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ON FORMAL LOCAL COHOMOLOGY MODULES
WITH RESPECT TO A PAIR OF IDEALS

T.H. FREITAS AND V.H. JORGE PEREZ

ABSTRACT. We introduce a generalization of the formal
local cohomology module, which we call a formal local coho-
mology module with respect to a pair of ideals, and study
its various properties. We analyze their structure, upper and
lower vanishing and non-vanishing properties. There are var-
ious exact sequences concerning formal cohomology modules,
among them we have a Mayer-Vietoris sequence with respect
to pair ideals. Also, we give another proof for a generalized
version of the local duality theorems for Gorenstein, Cohen-
Macaulay rings, and a generalization of the Grothendieck
duality theorem for Gorenstein rings. We discuss the concept
of formal grade with respect to a pair of ideals and give some
results about this.

1. Introduction. Throughout this paper, R is a commutative Noe-
therian (non-zero identity) ring, and a, b, I and J are ideals of R. Let
M be a finitely generated R-module. It is well known that, for i € N,
Hi(M) denotes the ith local cohomology module of M with respect to
a, see [4, 10, 14].

When (R, m) is a local ring, Schenzel [19] defined an object of study
as follows. Let
xr = 1‘1, e 3'1:7‘

be a system of elements of R with b = Rad(zR), and let C, denote
the Cech complex of R with respect to 2. The projective system of
R-modules {M/a" M} ,en induces a projective system of R-complexes

{C, ® M/a"M}.
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Consider the projective limit
@n(é’gﬁ@ M/a"™M).

For an integer ¢ € Z, the cohomology module
H'(1im(C, © M/a" M)
is called the ith a-formal local cohomology with respect to b, denoted

by @Lb(M) In the case of b = m, we simply say the ith a-formal local
cohomology.

Now, we consider 4
{Hg(M/a"M)}nen,

the family of local cohomology modules. For every integer n, there is
a natural homomorphism

Hi(M/a" M) — H{(M/a" M),
such that the family forms a projective system. Its projective limit is
i (M) = lim Hi (M /a" M).

When b m, Schenzel [19] has shown the following isomorphism

am(M) = Fy (M), giving the relation between formal local coho-
mology and projective limits of some local cohomology modules. Also,
another approach was studied by Peskine and Szpiro [18, Chapter III]

and by Faltings [9].

R I

The main subject of this paper is to generalize the concept of formal
local cohomology introduced by Schenzel. In order to do this we will
need to use the notion of the local cohomology module with respect
to a pair of ideals. That notion was introduced by Takahashi, Yoshino
and Yoshizawa [23]. More accurately, let the set of elements of M,

IjyM)={zeM|I"x C Jzx forn>1}.

The functor I'; j(—) is a left exact functor, additive and covariant on
the category of all R-modules, called the (I, J)-torsion functor. For an
integer i, the ith right derived functor of 'y ;(—) is denoted by H} ;(—),
and will be referred to as the ith local cohomology functor with respect
to (I,J). For an R-module M, we will refer to H}J(M) as the ith
local cohomology module of M with respect to (I,J) and I'y j(M) as
the (I, J)-torsion part of M. When J = 0 or J is a nilpotent ideal,
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H} ;(=) coincides with the ordinary local cohomology functor Hj(—)
with support in the closed subset V (I).

In [23], the authors have introduced a generalization of Cech com-
plexes as follows. For an element, z € R, let S, ; be the multiplicatively
closed subset of R consisting of all elements of the form =" + j, where
j € Jand n € N. For an R-module M, denote by M, ; = S;bM The

complex C’I, 7 is defined as:

Coy:0—R— R, 7 —0,
where R is sitting in the Oth position, and R, ; in the first position in
the complex. For a sequence x = z1,...,zs of elements of R, let the

complex
S
O&J = ® Cv'xi,J-
i=1

If J = 0, this definition coincides with the usual Cech complex with
respect to x = z1,...,x.

The organization of the present paper is as follows. In the next
section, we will set the formal local cohomology with respect to a pair
of ideals and study some elementary properties about this new concept.
Conversely to the isomorphism,

Sam(M) = Fo (M),

a,m a,m

commented on above, in our case this does not always happen. We also
show in this section some conditions for this isomorphism.

After discussing basic properties of the new concept, in Section 3,
we will use the definition of cohomological dimension of R-module with
respect to a pair of ideals, given by Chu and Wang [5], for establishing
some results. We show some exact sequences involving formal local
cohomology with respect to a pair of ideals.

