows that if
(4.30) min{a,r + 1} = min{y + 2,7 + 1},

then the order of convergence of the continuous Galerkin method
coincides with the order of convergence of the discrete Galerkin method.
In particular it follows that this order of convergence can be attained
for d = p — 1 = r, which leads to a nonlinear system of the form (3.2)
with N =mp = R.

On the other hand, by comparing Theorems 4.3 and 4.6 we deduce
that the order of the discrete iterated Galerkin method equals the order
of convergence of the continuous iterated Galerkin method if (1)
(4.31) a>2r+2, v>2r
and (2) the quadrature rule (2.20) is chosen such that
(4.32) d>2r+1.

We note that if (4.31) is satisfied, then by choosing (2.20) to be the
Gaussian quadrature with p = r + 1, we have

(4.33) d=2r+1=2p—1,
so that (4.32) is satisfied. This leads again to a system of the form

(8.2) with N = mp = R, which is to be solved for &,...,£n. Then Zp
is to be obtained from (3.3). However, as we have noted in §3, in this
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case (i.e., p=7r+1,d = 2r + 1) z, can be obtained directly by solving
the Nystrom equation

(434) ij t t],zh t]))

This is done by obtaining first Z(¢1),...,2(¢tn) as a solution of the
nonlinear system

N
(4.35) Bnts) = Y wiK(ti,t;,2n(t)), i=1,...,N,

and then using (4.34) as an interpolation formula. This is clearly more
efficient than solving (3.2) and then using (3.3).

However, if (4.31) is not satisfied, then in general, the order of
convergence of the discrete iterated Galerkin method is less than the
order of convergence of the continuous Galerkin method. Numerical
experiments show that we have to take p very big in order to recover
the accuracy of the continuous iterated Galerkin method. This is
impractical for numerical applications.

A method for Green’s kernels. We will show that by considering
different quadrature rules in discretizing the inner product (-, -) and
the integral operator K, we can recover the order of convergence of
the continuous Galerkin method (and more!). For the discrete inner
product, we consider the rule (2.20)-(2.26); while in constructing the
discrete nonlinear operator, we use the quadrature rule employed in
[7] for the numerical solution of linear integral equations with Green’s
function type kernels.

In what follows, we use the notation introduced in the above quoted
paper. Thus let us assume again that (2.20) is the Gauss-Legendre
quadrature rule, so that (4.33) holds. Denote
(436) P={1,2,...,R}, T={t1,t2,...,tR}.‘

Let g be a positive integer such that

(4.37) p<q<2p
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and let us consider a family {T;}™, of subsets of T such that

t;€ Ti={t,t2,...,t8}, aljel,

1%
max{|t —¢; |;t € Ti,j € J;} < xh
where x is a given constant (generally x < 2).

Also, let Z:-“ ,k=1,...,q, denote the elementary Lagrange polynomi-
als associated with the nodes in T;, so that the Lagrange interpolation
polynomial of a function z at these nodes can be written as

q

(4.38) (Liz)(t) + Z ()5 (1)

If we introduce a family of indices {D;} , such that
SCD= {il,ig,...,iq} cJ, = {tj 1j € Di},

th=t,,i=1,....m k=1,...,q,
then (4.38) can be written as

(4.39) L)) = 3w (D), a3y = 2.
k=1

If q is large, the above formula is computationally inefficient, so that
we will use instead the Newton form of the interpolating polynomial:

q—1

(4.40) [Li@)](@) =D alth,..., tFH )t —t})... (¢t —tF).

k=1

The actual evaluation is done by nested multiplication. In fact we use
(4.40) to construct a discrete analogue K 4 of K and (4.39) to compute
the Fréchet derivative of this discrete operator.

It is convenient to introduce the following functions:

0 fort <711
(4.41) 0(1)(t) = {t— i1 form_1 <t<m
h; for ;' <t
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h; fort <71y
(4.42) 0(2)(t) = {T —t form_1 <t<m
0 forr; <t
(4.43) €D () = riy + 6V ()2,
(4.44) D) =n+0PW)E - 1)

i1=1,....m, 7=1,...,p.

