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INVERSE SCATTERING FOR SCATTERING DATA
WITH POOR REGULARITY OR SLOW DECAY

TH. KAPPELER

1. Introduction. Motivation to study the inverse scattering
problem for scattering data with poor regularity or slow decay is
an application which will be given in two subsequent papers [7, 21]
for the Cauchy problem of the Korteweg-deVries equation (KdV)
Uy — Buug + Ugzz = 0 with irregular initial profile as, e.g., a smooth
enough box shaped potential or a steplike a smoothed Heavyside
function [(4,5].

If we consider u(z) as a potential for the Schrédinger equation
—y"(z) + u(z)y(z) = k?y(x) we can associate to u, by a well known
procedure [8,9], the scattering data of which a part is given by the so
called scattering matrix (T4, R4+, T—, R_). To find a solution u(z,t) of
the KdV (t > 0) it is enough to study the evolution of the scattering
in time and to construct u(z,t) by the inverse problem [3, 4, 5, 7,
10, 11, 12, 13]. Often, however, the evolution of the scattering data,
especially R_, does not stay within the set where the inverse problem
was known to be solvable (4, 5].

Let us briefly outline the organization of the paper. In §2 we
discuss the Marchenko equation in Ly(R_). In §3 we study the inverse
scattering problem under weaker decay and regularity properties of R_
and its Fourier transform than in [8, 9].

Let us introduce the following notation. Let f be a complex valued
function defined on R. By 7,f we denote the translated function
2f(y) = f(z+y) (z and y in R). If h # 0 we denote by Ay f
the differential quotient (A f)(z) := gﬁiﬁ,?—f—(fﬁ

Let f be in Lz(R). By / we denote the Fourier transform f(k) :=
I, f(z)e***dz. By 1, f we define the operator on Lz(R_) defined by

0
e f () () = / r.f(z+2)g(2)dz (g in Ly(R_)).

— OO0

By’ or d; we denote the derivation with respect to . For a complex
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number a we denote by a* its complex conjugate. By H; we denote
the Hardy space of all functions which are analytic in the upper half
plane such that the supremum of the Ly-norms over lines of constant
imaginary part is finite. By Ly(—o00) we denote the Fréchet space
consisting of functions f : R — R with f in Ls((—00,a)) for all a in
R.

Finally let us remark that this paper is closely related to [6]. There,
correcting results of [2], a characterization of a certain class of steplike
potentials in terms of the corresponding scattering data is given. As
in [6] we follow an approach to the inverse problem which is due to
Faddeev (1, 9].

2. The Marchenko equation in Lo(R_). Let us first restate a
result due to Agranovich and Marchenko [1; Lemma 3.3.3, p. 73].

LEMMA 2.1. (AGRANOVICH and MARCHENKO). Let n > 0 be given.
Let f be a real valued function in Lo(R) such that its Fourier transform
f 1s continuous, (2k)" f is in La(R) and limx| o0 (2k)" f(k) = 0. Then

1) 7,(f®) is a compact operator from La(R_) to La(R-) for 0 <
¢ <n.

2) limp, o 7o (Ap fE V) = 7, fO) (1 < £ < n) in operator norm.

The following result can be proved by standard methods.

LEMMA 2.2. Letn > 1 be given. Let f be a real-valued func-
tion in Lo(R) such that its Fourier transform f(k) is continuous and
limpg— oo f(k) = 0. If f®)(z) and |z|*/2f®)(z) are in Ly(—00) for
1<¢<n, then

1) 7. f© is a compact operator from Ly(R_) to Ly(R_) for 0 < £<
n, and

2) limp_o 75 (Ap fE1) = Tzf(e)(l < ¢ < n) in operator norm.

Let f be in Lo(R). f is said to have property Py (N in N) if the
following conditions are satisfied:
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There exists a decomposition f = fi + f2 of f in Lo(R) such that
1) forz=1,2, f;isin Ly(R), . is continuous and limy x| 00 }z(k) = 0;
2) kN 7y is in Ly(R) and limjg|— 0 " f1 (k) = 0; and

3) £ and |z|1/2 f{" (z) are in Ly(—o0)(n =1,...,N).

Let F_ be an element in Ly(R) with property Py where N > 1
such that its Fourier transform R_(k) := [, F_(z)e*"**dz satisfies

|R-(k)] <1 and R_(k) = 0(%) as |k|] —» oo. Let (c_;);es be real
numbers where J is a finite set. Now let us introduce the function

Q_(8):=F_(s)+2 Z ;€.
JE€J

Then 7,Q)_ is a compact operator from Ly(R_) to Lo(R_). For any z
in R and y < 0 let us consider the Marchenko equation

0=B_(z,9) +Q-(z+y) +/0 B_(z,2)Q_(z +y + 2)dz.

