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BETTI NUMBERS OF PIECEWISELEX IDEALS

CHRISTINA JAMROZ AND GABRIEL SOSA

ABSTRACT. We extend a result of Caviglia and Sbarra
to a polynomial ring with base field of any characteristic.
Given a homogeneous ideal containing both a piecewise lex
ideal and an ideal generated by powers of the variables, we
find a lex ideal with the following property: the ideal in
the polynomial ring generated by the piecewise lex ideal,
the ideal of powers and the lex ideal has the same Hilbert
function and Betti numbers at least as large as those of the
original ideal.

1. Introduction. Hilbert functions and graded Betti numbers are
widely studied invariants in commutative algebra. In particular, the
problem of transforming an ideal into another that has the same Hilbert
function and graded Betti numbers greater than or equal to those of
the original ideal is one of interest to many researchers. One of the
earliest results in this direction was Macaulay’s theorem [15], which
states that, if A = K[x1, . . . , xn] is a polynomial ring over a field K,
then there exists a lex segment ideal realizing the Hilbert function of
any homogeneous ideal of A. Later, Bigatti [2], Hulett [13] and Pardue
[20] proved that lex segment ideals attain the highest Betti numbers
among all ideals having the same Hilbert function.

There are two main conjectures in this area of research. The first
is from Eisenbud, Green and Harris [8, 9], which asserts that, for
a homogeneous ideal I containing a homogeneous regular sequence
(f1, . . . , fr) with degrees e1 ≤ e2 ≤ · · · ≤ er, there exists a lex-plus-
powers ideal L + P which has the same Hilbert function as I, where
P = (xe1

1 , . . . , xer
r ). The second is Evans’s lex-plus-powers conjecture

[11], which proposes that, in this situation, the graded Betti numbers
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are such that bij(L+P ) ≥ bij(I) for all i, j. Recently, many researchers
have proved a series of results related to these conjectures, for example,
[1, 3, 4, 6, 10, 17, 18, 21]. A strong result was shown by Mermin and
Murai [17, Theorem 8.1]. They proved the lex-plus-powers conjecture
holds when (f1, . . . , fr) is a regular sequence of monomials. Note that,
under this assumption, the Eisenbud-Green-Harris conjecture easily
follows from Clements and Lindström’s theorem [7].

A generalization of the Mermin-Murai result was shown by Caviglia
and Sbarra [5]. In their article, the authors studied homogeneous

ideals I containing P + L̃, where L̃ is a piecewise lex ideal, that is,
an ideal which is the sum of extensions to A of lex segment ideals

Li ⊂ K[X1, . . . , Xi]. The quotient rings A/(P+L̃) are known as Shakin

rings. Their result states that there is a lex ideal L such that P + L̃+L
and I have the same Hilbert function, and the graded Betti numbers do

not decrease when we replace I by the ideal P + L̃+L. Unfortunately,
the upper bound for the graded Betti numbers was only shown when
char(K) = 0.

The main theorem of this paper removes the assumption on the
characteristic of the field K in the above result. In Section 2, we
describe the operations performed in [17] to replace the ideal I by a
strongly-stable-plus-P ideal whose graded Betti numbers are an upper
bound for those of the monomial ideal I. We prove that strongly stable
ideals are fixed under these operations. Section 3 contains the proof of
our main theorem using a result of Caviglia and Kummini [3] to reduce
the problem to the characteristic zero case.

2. Shifting and compression. Throughout this paper, A = K[x1,
. . . , xn] is a polynomial ring over a field K, where char(K) is arbitrary,
and P = (xe1

1 , . . . , xer
r ), for some r ≤ n and 2 ≤ e1 ≤ e2 ≤ · · · ≤ er.

Furthermore, throughout this section, assume that I is a monomial
ideal containing P+J where J is a strongly stable ideal. Recall that J is
strongly stable if it satisfies the combinatorial property that, whenever
xim ∈ J , then xjm ∈ J for all monomials m and for all j < i [12].

In the proof of their main theorem, Mermin and Murai showed that
there exists a strongly-stable-plus-P ideal B with the same Hilbert
function as the ideal I such that bij(B) ≥ bij(I) for all i, j, [17,
Proposition 8.7]. In this section, we recall the operations that Mermin
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and Murai used to construct the ideal B from I and, in addition to the
above properties, show that we also have J ⊂ B. We will conclude this
section with the proof of the next proposition.

Proposition 2.1. If I is a monomial ideal containing P+J , then there
exists a strongly-stable-plus-P ideal B with the same Hilbert function
as I such that bij(B) ≥ bij(I) for all i, j and J ⊂ B.

For pairs of variables a >lex b, the ideal B is constructed in [17] in
finitely many steps by replacing I with any of the following ideals:

(1) Shifta,b(I);
(2) Shifta,b,t(I) + P ;
(3) T = T ′ + P , as in Proposition 2.8.

We introduce the definitions of the basic operations used above and
prove that strongly stable ideals do not move after replacing I by any
of these ideals.

Definition 2.2. Let I be a monomial ideal, and fix variables a >lex b
and t ∈ Z≥0. The (a, b, t)-shift of I, denoted Shifta,b,t(I), is the K-
vector space generated by monomials of the form:

fasbr | fasbr ∈ I, r < t,

fasbs+t | fasbs+t ∈ I,

falbs+t | falbs+t ∈ I or fasbl+t ∈ I,

fasbl+t | falbs+t ∈ I and fasbl+t ∈ I,


where the set is taken over all monomials f such that a - f and b - f ,
and over all integers 0 ≤ s < l.

Remark 2.3. Note that, when falbs+t ∈ I and fasbl+t ∈ I, both
monomials falbs+t and fasbl+t will be generators of Shifta,b,t(I).