With the above notation we can define the discrete operator Kpq :
Cla,b] — C|a, b] such that

(445) (Kn,g2)(t) = Z S0 (0) 3 K 1, €00, (£i) (€9 0)
o=11=1 7j=1
As a simpler computational definition for ¢t € A; we can write

(4'46) (Kh,qz)(t) = Z Z ;K (t,t5,2(t5)) + ZA(U)

=1
:#n JGJU

where
(4.47) AP () =0t Zw, k(t, €9 (8), (Liz) (£ (1))).

As in [7], we can prove the following result concerning the distance
between K and Kp 4.

PROPOSITION 4.8. Under the hypothesis of Proposition 4.4, suppose
that p =r+1 and that (2.20) i3 the Gauss-Legendre quadrature formula
(so that d = 2r +1). Then

(4.48) Il (Kh,g = K)(2") lloo= O(h®*)
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(4.49) max | [(Kh,g = K)(2)](t) |= O(h**)
where
(4.50) a; = min{a, 2r + 2}, g2 = min{e, 2r + 2,9 + 1}.

Moreover, conditions [A1]-[A5] from §3 are satisfied for the family of
operators {K,Kpq : h > 0}.

It is easily seen that for any function z, the function K} 4(z) defined in
(4.45) depends on z only via the values z(t1),...,z(tg). On the other
hand, if p = r + 1 then Qpz is the element of S;, which interpolates z
at t1,ts,...,tr. Hence Ky 4(2) = Kp,q(Qrz)), so that in this case the
discrete iterated Galerkin method (3.5) reduces to the Nystrém method

(4.51) 5 = Kng(30).

THEOREM 4.9. Suppose that the hypothesis of Proposition 4.8 is satis-
fied. Then the equation (4.51) has a unique solution for all sufficiently
small h, and we have

(4.52) Il 25 — 2" [loo= O(h%*)

PROOF. Apply Theorem 3.6 and Proposition 4.8. O

Suppose now that o is sufficiently big, while ~ is small in the sense
that

(4.53) a>2r+2, y<r-1

This is certainly true when the integral equation (4.1) is an equivalent
formation of the two-point boundary value problem

(4.54) (t) = f(t,z(t)), a <t <b, z(a) =2z(b) =0
which leads to a kernel of the form

(4.55) K(t,s,u) = G(t,s)f(s,u)
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with
(4.56) G(t,s) = { :gl - s)t, ifs

In this case, v = 0 and (4.53) is satisfied whenever f is of class C“.
Actually, in many applications we have a = 0o,y = 0.

If (4.53) holds, then by taking ¢ = 2r+1 = 2p—1 in those cases where
(4.53) holds, the discrete iterated Galerkin (also Nystrém) method
(4.51) with ¢ = 2p — 1 has a better uniform convergence rate than
the continuous iterated Galerkin method. The latter is able to attain
the same order (i.e., O(h**2)) only at break points (see (4.9)). In
addition, under our assumptions the discrete iterated Galerkin method
using standard Gaussian quadrature has the convergence order

(4.57) | Zn — 2* ||loo= O(R"?)

(see (4.25)), so that the order cannot be increased by increasing the
number of node points in each of the intervals Aj,...,A,, (i.e., by
increasing p =r + 1).

Operations count. Let us now consider the cost of solving the
respective Nystrom approximations:

(4.58) zn = Kn(2n)

(4.59) EZT+1 = Kh,27+1(2ir+1).

We have seen that, in order to solve(4.58), we have first to solve the non-
linear system (4.35) and then to use (4.34) as an interpolation formula.
Similarly, (4.59) is solved by first obtaining v; = 22" (t1),..., vy =
z2™*1(tn) as a solution of a nonlinear system whose u-th equation with

(4.60) pu=0F-p+s,i=1,....m, s=1,...,p,
is formed as follows:

(4.61) 0}, = hits, 02 = h;(1 —1,)

(462) 61‘1]'3 =Ti-1t oilsija Eizjs =7+ 01‘23(21 - 1)
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(4.63) €js = [LiZF?)(€755), 0 =1,2

(4.64) U = Z EwJK(t#atJavj +ZZ zgs,etz,]s

1
';#‘JGJV o=175=1

Then (4.46) can be used as an interpolation formula.

Consider now that we have fixed a partition A = A, with mesh size
— LY _ (P
h=0(.)=o(5)
and that we want to solve (4.58) and (4.59) for this h. If we denote
(4.65) u; = Zp(ti), u= [ul,...,uN]T,

then the nonlinear system corresponding to (4.58) can be written in
the form

(4.66) F(u) =0.