In operator form this equation can be written as an equation in Ly(R_)
in the following way: -

(Id + 7xQ_)B_(z,-) = .0_,

where Id denotes the identity operator.

In the same way as Faddeev [9] did, one proves

PROPOSITION 2.3. The homogeneous equation (Id + 7,Q0_)h = 0 in
Ly(R_) has only the trivial solution h = 0.

From Proposition 2.3 and from the compactness of 7,{2_, it follows
that, for any z in R, the Marchenko equation has a unique solution
B_(z,-) in Ly(R_). To derive some properties for B_(z,-) we need
the following lemma which can be easily proved.
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LEMMA 2.4. 7,)_ and thus (Id + 7.Q_)~! is a family of operators
from Ly(R_) to Ly(R_) which depends continuously on the parameter
x. Moreover there exists a nondecreasing constant C(z) such that, in
operator norm ||(Id + 7,Q-)7!|| < C(z) and limz—, — o ||7z0-|| = 0.

From Lemma, 2.4 it follows that there exists a non decreasing function
C(z) such that

1B~ (2, )L (r_) < C(2)-

PROPOSITION 2.5. Let N > 1 be given. Let F_ have property Py for
some N > 1. Then 07B_(z,-) is in Lo(R_) for 0 < n < N. Further
there exists a non decreasing function C(z) such that

16z B~ (2, )|z, (r-) SC(z) 0<n<N.
PROOF. Clearly B_(z,) is in Lo(R_). We prove the statement only

for N = 1. An inductive argument gives easily the conclusion for
arbitrary N.

Let us start from the Marchenko equation
0
0=B(0,9) +0-G+9)+ [ B(za0-(z+y+2)da
— 00

For h # 0 we have, in Ly(R_),

B_(z+h,-) — B(z,")

(1d + 744A92-) - = ®u(z,),
where
B (z.9) :=Q_(x+y+h}1—ﬂ_(z+y)
+/0 B_(z,z)ﬂ__(x+y+z+h’)l—Q_(x+y+z)dz‘
—o0

Let us define

0
Oo(z,y) =0 (z+y) + /_ B_(z,2)Q_(z +y + 2)dz.
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By Lemma 2.1 and Lemma 2.2 one concludes that
Ain}) Dpu(z,-) = Po(z,-) in L2(R-).
Together with Lemma 2.4 we get

azB_(.’l:, ) = ’E% B_(I + h’ ")L - B..(IE, )
= Jim (1d + 7240 0) ™ @4z, )
= (Id +7.0_)"'®(z, ).

Clearly there exists a non decreasing function C(z) such that

10z B (2, )l|L,(r-) < C(2)-

In a similar way one can prove

PROPOSITION 2.6. Let N > 1 be given. If F_ has property Py for
some N > 1, then 97 B_(z,-) itsin HN""(R_) where 0 <n < N (i.e.,
0F0rB_(z,) € Ly(R_) for 0< k < N —n).

PROPOSITION 2.7. Let F_ have property Py. Let o > 1/2 be given
such that, for alla in R

/a (a — 2)**|Q_(2)|*dz < o0.

—00
Then o
/ (a — )2%|0,B_(z,0)|%dz < oco.
—00

w_»

PROOF. For the sake of convenience let us drop all subscripts
From the Marchenko equation it follows that, for y <0 a.e.,

0:B(z,y) =—Q(z+y) — /O 0:B(z,2)Q(z +y + 2)dz
(*) -
- /0 B(z,2) (z + y + 2)dz.
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For z in R we have the estimate

e < [~ 0P

—00

There exists a non decreasing function C(z) such that

II1B(z, )lz(r-) < C(2).
Using the Marchenko equation we estimate | B(z, z)| by

z+

Baa <2 [ 0P

—00

0
+2(sup |z + 2)?) / |B(z, 2)dz

z<0 —00

<2(1+¢@) [ -

—00

0 () Pdu.

Now let us estimate ||0;B(z,-)||z,(r_)- There exists a non decreasing
function C(z) such that

102B(z, )7, &)
0 0
<@y +uplB AP [ ay [ 100G +y+ )P
<C(z) / "0 (W) Pdu(l + C(2) / * / Y (ot y+2)Pde).