Definition 2.4. The (a, b)-shift of I is the (a, b, 0)-shift of I as defined
above.

Remark 2.5. For t ̸= 0, Shifta,b,t(I) does not necessarily fix ideals
generated by powers of variables. Thus, in order to preserve the ideal
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P when applying the shifting operation for t ̸= 0, Mermin and Murai
use the operation Shifta,b,t(I) + P .

Proposition 2.6. Let I be a monomial ideal containing P + J . Fix
variables a >lex b and t > 0. Then, J ⊂ Shifta,b,t(I).

Proof. Write m = m′aαbβ ∈ J , where a - m′ and b - m′. If β ≤ α+t,
then it is clear that m ∈ Shifta,b,t(I). The only case where we need to
use the assumption that J is strongly stable is when β > α + t. Here,
we need to show that m′aβ−tbα+t ∈ I. Let N = β− (α+ t). Since J is
strongly stable and N > 0, then m · aN/bN ∈ J ⊂ I. We see that

m · a
N

bN
= m′aβ−tbα+t.

Since both m = m′aαb(β−t)+t ∈ I and m′aβ−tbα+t ∈ I, it follows that
m ∈ Shifta,b,t(I). �

The final operation used to transform the ideal I in the proof of
Mermin and Murai is a compression. The next definition is described
by Mermin [16]:

Definition 2.7. Let I be a monomial ideal, and fix variables a >lex b.
Write I as a direct sum of the form

I =
⊕
f

fVf ,

where the sum is taken over all monomials f in

K[{x1, . . . , xn} \ {a, b}]

and Vf are K[a, b]-ideals. The {a, b}-compression of I is the ideal⊕
f fNf , where Nf ⊂ K[a, b] are the lex ideals with the same Hilbert

function as Vf .

Proposition 2.8. Let I be a monomial ideal containing P + J . Fix
variables a >lex b. Let I ′ be the ideal of A generated by all the minimal
generators of I, except for beb . Let T ′ be the {a, b}-compression of I ′,
and let T = T ′ + P . Then, J ⊂ T .
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Proof. As in the definition of {a, b}-compression, write

I ′ =
⊕
f

fVf

with f ∈ Mon (K[{x1, . . . , xn} \ {a, b}]) and Vf ⊂ K[a, b]. Let T ′ =⊕
f fNf be the {a, b}-compression of I ′. First, suppose that beb is

not a minimal generator of I. In this case, I ′ = I, and therefore, T ′

is the {a, b}-compression of I. Since strongly stable ideals are {a, b}-
compressed, as stated in [16, Proposition 3.8], then J ⊂ T ′.

If, instead, beb is a minimal generator of I, let m = m′aαbβ be a
monomial in J with a - m′, b - m′. Clearly, if β ≥ eb, then m ∈ P ⊂ T .
Thus, we may assume β < eb. Since J is strongly stable, then we have:

m = m′aαbβ <lex m′aα+1bβ−1 <lex · · · <lex m′aα+β ∈ J.

Furthermore, all of these monomials are in I ′. Hence,

aαbβ <lex aα+1bβ−1 <lex · · · <lex aα+β ∈ Vm′ .

These are the first monomials of degree α+β in K[a, b]; therefore, they
are also elements of the lex ideal Nm′ . In particular, this implies that
m ∈ T ′. �

We conclude this section with the proof of the main proposition.

Proof of Proposition 2.1. From [17, Proposition 8.7], there exists
a strongly-stable-plus-P ideal B with the same Hilbert function as I
and bij(B) ≥ bij(I) for all i, j. Furthermore, by Propositions 2.6 and
2.8, strongly stable ideals do not move under the operations used to
construct the ideal B. Hence, when J ⊂ I, we also have J ⊂ B. �

3. Main result. In the previous section, we showed that strongly
stable ideals do not move under any of the three above operations.

Now, we apply this to the situation in which J = L̃ is a piecewise lex
ideal. We begin by reminding the reader of the definition introduced
by Shakin [22].

Definition 3.1. For each 1 ≤ i ≤ n, let A(i) be the polynomial ring

over K in the first i variables. An ideal L̃ ⊂ A is called a piecewise lex
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ideal if it can be written as a sum:

L̃ = L(1)A+ L(2)A+ · · ·+ L(n)A,

where L(i) is a lex ideal in the ring A(i) for each i.

Since piecewise lex ideals are strongly stable, then we have shown

that, when I contains P + L̃, the ideal B does as well.

Theorem 3.2. Let I ⊂ A be a homogeneous ideal with P + L̃ ⊂ I.
There exists a lex ideal L such that

(i) P + L̃+ L has the same Hilbert function as I.

(ii) bij(P + L̃+ L) ≥ bij(I) for all i, j.

Proof. Without loss of generality, using a standard upper-semicon-
tinuity argument, we may assume that I is a monomial ideal containing

P + L̃ by replacing I with in(I). From Proposition 2.1, there is a
strongly-stable-plus-P ideal B with the same Hilbert function as I and

such that bij(B) ≥ bij(I). Furthermore, we have that P+L̃ ⊂ B. Since
B is a strongly-stable-plus-P ideal, the graded Betti numbers bij(B) do
not depend upon char(K) by [3, Corollary 3.7]. Hence, we can assume
char(K) = 0. The characteristic zero result of Caviglia and Sbarra [5,

Theorem 3.4] gives a lex ideal L such that P + L̃ + L has the same

Hilbert function as B and bij(P + L̃+ L) ≥ bij(B) for all i, j. Again,

since P + L̃ + L is strongly-stable-plus-P , then the Betti numbers do
not depend upon the characteristic; thus, the inequality also holds for
char(K) arbitrary. �
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