In Section 4, we discuss the vanishing and non-vanishing of formal
local cohomology with respect to a pair of ideals. In this section, the
main result (Theorem 4.2) says that equality

dimp M/(a+ J)M = sup{i € Z | Fi ; ;(M) # 0},

for ideals I and J of R exists such that J # R and the sum of I + J is
a m-primary ideal.
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In Section 5, we give a new version of the Mayer-Vietoris sequence for
formal local cohomology with respect to a pair of ideals that generalizes
[19, Theorem 5.1].

In Section 6, we are interested in showing the relation between formal
local cohomology with respect to a pair of ideals and the Matlis dual
of certain generalized local cohomology. For this purpose, we show
a generalization of the Grothendieck duality theorem for Gorenstein
rings, and we obtain another proof of generalized version of the usual
local duality theorem for Gorenstein and Cohen-Macaulay rings.

In the last section, we define the concept of formal grade with respect
to a pair of ideals and give some results about this.

2. Definition and some results. Let (R, m) be a local Noetherian
ring. Let
T = fL']7 ce 7x8

be a system of elements of R, and I = (z), J two ideals of R. Let C£7J
be the Cech complex of R with respect to (I,.J). For an R-module M
finitely generated and an ideal a the projective system of R-modules
{M/a™M},en induces a projective system of R-complexes

{Cpy® M/a"M}.
Consider the projective limit
lim(Cy,y ® M/a™M).
Now, we are able to introduce a new object of study.
Definition 2.1. Using the previous construction, for an integer i € Z,
the cohomology module
H'(lim(Cy,y © M/a"M))

is called thg Cech ith a-formal cohomology with respect to (I1,J),
denoted by %QIJ(M)

Note that, if J = 0, then C’LJ coincides with the usual Cech complex
C‘g with respect to x = x1,...,xs. In this case,

St ro(M) =% (M),
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If J =0 and I = m, we have
Sam,0(M) = §g o (M).

a,m,0 — Vam

This definition is a natural generalization of a-formal cohomology with
respect to b and a-formal cohomology, both introduced by Schenzel in
[19], and discussed by Mafi [17], Asgharzadeh and Divaaani-Aazar [2]
and Eghbali [8].

Proposition 2.2. Let M be a finitely generated R-module. If M is a
J-torsion R-module, then

Sar (M) =§q (M).

Proof. By [23, Corollary 2.5], we have that
Cry@M/a"M = C, @ M/a"M.

Applying the inverse limit, we obtain

lim(Cy,y © M/a" M) = ln(C, © M/a" M),
Therefore,
Sa.r,s M) =H'(Yim(Cy s @ M/a" M) = H' (lim(C,®M/a" M) =F, ;(M).

O

The following theorem is a generalization of the base ring indepen-
dence theorem for formal local cohomology and local cohomology mod-
ules. The reader can compare this result with [2, Lemma 2.1 (a)], [4,
Theorem 4.2.1] and [23, Theorem 2.7].

Theorem 2.3. Let ¢ : R — R’ be a ring homomorphism such that
o(J) = JR!, and let M’ be a finitely generated R'-module. Then there
18 a natural isomorphism,

vil,I,J(M/) = gflR’,IR’,JR’(M/)
for all i € Ny.

Proof. Set
— (1,.... 2R
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and

¢(z) = d(a1), ., dlws).

Let S;,,; be a multiplicatively closed subset of R. By hypothesis,
#(Sz;,7) = S¢(z),gr:» for all i+ with 1 <4 < 5. Using the map ¢, we
can also regard M’ as an R-module, and thus the Cech complex C, ;
is the same whether we regard M’ as an R-module or an R’-module.
Therefore, we have

Coy@r M Ja"M' = Cp; ®r (R @p M'/a"M')
= (C’LJ QRr R/) QR M’/a"M’
= Coe),sr @r M'JaR™M'.

Applying the inverse limit and Definition 2.1 gives the statement. [

It is important to remember that the hypothesis ¢(J) = JR' in
the previous theorem cannot be removed. For more details, see [23,
Remark 2.8].