This estimate can be used to get

0 2
‘ / 0. B(z,2)Q(z + z)dz‘
—00

0

Ssuplﬂ(z+z)|2/ |0 B(z, 2)|?dz
2<0 oo

<c@( [ P’



INVERSE SCATTERING 129

where again C(z) is a non decreasing function. Finally let us give the
estimate

‘/0 B(ar:,z)Q’(:c+z)dz|2
< sup|B(:c 2)|? / Q(z+2)|’dz < C(z )(/0 (Q’(a:+z)|2dz)2.

Using (*) and the derived estimates, we conclude that there exists a
non decreasing function C(z) such that

10,B(z,0)|? < C(z)( / ’ |Q’(z)|2dz)2.

So, for x < —1, we get
T
/ 1512213, B(s, 0)*ds
C(2) / ds| s |2 / )P [ 1) [z

< C(z)/ | 2 |2*| Q' (2) |2dz/ ds/ [ Y(2) |*dz

and the statement follows. O

Let us now introduce, for Im k& > 0, the functions
0 .
h_(z,k):1 +/ B_(z,y)e" 2 vdy
—00

and _
f—(z,k) :== e " h_(z,k).

One proves, in a similar way to what Faddeev [9] has done, the follow-
ing two propositions.

PROPOSITION 2.8. Let F_ have property Py. Then
1) f—(z,k) is analytic in Imk > 0.
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2) InImk > 0, f_(z,k) is continuously differentiable with respect to
z.

3) limg— _ oo f—(x, k)€t ™ = 1 and limg_, _ oo Oz f— (2, k)e**® = —ik in
Im#k > 0.

4) h_(z,k) —1=0(%) for z in R andImk > 0, |k| — co. The decay
18 uniform for Imk > €, where € > 0 s arbitrarily small.

PROPOSITION 2.9. Let F_ have property Py. Then f_(z,k) is, for
Imk > 0, a solution of the Shrédinger equation —y"(z) + q(z)y(z) =
2y(z), where q(z) := 0;B_(z,0).

3. Inverse Scattering in Ly(R). Let F_ have a property P; and
1_ be given as in the last section. Let T as well as R_ be functions
which fulfill the conditions of the following theorem. With the notation
of the last section let us introduce the following function defined a.e.,
inImk =0:

g— (2, k) = {h* (2, k) + B_(k)e~2*<h_(z, k)}T—_l(T).
Then T (k)g—(z, k) can be represented by
T-(g-(z.0) = 1+ [ {P-(a+1)
O .
+/ B_(z,2)F_(z +y + 2)dz}e**¥dy

+'ZZC 2K]zh IE ’LK}J)W
ROV

As T_(k) has simple poles at k = ¢«x; and T_(k) # 0 in Imk > 0 one
concludes that g_(z,k) is analytic in Imk > 0 and that [ ,((k

ik;)/(k +1K;))(T-(k)g—(z,k) — 1) is in HS .

THEOREM 3.1. (Uniqueness). Let the following conditions be met:

X1) R_ is a continuous complex valued function defined on the whole
of R with the following properties:
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(i) RZ(k) = R_(—Fk),

(i) R-(k) = O(3) as [k| — oo,

(iii) F_(z) := 1 [% R_(k)e~2**dg has property Py.
)

X2) T_ is meromorphic in Imk > 0, has only simple poles, of the
form all k = ik; where k; > 0 and j is in the finite set J. T— 1is
continuous in {Imk > 0}\{0}, and, for k # 0,T_(k) # 0.

Then any pair of functions (h,g) which satisfies 1) to 5) as stated
below must be identical with (h—,g-), t.e., for z in R and Imk > 0,

h(z,k) = h_(z,k) and g(z,k) = g—(z, k).

The conditions 1) to 5) are:

1) h(z,-) — 1 is in Hf (z in R).

. .. k—iKk;

2) g(=, k) is analytic in Imk > 0 and (T-(k)4(z, &) — 1) [1;c; ,H_%-]L
is in Hy.

3) g(z,k) = 14 0(%) for |k| — oo with Imk > 0 and the decay is
uniform in Imk > € for any € > 0.

4) Res (T_(k)g(z, k); ik;) = ic_;e**i®h(z,ik;) (7 in J).

5) For any fized z in R, T_(k)g(z,k) — 1 and h(z,—k) — 1 +

R_(k)e~%*h(z,k) are in Ly(R) as functions of the real variable k
and are equal.

PROOF. Let (h, g) be such a pair. By 1) there exists A(z, ) in Ly(R_)
such that h(z,k) — 1 = ff’oo A(z,y)e~%*ydy (for Imk > O pointwise
and for Imk = 0 for Ly(R)). Then 5) can be written as an equation in
L2(R) in the following way:

T-B(ak) 1= [ {Aw)+ P +9)
+ /0 A(z,2)F_(z +y + z)dz}e**¥dy.