The function F : RN — R has its i-th component given by

Z wi K (ti,t5,u;).
Similarly the nonlinear system corresponding to (4.59) is of the form
(4.67) H(v) =0,
where the p-th component of H : RN — RY can be written as

m 2 P
Z E wiK (ty, t;,v;) — Z Zegsﬁ’jK(tmgjs’st)'

=1 =119=
';;e. JEL o=1j5=1

In the above formula, £7;, is to be computed as in (4.60)-(4.63) with
the interpolation polynomial (4.40) evaluated by nested multiplication.
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It is easily seen that the computation of the vector F(u) for a given
u € RN implies N2 kernel evaluations (K (ti,t5,u5),%,5 = 1,...N)
plus N2 multiplications and N? additions, that is O(N?) arithmetic
operations (we have omitted the O(N) arithmetic operations needed
to compute t1,...,tN, W1,..., WN).

On the other hand, the computation of H(v) involves N(N + P)
kernel evaluations, N(N + 3p) multiplications, N(N + 3P) additions
plus the evaluation of figfori=1,...,mo = 127s=1...,p
The evaluation of the divided differences appearing in (4.40) involve
3mg? divisions and ;mq? additions; the nested multiplications involve
2N pq multiplications and 2Npq additions. Thus the evaluation of the
¢; js costs about mq? + 4Npq = 4N (p + 2p?) arithmetic operations. It
follows that

cost (H(v)) = cost (F(u)) 4+ pN cost (K) + O(8p®N).

In case cost (K) and p are small in comparison with N, then cost (H(v))
and cost (F'(u)) are about the same (= O(N?)).

In solving the systems (4.66), (4.67) we will use a Newton-like
method. Therefore it is important to assess the cost of evaluating the
Jacobians F'(v) and H'(v). The ¢j entry of F’(u) is given simply by

[F'(w))is = 65 — w;Ku(ti, £, u5)-
This means that
cost (F'(u)) = N2cost (Ky) + N2mult. + N2?add.
Consider now a u of the form (4.60). Then:

[H' (v)]up
= —w,Ky(ty, tp,v,) if p & D;

= —w,Ky(tu,tp,vp) — Zw,Z@fsef 7ia) Kulty, €50, €5
lfpe D\Jl,a —‘?"N
P 2
= Z'&) ZO"Z" st (twffjsazgjs)

ifpelnd;, p=ix.
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In the formulas above, the £¥ are the elementary Lagrange polynomials
from (4.38), (4.39). The computational cost of producing the £5( is)
is about

8Np?mult. + 4Np?div.

If this is to be done, then we can compute the £7;, via (4.38) with an
additional
4Np*mult. + 4Np? add.

This is about the same as the cost of evaluating £7;; directly by (4.40)
with nested multiplication. Adding all arithmetic operations we come

to the conclusion that
cost [H'(v)] = cost [F'(u)] + pNcost (K,) + O(20p>N).

Again, if cost (K) and p are small in comparison with NV, then the cost
of both F'(u) and H'(v) will be of order O(N?). In this case it follows
that the cost of a Newton step for solving (4.66), respectively (4.67),
will be dominated by the cost of solving the respective linear systems,
which is of order O(2N®). Thus techniques to reduce the cost should
seek to reduce the cost of solving the linear systems.

It turns out that by using a suitable multigrid technique we can re-
duce the cost of the linear algebra to O(cN?), reducing in the same
time the cost of F’(u), respectively H’'(v). Moreover if one needs only
one iteration on the finest grid then it is possible to reduce the cost of
F(u),respectively H(v), as well. These problems, and others involving
the iterative solution of the nonlinear systems, will be addressed in a
future paper.

5. Numerical examples. To illustrate the preceding results for
discrete Galerkin methods we give numerical results for three integral
equations. Two of these equations were used as illustrations for the
earlier paper [6] on Galerkin methods for nonlinear integral equations.