Now, consider '
{H},J(M/QHM)}neN

to be the family of local cohomology modules. There is a natural
homomorphism

H},J(M/an+lM) — H},J(M/anM)v

for all n, such that the family forms a projective system. Their
projective limit 4

lim H} ,(M/a" M)
is called the ith formal local cohomology of M with respect to a pair

ideals, I and J, and we denote §, ; ;(M). In the cases I = m and
J =0, Schenzel [19, Proposition 3.2] showed that

a,m,0(M) = g m o (M).
‘ The natural question arises: when is §’a r.7(M) isomorphic to
Sa.7.7(M)? The next result improves [19, Proposition 3.2] and tries to
answer this question.
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Proposition 2.4. Using the previous notation, there is the short exact
sequence

0 — lim" H; N (M/a" M) — H'(lim(Cy,y@M/a™ M)) — lim H} ;(M/a" M) — 0

e —
for alli e Z.

Proof. For n € N, let the natural epimorphism be M/a"T'M —
M/a™M. Since the Cech complex Cy s is a complex of flat R-modules,
we have an R-morphism of R-complexes

Coy@M/a" ' M — Cpy® M/a"M

(which is degree-wise an epimorphism). By [24, Definition 3.5.1 and
Lemma 3.5.3], it follows that the short exact sequence of complexes

0 — lim(Cy g @ M/a" M) — [1(Ces@m/am M)y — [](Cay@M/a™ M) — 0.
So, there is the long exact cohomology sequence,

s H (i (G @ M/a" M) — H'(K*) 25 HI(K®) — -

where

K* =]](Crs® M/a"M).

Since the cohomology commutes with direct products we obtain a
morphism

¢ [[H (Cry ® M/a"M) — [[ H'(Cpoy ® M/a"M),

where the map is induced by the transition map of inverse systems of
the complexes. Now it is known that the kernel of ¢* and cokernel of
@'~ are, respectively,

lim 1], (M/a" M)
and
lim H 5 (M /" M),
[24, Definition 3.5.1]. This finishes the proof. O

To answer the previous question, we need to know when the local
cohomology with respect to a pair of ideals is an Artinian R-module
for all ¢ € Z. Recently, Tehranian and Talemi [22, Theorem 2.10] have
shown that, for J to be a non-nilpotent ideal of a local ring (R, m) and
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M to be a finite R-module, H}, ;(M) is not Artinian for some positive
integer i. We show below some cases where local cohomology defined
by a pair of ideals is Artinian.

Remark 2.5. Let M be a finitely generated R-module.
(a) If M is a J-torsion R-module, then H}, ;(M) is an Artinian R-

module for all integers 4, because
Hy, 5 (M) = Hy, (M),
[4, Theorem 7.1.3] and [23, Corollary 2.5].
(b) If M is a J-torsion R-module and /T + .J = m, then Hj ;(M) is an
Artinian R-module for all integers i. It follows by [23, Proposition
1.4 (6), (7)] that

H;J(M) = Hz/m_,‘]

which is an Artinian R-module.

(M) = Hy, ;(M) = Hy, (M),

Now, we are able to give some conditions for the isomorphism
between formal local cohomology and Cech formal local cohomology
with respect to a pair of ideals.

Corollary 2.6. Let M be a finitely generated R-module. The following
hold.

(i) B ,
fl,m,.](M) = g,m,J(M)
foralli e Z, if M is a J- torsion R-module.
(i) ' 4
fuJJ(M) = fl,LJ(M)
foralli € Z, if M is a J- torsion R-module and /I + J =m.
(iii) If M is an Artinian R-module, then

§;11(M) = f;JJ(M)
for alli € Z.

Proof. To prove statement (i), note that M/a"M is a J-torsion R-
module. Then, by the previous remark, H}, ;(M/a"M) is an Artinian
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R-module for all i € Z. So the family
{H,, ;(M/a"M)}pez, i€N,

satisfies the Mittag-Leffler condition. By Proposition 2.4 and using the
fact that lim' vanishes on the projective system of Artinian R-modules,
the statement follows.

The proof of (ii) is analogous.

For (iii), use the previous remark to show that Hj ;(M/a"M) is an
Artinian R-module, for all i € Z. Applying the previous idea finishes
the proof. |

Corollary 2.7. Let ¢ : R — R’ be a ring homomorphism such that
o(J) = JR', and let M' be a finitely generated R'-module.

(i) } ,
;,m,J(M/) = gZaR’,mR’,JR’(M/)
for alli € Z, if M’ is a J-torsion R'-module.

(ii) ' .
33,1,J(M/) = 3ER',IR/,JR'(M/)

foralli € Z, if M’ is a J-torsion R'-module and /T + J = m.

(i) | |
Sa1,0M') =Fap 1rgr (M)
for alli € Z, if M’ is an Artinian R'-module.