Take w < 0. By 2), (T-(k)g(z,k) — 1)e~2*% is in Ly(R) as a
function of k¥ (in R) and is meromorphic in Imk > 0. By 2) we
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have in Ly(R), with k := k; + ik2 and k; > O sufficiently small,
limg, 10(T-(k)g(z, k) — 1) = T_(k1)g(z, k1) — 1.

Since the Fourier transform is continuous on La(R) we get (in Ly(R))

oo
lim (T (k)g(z, k) — 1)e"2*19dk,
k210 J_ oo
0 .
_ / (T_(ky)g(z, k1) — 1)e=2*vdk,.
—o0

Thus, for w < 0, the residue formula furnishes the following equality
in L2 (R_)Z

1 [* 2ik
— T_(k)g(z, k) — 1)e”***dk
57 | (- (kg k) = 1)
= ZRes (T-(Kk)g(z, k);iK;)e ™.

j€T

By 5) one gets

—2i ) Res (T (k)g(z, k); K, )e> 5"
JjeJ
=2 E c_ ;e T p(g ikj)
JEJ

0
=2 Z c_jetri@tw) 4 2/ Z c_ ;e @tV A(z 2)dz.
Jj€J —®jeJ

Using the inverse formula of the Fourier transform in Ly(R), we get,
forw < 0in Ly(R_),

0=A(z,w)+Q_(z+w) + /0 Az, 2)Q-(z + w + 2)dz.

— 00

So A(z,-) is a solution of the Marchenko equation in Ly(R—_). But
this solution is unique, so A(z,-) = B_(z,-) (in L2(R-)) and h(z,-) =
h_(z,-) in Hy . In Ly(R) we get T_(-)g(z,") — 1 = T_(-)g—(z,") — 1.
By 2) and the same property for g_(z,k) we conclude that g(z,k) =
g—(z,k) inImk > 0O
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Let R;(f) be a continuous function on R in Ls(R) such that
. (o o]
|R'+(f)| < 1 and limjgo B4+ (¢) = 0. Define Fi(z) := £ [ R, (¢)
e*rd¢ and

Q4 (z) :=F4(z) +2 Z ctj exp{—2zy/Kk? + c?}
j€J

c
+ ;1‘_-/ |T—(t)|? exp(—2zV/c? — t2)dt,
0

where (c4;)jes are numbers in R, different from 0 and T— is a complex
valued function such that |T-_(v/c2 —t2)|2//c2 — 2 is in L1([0,c]).
Assume that, for all z in R,

/z " (s = )|, (5)|ds < oo.

Then, for any z in R, there exists a unique solution Bi(z,-) in
Li(R4+)NLy(R) of the Marchenko equation 0 = B (z,y) + Q4 (z+y)
+f0°° Bi(z,2)Q4(z + y + 2)dz. Set Bi(z,y) = 0 for y < 0 and
let us introduce hy(z,€) = 1+ [5° By(z,y)e***dy, and, for £ in
R\{0}, g+(z,8) = (h4(z,~0) + R (0)e**“hy(2,£)) 7qazyys Where
T, (k) is a complex valued function defined on {Imk > 0}\{0} such
that T4 (k) # 0 for k # +c and k(¢) = V2 + ¢? is the inverse map of
£ = (k) = Vk? — c2, defined for {Im¢ > 0}\{sA : 0 < A < ¢}. Using
the definition of hy (z,£), T4 (£)g+(z,£) can be written as

T:(6)g+(z,£)
= 1+/ {B+(z, y)+ Fy(z+y)+ /0B+(x, 2)F(z+y+ z)dz}e—mydy

—00

0 [e )
=1+ / (F+(9: +y)+ / Bi(z,2)Fy(z+y+ z)dz) e~ dy

—00 0
. —2X; . 1

+1 Z cije”2i%h, (a, z/\j)e Yy
JEJ
i [° sexp{—2zv/c? — 2} Y SRy

+ 27r/0 P S @i/ ),

where by definition A; := | /;c;‘? +c2.
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Assuming the conditions of either of the two next theorems, T (k)
g+(z,€(k)) is analytic in {Imk > 0}\{¢k; : j in J}. The following
result will be stated separately for the case where the step c? is strictly
positive and where the step is 0 since, for the later case, we need much
weaker assumptions.