Our first equation is
(5.1) x(t)—/l——ds—+(t) 0<t<1
’ T Jo t+s+z(s) i, B=t=4
where y is so chosen that
1

I*(t)= H-_C, c>0
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is a solution of (5.1). The function K is given by

K(t,s, u) = t+—3+_u + y(t)

For the error, we refer to Theorem 4.6. In this case, the constants
o and v of Theorem 4.6 can be chosen as large as desired. The error
formulas (4.25) and (4.26) become

s oy _ JORTY, p=r+1
12 =2 ”°°“{0(h5), p>r+l

with @ = Min{d + 1,2r + 2}. We give results for only p = r + 1, and
we use Gaussian quadrature with 7 + 1 nodes on each subinterval to
define the numerical integration. Then

(5:2) Il 20 — 2* [loo= O(R**?).

The numerical results are given in Tables 1 through 4. For comparison,
we also include the errors for the iterated continuous Galerkin method,
.taken from [6]. The number of nonlinear equations that must be solved
is denoted by n..

Table 1. z* =1/(t+1):r=1.

n ne ||z*—2n||lo Ratio ||z* —Zj || Ratio

2 4 7.30E-5 4.02E-6
17.8 5.13

4 8 4.10E-6 7.83E-7
16.6 13.3

8 16 2.48E-7 5.88E-8
16.1 154

16 32 1.53E-8 3.82E-9
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Table 2. z* =1/(t+1):r=2.

n ne ||z*—Zp|lo Ratio ||2*—Z,|lec Ratio
2 6  6.62E-7 1.05E-6
52.9 56.5
4 12 1.25E-8 1.86E-8
63.5 64.1
8 24 1.97E-10 2.90E-10
63.4 63.3
16 48 3.11E-12 4.58E-12
Table 3. z* =1/(t+1):r=1.
n ne ||z* -2l Ratio ||2*—1Z,|lcc Ratio
2 4 1.15E-4 1.12E-2
19.1 9.41
4 8 6.31E-6 1.19E-3
15.7 13.3
8 16 3.83E-7 8.95E-5
16.1 14.9
16 32 2.38E-8 5.99E-6
Table 4. z* =1/(t+.1):r=2.
n ne ||z*¥—%n]|lc Ratio ||z*—Z% |l Ratio
2 6 1.30E-6 1.69E-3
75.2 21.3
4 12 1.54E-8 7.94E-5
67.4 36.4
8 24 2.24E-10 2.18E-6
74.7 49.7
16 48 2.96E-12 4.39E-8 -
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The values of Ratio generally agree with (5.2). For the smooth
solution z* = 1/(¢t + 1), the iterated Galerkin method is somewhat
superior to the discrete iterated Galerkin method. The reverse is true
for the more rapidly changing function z* = 1/(¢+.1), in Tables 3 and
4. In all cases, the iterated Galerkin method was far more expensive
in computation cost, due primarily to the numerical integration of the
Galerkin coefficients to reasonably high accuracy. Also, the discrete
iterated Galerkin method is a Nystrém method in this case (since
p =r+1); and implementing it as Nystroms method is less expensive
than implementing it as a discrete iterated Galerkin method.

Our second example is

(5.3) 2(t) = /0 G(t, 9)[f (s, 5(s)) + 2(s)|ds
(5.4) G(t,s) = { :8 - ';))bt’ ’ § ;

with 2(s) so chosen that

(5.5) z*(t) = t(tl;t), ¢>0.

The integral equation (5.3) is a reformulation of the boundary value
problem

(5.6) ' = f(t,z(t)+2(t), 0<t<1
z(0) = z(1) = 0.

We consider the particular example

(5.7) ftw) =y

Referring to the discussion following Theorem 4.9, we can take v =0
and o arbitrarily large with equation (5.3). By letting ¢ = 2r +1 in
the scheme (4.51), we obtain

(5.8) 2% = 3 llo= O(h?"+?).
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In contrast, the continuous iterated Galerkin method yields

(5.9)

| 2* = Zn [loo= O(™*?).

The numerical results are given in Tables 5 through 8.