Proof. Since M’ is JR'-torsion, too, by Corollary 2.7 and Theo-
rem 2.3, we have the proof of (i). The same idea can be used in asser-
tions (ii) and (iii). O

3. Cohomological dimension. In this section, we study some
preliminary results on cohomological dimension of the R-module M
with respect to a pair of ideals (1, J), and we give some exact sequences
involving formal cohomology with respect to a pair of ideals. Firstly,
it is known that Divaani-Aazar, Naghipour and Tousi [6] were the
precursors on the term cohomological dimension, defined by

cd (a, M) = sup{i € Z : H.(M) # 0}.
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Referring to local cohomology defined by a pair of ideals, Chu and
Wang [5] defined the cohomological dimension of the R-module M with
respect to a pair of ideals, (I, J), given by

cd(I,J,M) =sup{i € Z : Hj ;(M) # 0},
and showed a characterization of this integer.

Chu and Wang [5] also generalized the result of Schenzel [19,
Lemma 2.1] using this new concept. This result is given in the following
proposition.

Proposition 3.1. Let I be a proper ideal of a commutative Noetherian
ring R, and let M and N be a finitely generated pair of R-modules such
that Suppr N C SupprM. Then cd (I, J,N) <cd(I,J, M).

Corollary 3.2. Let M be a finitely generated R-module. Then
cd (I, J, M) =max{cd (I, J,R/p) : p € Min M }.

Proof. The proof is similar to [19, Corollary 2.2]. |

Lemma 3.3. Let z = xz1,...,x5 be a system of elements of the ring
R, a = () the ideal of R, and let M be a finitely generated R-module.
Then

cd ((a,yR), J,M) <cd(a,J, M)+ 1

for any element y € m.

Proof. The proof of t}}is statement follows by replacing the Cech
complex by the extended Cech complex of [23] in [19, Lemma 2.3]. O

These two previous results extend [19, Corollary 2.2, Lemma 2.3].
Now, we will analyze how the Cech formal local cohomology with
respect to a pair of ideals behaves with regard to short exact sequences.
In order to prove the next result we employ an argument analogue to
that used by Schenzel in [19, Remark 3.12].

Theorem 3.4. Let

0—A—B—C—0
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denote a short exact sequence of finitely generated R-modules. Then
there is a long exact sequence,

I gi,I,J(A) — ég,I,J(B) — gg,LJ(C) — §3+IIJ(A) —

Proof. Tt is well known that the previous short exact sequence
induces a projective system of short exact sequences:

0— Cpry®A/BNa"A — Cpy®@B/a"B — Cp y®C/a"C — 0

for all n € N. Because C,, s is a complex of flat R-modules and the
maps
A/BNna"™A — A/Bna"A

are surjective, it follows that the projective system of R-complexes
{Cp,s ® A/BNa™A} satisfies the Mittag-Leffler condition. Therefore,
by [11, Proposition 13.2.2], we have the exact sequence of complexes
0—limC,;®A/BNa"A — limC, ; ® B/a"B
— @C'LJ ®C/a"C — 0.
In the case where { BNa™ A} is equivalent to the a-adic topology on A

and by the Artin-Rees lemma [3, Chapter III, Section 3, Corollary 1],
we have

= H'(lim Cy g ® Afa" A) — H'(im C;,y ® B/a"B)
— Hi(l'&nég,J ®C/a"C) — -+ .

Using the definition of Cech formal local cohomology defined by a pair
of ideals finishes the proof. |
Corollary 3.5. Using the same hypothesis as the previous theorem,
there is the long exact sequence:

(i) If B is a J-torsion R-module, then
A gz;1,\11”](*’4) — gé,m,J(B) — gil,m,J(Cv) — S’;Tni,J(A) —

(ii) If B is a J-torsion R-module and /I + J =m, then

T Sfl,I,J(A) — Si,I,J(B) — 33,1,J(C) — S?_IlJ(A) —
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(iii) If B is an Artinian R-module, then

T Sﬁ,I,J(A) - Sﬁ,I,J(B) — 3’2,1,J(C) - 33+11J(A) —
Proof. To prove all cases, apply Corollary 2.6 and Theorem 3.4. [J

Our next result can be considered as a slight extension of [19,
Corollary 3.13].

Proposition 3.6. Let M be a finitely generated R-module, N C M
an R-module such that Supp N NV (a) C V(m) and M = M/N. Then
there is a short exact sequence:

0— N — 33,1,J(M> — gg,I,J(M) — 0,

and isomorphisms, ‘ A o
Ser,s (M) =F (M)

for alli>1.