THEOREM 3.2. (step ¢ > 0) Let the following conditions be satisfied:

Y1) Let Ry (£) be a complex valued function, defined and continuous
on the whole of R with the following properties:

(i) R3.() = Ry(=0);
(ii) [R+(6)] <1 and R4 (0) = -1;
(iii) R4 (£) = O(3) for |€] — oo; and
(iv) Fy(z) = % [% R, (£)e**=dl is absolutely continuous and
LU IFL(s)|(1+ |s|)ds < 0o for all z in R.

Y2) Let Ty be a complez valued function defined on {Imk > 0}\{0}
and meromorphic in Imk > 0 such that the points {ik; : j in J} are
the only poles of Ty, all of them simple and purely imaginary (k; > 0).
Moreover,

(i) T3 (k) = T (=k) for k in R\{0},

(i) T4 (k) # 0 in {Imk > 0}\{=%c, 0} and T4 (£c) =0,
(ili) T4 (k) = 1+ O(%) as |k| — co in Imk > 0 uniformly, and
(iv) T4 continuous in {Imk > 0}\{0}.

Y3) Let R_ be a complex valued function defined and continuous on
the whole of R such that

(i) Rz (k) = R—(=k),

(ii) |R- (k)| £ 1, and R_(0) = —1,

(iii) R-(k) = O(%}) as |k| — oo, and

(iv) F_(z) == £ [*°_ R_(k)e~***dz has property P;.

Y4) T_(k) is given by (kT (k))/€(k) in {Imk > 0}\{=c, 0}.
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Y5) (i) For all k in R\[—c,¢]:

1= ST, (0) + Ry 2 (EGK)

L= TIT (k) + R (6(K)

and
0 =£T_(k)RZ (k) + kT (k)R4(L(k)).

(i) R—(0) = —1 and, for real k with 0 < |k| < c,

Further, let (c—;) e be given positive numbers and (u;)jcg numbers
different from O such that Res (T-(k);ik;) = pjic—j. Moreover let
us introduce cyj = u? and define 14 as above. If, in addition,

e~#2etkz g (z,4(k)) is in HY, then, for any = in R and Imk > 0,
e gy (z,L(k)) = e"*"h_(z, k)

and A ‘
e*g_(z,k) = e®h, (z,£L(k)).
Moreover, e~2¢tkz g (z,0(k)) is an element in Hy for any fized z in
R if the following conditions are satisfied:
I) There exists a > 0 such that, for all z in R,

[o o]
/ IF% ()|(1 + s “F2)ds < oo
T

and R4 (€) is a-Hélder continuous in a neighborhood of £ = 0.

II) a) k/T_(k) is bounded in U\{0}, where U is a neighborhood of 0
i Imk > 0 which is sufficiently small.

b) |T-(Vc? — t2|2t//c? — t2 is vy Holder continuous in [0, c] for some
~> 0.
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REMARK. It is shown in Lemma 3.5 that a) and b) hold if there exist
1/2 < 8 <1and M, M’ > 0 such that T_ is continuously differentiable
in the open interval (0, c) and

Mt <|T_(t)| < MtP, 0<t<e,

[t7/27BT (Ve —t2)| <M, 0<t<c/2,
[(Ve2 = t2)17PT (Ve2 —12)| < M, ¢/2<t<ec.

PROOF. Let us introduce the functions

h(z, k) := e "Fet*®g, (k,£) inTmk >0

g(z,k) := e*®e~"h (2,£) inImk > 0.
It suffices to show that (h, g) satisfies the conditions 1) to 5) of Theorem
3.1. Clearly g satisfies 2) and 3). 1) follows by assumption. So it

remains to show 4) and 5). To consider 5) let k be in R with |k| > c.
Then R_(k) = —R} (k)T (k)/T75 (k), and we get

h(z,—k) + R_(k)h(z, k)e~ 2=

_ it —ika 1 [Ry (K)]” _
= ¢'remik T(*,C)—M(x,e(k))—T_(k)g(x,k),

where we used Y5 (i). For 0 < |k| < ¢, we have R_(k) =
T_(k)/T*(k) = —T4+(k)/Tx(k), and with k := ky + tk2 (k2 > 0) obtain

h*(z, k1) + R_(k1)h(z, ky)e~2*r®

=€_M(k‘)$€_ik‘mﬁ(uﬁ(kl)%(% £(k1)))" — Ty (k1)g+(z, £(k1)))

_ —it(kr)z ikyz (—21)
€ € T*(kl)Im (T4 (k1)G+ (2, £(k1)))
=e—i£(k1)16’ik11’

1 . 1 [° h+z2\/c2—t2)
——tIm | — T — (t)|? exp(—2 dt).
™ () 17~ OF eV =i Rt
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It suffices to show that

'L/ww*”P“N—2c2 )iﬁLQEEZEM)

Ve — 2+l
2rdh) (k)X F)Th (g, £(ky))
;le(:l)llT (ky)[2e?€®)2h (2, £(ky)).