Table 5. 2* =t(1—t)/(t+2):r=1,9=3.

n ne ||z* -2l Ratio |[|z*—Zh |l Ratio
2 4 4.99E-5 1.13E-4
15.4 10.8
4 8 3.25E-6 1.05E-5
15.2 13.2
8 16 2.13E-7 7.98E-7
16.4 14.6
16 32 1.30E-8 5.47E-8
Table 6. 2* =t(1—-¢t)/(t+2):r=2,9q=05.
n ne ||z* -2, |l Ratio ||z*—Z%h ]|l Ratio
2 6 3.73E-7 2.91E-6
51.6 23.7
4 12 7.22E-9 1.23E-7
60.1 27.8
8 24 1.20E-10 4.43E-9
65.2 29.9
16 48 1.84E-12 1.48E-10
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Table 7. z* =¢t(1—¢t)/(t+ 4):r=1,9=3.

n ne ||z*—Z2n||lo Ratio || z* —Zp||lc Ratio

2 4 6.74E-3 3.91E-4
4.6 6.8

4 8 1.48E-3 5.77E-5
11.2 94

8 16 1.31E-4 6.17E-6
14.1 11.9

16 32 9.31E-6 5.17E-7
15.6 13.8

32 64 5.96E-7 3.75E-8

The values of Ratio are consistent with the error results in (5.8),
(5.9). For r = 1, the continuous and discrete iterated Galerkin meth-
ods have the same order of convergence; but the continuous method
is slower for r > 2. The tables also show the continuous method to
be superior in the size of the error for the more badly behaved case
o =t(1—t)/(t + .4).

Table 8. z* =t(1—1t)/(t+.4):r=2,9g=05.

n ne ||2*—Z%n|lo Ratio ||2*—2Zhn]|lcc Ratio
2 6 7.37E-4 3.84E-5
14.1 12.7
4 12 5.22E-5 3.03E-6
37.8 18.6
8 24 1.38E-6 1.63E-7
52.7 23.9
16 48 2.62E-8 6.82E-9
61.1 27.6
32 96 4.28E-10 2.47E-10
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The third example is the two-dimensional integral equation

z(o,7))2drdo
(5.10)  z(s,t) = / / = Jr’c;](e‘f f =10 +y(s,),

for 0 < s,t < 1. For this equation, with

u?

K = )t
(5,8,0,7,u) (e +es+c)(et+e " +c) +y(st)
and we give numerical results for ¢ = —.9 and
(5.11) z(s,t) = e,

with y(s,t) defined accordingly.

For the numerical method, we first triangulate the domain D =
[0,1] x [0,1]. For n > 1, define h = 1,5, =t; = jh,j =0,1,...,n
and D;; = [si_1,8i] X [tj—1,t;]. Divide D;; into two triangles. This
yields a decomposition of D into 2n? triangular subregions. On each
triangle, we use polynomial approximations of degree 2, meaning there
are six degrees of freedom in choosing the approximate solution zp (s, t).
Based on polynomial interpolation error over triangles (see [3]), it is
straightforward to show

(6.12) | 2% = zn lloo= O(h®), || 2* = Zn [loo= O(RO).

For the discrete iterated Galerkin method, the error bound (3.18)
implies

(5.13) || % — Zn ||oo= O(R®)

with w = Min{6,d + 1}, d = degree of precision of the numerical
integration over each triangle.

Two numerical integration schemes were used. Method # 1 used a six
point integration scheme of [13]; see Rule 41 in Table 4 of that paper.
Method # 2 used the seven point method, 72 : 5 — 1 of [15] Method
# 1 has degree of precision 4. However, if method # 1 is applied to
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each of the two triangles in D;;, then it has degree of precision 5 over
each such region D;;. Consequently, both methods lead to

(5.14) | 2* = 24 [loo= O(K®).

The numerical results for both methods 1 and 2 are given in Table 9.
In the table, n; denotes the number of triangles, and n. is the number
of nonlinear equations to be solved. The errors were approximated by
the maximum of the errors at the centroids of the triangles.

Table 9. The numerical solution of (5.10): ¢ = —.9.

Method # 1 Method # 2
n ng ne ||2¥—Z2n||lc Ratio ||z* -2, |lcc Ratio
1 2 12 4.97E-5 6.85E-5
28 37
2 8 48 1.77E-6 1.86E-6
45 48
4 32 192 3.91E-8 3.87E-8

When n is doubled, then & is halved and formula (5.12) implies the
error should decrease by a factor of about 64. We observe this only
approximately. The results with the two cases are of comparable accu-
racy. We did not increase n further because the number of equations
to be solved would have been too great. We do not include results for
the continuous Galerkin method because the computing time needed
would also have been too large. The computing time for method # 2
was approximately 1.6 times that for method # 1. Method # 1 has
an equal number of integration nodes and basis functions (six per tri-
angle), and thus it is a Nystrém method. We implemented it as such,
which increased its speed.
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