Proof. Consider the short exact sequence
0—N-—M-— M—0.
As in Theorem 3.4, there is the following long exact sequence,
0— Cyy @ NJa"N — Cy,y @ M/a"M — Cy,y @ M /a"M — 0,

for all n € N. This sequence induces a long exact cohomology sequence
oo = HY(Cy,y®N/a"N) — H (Cpp,y @M/a" M) — H*(Cp, @M [a" M) — - - - .

By [23, Theorem 2.4], we have that H*(C, j ® X) = Hj ;(X) for any
R-module X, so we obtain the sequence

-+ — Hj ;(N/a"N) — H} ;(M/a" M) — Hj ;(M/a"M) — ---

The assumption Supp N N V(a) C V(m) implies that N/a"N is an
R-module of finite length, for all n € N. By [23, Theorem 4.7],
H} ;(N/a"N) =0 for all i > 0. Therefore, we have

0 — H} ;(N/a"N) — H{ ;(M/a"M) — HY ;(M/a" M) — 0,
and isomorphisms,

Hj ;(M/a"M) = Hj ;(M/a"M) for all i > 0.
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Note that the family of Artinian R-modules {H? ;(N/a"N)}nen ([23,
Theorem 4.7 and Corollary 4.2] shows that H} ;(N/a"N) is Artinian),
satisfies the Mittag-Leffler condition. Passing to the projective limit in
the previous exact sequence we obtain

00— Sg,I,J(N) — SS,I,J(M) — gg,],J(M) — 0,
and isomorphisms
ZC'LVLJ(M) = ;II(M) for all ¢ > 1.

Now, as for all i > 0, H} ;(N/a"N) = 0, by [28, Corollary 4.2], it
follows that M is an (I, J)-torsion R-module. Therefore,

H} ;(N/a"N) = N/a"N
and
3o s (N) = lim N/a"N = N°. O

Corollary 3.7. Consider the same hypothesis as in Proposition 3.6.
(i) If M is a J-torsion R-module, then there is a short exact sequence,

0 — Fams(N) — §am s (M) — Fdm s (M) — 0,

am,J a,m,J a,m,J

and isomorphisms,
Shm (M) =T ;(M)=0 foralli>1.

a,m,J

(ii) If M is a J-torsion R-module and /I + J = m, then there is a
short exact sequence,

0— @’g,I,J(N) — §2,I,J(M) — §8,1,J(M) — 0,
and isomorphisms,

Shr (M) =g, ,(M)=0 foralli>1.
Proof. Use Corollary 2.6 and Proposition 3.6. ]

Theorem 3.8. For a finitely generated R-module M, choose an el-
ement © € m such that © ¢ p, for all p € AsspM\{m}. Let
M =M/xzM.
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(i) If M is a J-torsion R-module, then, for all i € Z, there is a short
exact sequence:

m a,m,J

(ii) If M is a J-torsion R-module and /I +J = m, then, for all
i € 7, there is a short exact sequence:

0 — Ho(2; §h g,y (M)) — P—mHl (M Ja" M) — Hy (23500 (M) — 0.

0 — Ho(z; 84 7,5 (M)) — lm Hj ;(M'/a"M') — Hi(z; ./} (M) — 0.

Proof. The proof of statement (i) is the same as in [19, Theo-
rem 3.14], replacing the usual formal local cohomology by formal local
cohomology defined by a pair of ideals. The proof of claim (ii) is anal-
ogous. O

4. Vanishing and non-vanishing results. In this section, we will
discuss vanishing and non-vanishing of the formal local cohomology
with respect to a pair of ideals. Let M be a finitely generated R-
module. Let a,I = (z),J be ideals of the local ring (R,m). Our
purpose in this section is to describe the integer

sup{i € Z | S;IJ(M) # 0}.

We begin with a simple but important result that extends [19, Propo-
sition 4.4].

Proposition 4.1. Consider an ideal a such that dim(M/aM) = 0.
Then:
: 0 ifi#0
. ; ) —
(i) o1, (M) {M“ g,
(i | |
wr.g(M)=3Fq 1 ,(M), foralliecZ.

Proof. For the proof of (i) note that H}‘yJ(M/a”M) =0 for i # 0 by
[23, Theorem 4.7], and M/a™M is an (I, J)-torsion R-module by [23,
Corollary 4.2]. Then

H?’J(M/a”M) =T ;(M/a"M) = M/a"M.
Passing to the projective limit finishes the proof.