This follows from Lemma 3.6, and 5) is proved. Now let us come to 4).
By the definition of g, Res (T_(k)g(z, k);ik;) = Res (T (k);ik;)e™ s
€"i%hy (2,1);) where as usual \; := {/c2 + 2. On the other hand

ic_;€**1%h(z,ik,)

1
, Res (T (05 %5
=Res (T_(k);ik;j)hy (z,i);)e e 2%,

KT ,—~A;T

=—c_;e% % ;hy (z,1); ))‘

where we used that (Res (T (k);ix,))2 = —cyjc—j, and so 4) follows.
The last part of the theorem will be proved in the following lemmas.

Let us give immediately the corresponding result for the case where
there is no step (c2 = 0). Then £ = k and T(k) := T—(k) = Ty (k) in
Imk > 0.

THEOREM 3.3. (step ¢2 = 0) Let the following conditions be satisfied:

Z1) Let Ry be a complex valued function, defined and continuous on
the whole of R such that:

(i) Ry (k) = Ry (—k);
(i) |R4 (k)| < 15
(iii) R4 (k) = 0(%) as |k| — oo;
(iv) Fy(k) := 71—rff°°o Ry (k)e*™dk is absolutely continuous and
L2 IFL(s)|(1+ |s|)ds < oo for all z in R.

Z2) Let T be a complezx valued function, defined on {Imk > 0}\{0}
and meromorphic in Imk > O such that the points {ik; : j in J} are
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the only poles of T, all of them simple and purely imaginary (k; > 0)
such that:

(i) T*(k) = T(—k) for k in R\{0};

(i) T'(k) # 0 4n {Imk > 0}\{0};
(i) T(k) = 14 O(%) as |k| — oo uniformly in Imk > 0; and
(iv) T 13 continuous in {Imk > 0}\{0}.

Z3) Let R_ be a complez valued function, defined and continuous on
the whole of R such that:

(i) RZ (k) = R_(—Fk),
(i) |R- (k)| < 1,
(iii) R-(k) = O(}) as |k| — oo, and
(iv) F_(z) := 1 [* R_(k)e~?*dz has property P;.
Z4) For all k in R\{0},

1= |T]*(k) + |R+|* (k) = |T* (k) + |R-|* (k)
0 = T(k)R" (k) + T* (k) Ry (k).

Further let (c—;)jes be given positive numbers and (u;) e be different
from 0 such that Res (T';ik5) = pyic_;. Moreover let us introduce
Cyj = ch_, and define Q4 as above. If in addition g4(z,k) =
(h%(z, k) + Ry (k)hy(z, k))m is in HY for all z in R, where hy
18 given as above, then, for all x in R and Imk > 0,

9+ (I7 k) = h—(z$ k)
and
9- (23, k) = h’+ (17 k)
In either of the following cases g (z, k) is in Hy :

A) There exists 0 < a < 1/2 and M > 0 such that |k|*/|T (k)] < M
in a neighborhood of k =0 in Im#k > 0.

B) (i) There exist 1 > 8 >1/2 and M > 0 such that |k|°|T(k)| < M
in a neighborhood of k =0 in Imk = 0.

(ii) R+(0) = —1 and there exists B > a > [ — 1/2 such that Ry
18 a-Holder continuous in a neighborhood of k = 0 and f:° |F (s)]
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(14 |s|***)ds < oo for all z in R.

PROOF. Let us introduce the functions

h(z,k) := g4 (z,k) in {Imk > 0}\{0}
g(z,k) ;== hy(z, k) inImk >0.

It suffices to show that the pair (h,g) satisfies condition 1) to 5) of
Theorem 3.1. Clearly g satisfies 2) and 3). 4) and 5) are shown in a
similar way as in the proof of Theorem 3.2. So let us prove 1). Let us
start with the representation

0
T(K)gs (z,k) = 1 + / {(Fu(z+y)

—00

[
+ / By (z,2)Fy(z +y + z)dz}e > *vdy
0

1
. =2z .
+ ijzeJ: crje I hy (2, 0k) 17— iKk;

We conclude that (T'(k)g+(z, k) — 1) [1;c;((k — ix;)/(k + ik;)) is in
Hy (z in R). In case A it follows right away that g4 (z,k) — 1 is in
H. In case B,lim 1y 4o T'(k)g(z, k) = 0 and so it is enough to
show that T'(k)gy(z,k) is a-Holder continuous in a neighborhood of
k =0in Imk = 0. Consider T(k)g4(z, k) = b’ (z, k) + Ry (k)hy (z, k).
By Corollary 3.8, hy(z,k) and h,(z,—k) are a-Hélder continuous in
Imk > 0 (z in R). By assumption R, (k) is a-Hélder continuous
in a neighborhood of £k = 0. So there exists C > 0 such that, in a
neighborhood of k = 0 in {Im k > 0}\{0}, we have

|9+ (2, )| < /[P~

Now we conclude that g4 (z,k) — 1 is in Hy . O

LEMMA 3.4. Let all the hypothesis of Theorem 3.2 together with I and
11 be fulfilled. Then g4 (z,£(k))—1 isin Hy as a function of k(z in R).
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PROOF. We start with the representation

£—1);
Vry (T4 (K)g+ (2,€) — 1

h z,1/c? — t2
+ — T_(t)|? exp(—2V/¢? — +( . dt
/ | P \/ —t2 444 )

_ 1—[ —7,)\"
j€J€+z,\j
0 [e3) )
/ {F+(z+y)+/ B+(z,z)F+(z+y+z)dz}e‘2"ydy
—oo0
A1
—2A\nx
+27.EZ']C+ n€ h+(ZL‘ ’I,)\ HZ-I-’L)\ K—ZA

Clearly the function on the right hand side is in H2 as a function of
£ (z in R). For sake of convenience only we may assume that R, (€)
is a-Holder continuous on the whole of R and that @ = 4. The next
step is to show that the function on the right hand side is a-Holder
continuous in Im £ > 0. It suffices to prove that the function on the left
hand side is a-Hélder continuous on Im ¢ = 0.

By Lemma 3.6 5= [ |T_(¢)|? exp(—2v/c® — £2z)((h4 (z,1V/c? — £2))/
(Vez —t2 + zl))dt is a-Holder continuous in £ for ImZ = 0. So let
us turn to the term T (k)g+(z,f). For Imf = 0,T4(k)g+(z,8) =

% (2, 0) + Ry (£)e*®hy(z,£). By Corollary 3.8, hi(z,£) is a-Hélder
continuous. By assumption, R;(¢) is a-Holder continuous and thus
T4 (k)g+(z,£) is a-Holder continuous for Im £ = 0. Moreover

Jim T (k)4 (2,0) = 0
Im ¢=0
and thus [];c ;((€—1X;)/(€+1X;))T4 (k)g+ (=, £) is o/2-Hélder contin-

uous as a function of k in Imk > 0. So there exists C > 0 such that,
for |k| < 2e,

C
|g+(:z,€(/c))l < |k — 611/2_0‘/2“6 + C|1/2—o¢/2’

where we used kT4 (k) = £(k)T-(k) and M'|k| < |T-(k)| for some
M' > 0. These two facts together imply that T (k) is bounded away
from 0 in U\{0} where U is a neighborhood of £ =0 in Imk > 0.
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With this estimate in hand and 1/T (k) = 14 O(%) for |k| — oo in
Imk > 0, one can see that g (z,£(k)) — 1 is an element in H . O

Let us introduce the function

B(t) = |T- (V2 —12)? ().

\/—1(0 )

Here 1o ) denotes the characteristic function of the open interval (0, c).

LEMMA 3.5. Let the following conditions be met.

1) T_ s continuous on the closed interval [0,c] and there exists
1/2 < <1 and M > 0 such that |T_(t)| < M|t|5.

2) T_ is continuously differentiable in the open interval (0,c) such
that

T (V2 —t2)| < t"%’ﬁ for t in (0,¢/2)

and

T (V2 —t2)| < (_\/%2)1—;4 fort in (c/2,c).

Then ¢ is (8 — 1/2) Holder continuous.

PROOF. Straight-forward verification shows that, for ¢ in (0,¢) and
v = B — 1/2, there exists A > 0 such that |¢/(t)] < A/t!7".
Moreover (¢(t) — ¢(0))/t" = ¢(t)/t? and (¢(t) — ¢(0))/(c — 1)" =
#(t)(t +c)?/(c? — t2)7 are bounded in (0,c) and the Holder continuity
of ¢ follows.

Let us introduce the function

L

N

By X we denote the Hilbert transformation on Ls(R).

o(z,t) = %':r_(\/c2 —7)

6‘2“:1(0,0) (t)
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LEMMA 3.6. Let the condition I1 of Theorem 3.2 be satisfied. If in
addition [° |F)(s)|(1+ |s|**7)ds < co (z in R), where v := B —1/2,
then:

a) v(z,t)hy(z,ivc? —t2) is as a function of t in La(R) and s ~-
Hilder continuous (z in R).

b) 5= [5 IT-(t)]Pe~2V e ~t= helaiy/e2 %) 4y defines an analytic func-

c2— t2+ 1A
tion in Re £ # 0 which is y-Holder continuous in Ref < 0 as well as in
Ref > 0.

c) With £:={; + iy one has

H(v(z,t)hy(z,iV/ 2 — t2))(Z2)-E —)iv(z, l2)hy(z,1l2)

I T o2 hy(z,ivc? —t2)
= lim /OIT_(t)|2exp( 2V ¢? — t21) N, dt

h+ z,1V/c? — t2)
d T_(t —2v/¢? dt
(d) / | ? exp( \/__—t2+zg

is in HY and ~/2 Holder continuous in ITmk > 0.

1 [ h+(z wWe? —t2)
() ﬁ/o [T- (O exp(-2/e? = o) 2L 20—y

is 4-Holder continuous in £ with Im £ = 0.

PROOF. a) follows from Corollary 3.8. That implies that the Hilbert
transform ¥ (v(z,-)h4(z,1vc2 — -))(¢) is y-Holder continuous also. Now
b) can be deduced from c¢). d) follows from b) and e) follows from c).
So it remains to prove c). For £; # 0 we get

1 [ 1
— T_(t)|2 exp(—2V/c? — t22)hy (z,iV/ c? — 12) ——e——dt
8 ECIEE iV =) e

1 [¢ 1
=— | |T-(t)* exp(—2V/¢c? — 127) ——=——dt
g R O O e
c _ s
= %/ o(z, )hy (0, iV — )y L) — il
0

(t— )2 + £2
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For the imaginary part the convergence follows by a well known prop-
erty of the Poisson kernel. The convergence of the real part one gets
directly by the definition of the Hilbert transformation. O

LEMMA 3.7. Let o > 0. If [7°|F/.(s)|(1+s|***)ds < oo for all z in
R, then J3° | B (a,y)ly*dy < 0 (a in ).

PROOF. There exists a non increasing function C(z) such that

|B+(z,9)| < C(z) [7, 9, (s)lds.
By interchanging the order of integration,

[T iBeear < o@ [T ieyei( [

< Cl(z) / 10 (3)|(s — 2)+ds

S—x

y"‘dy) ds

and the lemma follows.

Immediately we get

COROLLARY 3.8. If [ |, (s)|(1 + |s]***)ds < oo for all z in
R, then hy(z,0) = 1+ [;° By(z,y)e?*™dy is a-Hélder continuous
mImf>0 (z in R).

Let us summarize the main result of this paper in the following
theorem, recalling that by definition ¢ (z) := ¢ — 9;B+(z,0) and
q-(z) := 0;B_(z,0) (in L{°(R)).

THEOREM 3.9. Under the hypothesis of Theorem 3.2 or Theorem 3.3,
g— 18 in Lo(—00), g4 in Li(+00) and g4 = q— in L{°(R). If moreover
there exists a > 1/2 such that for allz in R [*__(z—s)2*|Q_:(s)|%dz <
oo, then [*__|s|**|g—(s)|?ds < 0o for all z in R.

PROOF. The last statement follows from Proposition 2.7. As concerns
the equality of the two potentials we remark that e*“h(z,£) is a
solution of the Schrodinger equation for Im £ > 0:
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1) —y"(2) + ¢+ (2)y(z) = (£ + *)y(2) = k?y(a).
By Theorem 3.2 or Theorem 3.3, we have for Imk > 0,
h_(z,k)e""*® = g, (x, E(k))e_‘“

The right hand side is continuous in {Im & > 0}\{|k| < c¢: k in R} and
is twice continuously differentiable with respect to z. So h_(z,k) is
continuously defined in {Imk > 0}\{|k| < ¢ : k in R} and is twice
continuously differentiable with respect to z there. Because ¢4 is
real, e~%2g, (z,£(k)) is a solution of 1) for k in R\[—c,c]. But for
Imk > 0,e~***h_(z,k) is a solution of

2) ~y"(2) + ¢-(2)y(z) = ky(2).

Due to the smoothness properties of h_(z, k), 2) must hold even for k
in R\[—c, c]. We conclude that e~***h_(z, k) satisfies for k in R\[—c, c|
both equations 1) and 2). Subtracting them one gets

(2+(2) = g~ (2))e™**h_(z, k) = 0.

It follows that g (z) = ¢_(z) in L{*°(R).
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