For the proof of (ii) use Proposition 2.4. O
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As a brief comment, remember that Grothendieck’s non-vanishing
theorem says that HY (M) # 0 when R is a local ring with maximal
ideal m, and M is a finitely generated R-module of dimension r. Taka-
hashi, Yoshino and Yoshizawa [23, Theorem 4.5] have shown a theorem
that could be seen as a generalization of this famous result. Schenzel
[19, Theorem 4.5] established a similar result to Grothendieck’s non-
vanishing theorem for formal local cohomology. The following theorem
is a generalization of the result assigned by Schenzel.

Theorem 4.2. Let M be a finitely generated module over a local ring
(R,m). Let a,I,J be ideals of R such that J # R and I + J is an
m-primary ideal. Then,

dim M/(a+ J)M = sup{i € Z | §, ;. ;(M) # 0}.

Proof. By [23, Theorem 4.3], we have that H} ;(M/a"M) = 0 for
all i > dim(M/a” M) /(J(M/a"M)). But,

M/a" M M
dim —t%Y M gim—" forallneN.
Mo T raMm TS
Therefore,

dim M/(a+ J)M > sup{i € Z | §, ; ;(M) # 0}.

On the other hand, consider
M/a™M M
= di — | =di —_ for all .
r Hn(J(M/a”M)) lm<(J+a)M> oralln e N

Since I 4 .J is an m-primary ideal, we have H} ;(M) = H}, ;(M) for
any integer ¢. Thus, we may assume I = m. Note that the short exact
sequence:

0— a"M/a"'M — M/a"M — M/a"*'M — 0
induces the long exact sequence
= Hy j(M/a" T M) — H, (M /a™ M) — HF (a"M/a" P M) — -

Now denote M = a™M /a"*t1M. Since

M
(J+a)M
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H (M) = 0 by [23, Theoren 4.3] and Hy, ;(M/a"M) # 0 by [23,
Theorem 4.5].

Therefore, we have an epimorphism
wy(M/a" M) — HY, ;(M/a"M) — 0

of non-zero R-modules for all n € N. This implies that § ; ;(M) # 0.
g

Remark 4.3. Let M be a finitely generated R-module. Some proper-
ties follow about vanishing of the formal local cohomology with respect
to a pair of ideals:

(a) §. (M) =0 for any i > dim(M/aM) [23, Theorem 4.7].

(b) §or (M) = 0 for any i > dim(M/(a + J)M), if J # R [23,
Theorem 4.3].

(¢) §. (M) =0 for any i > dim R/.J [23, Corollary 4.4].

(d) If M is an (I, J)-torsion R-module, then § ; ;(M) = 0 for any i
integer [23, Corollary 1.13].

5. The Mayer-Vietoris sequence. It is well known to readers
with a basic grounding in homological algebra that an important rule
is called the Mayer-Vietoris sequence. In our context, it is not known
whether the Mayer-Vietoris sequence involves the local cohomology
defined by a pair of ideals. The following theorem is a generalization
of [19, Theorem 5.1], where Schenzel showed a similar result of the
Mayer-Vietoris sequence for formal local cohomology.

Theorem 5.1. Let a,b be two ideals of a local ring (R, m). Let M be
a finitely generated R-module. Then, for i € Z, there is the long exact
sequence

e gflr‘lb,l,J(M) — gﬁIJ(M) S ézlJ(M) — géa,b),I,J(M)

Proof. Firstly, for n € Z, consider the following exact sequence:

0 — M/(a™M N 6" M) — M/a"M & M/b™M —s M/(a",6™)M —» 0.
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It induces a short exact sequence

- M . M = M
0 Cor® gy — (Cor® gur) @ (o © gy

Because Cy 7 is a complex of flat R-modules and the maps,
M/(a" TP nb" M — M/(a™ Nb"™)M

are surjective, we have that the projective system of R-complexes
{Cp,s @ M/a"M Nb"M} satisfies the Mittag-Leffler condition. There-
fore, by [11, Proposition 13.2.2], we obtain the exact sequence of com-
plexes:

0+t (G e ) i (Coro )
EB%_( BRI M >—>L< LJ®(an7];4n)M>—>0.

We observe that the (a™,b™)-adic filtration is equivalent to the
filtration {(a™, b™)M},en. Now it is enough to prove the (a N b)-adic
filtration on M is equivalent to the filtration {(a™ N 6™)M},ecn. Note
that

(ab)"M C (a" NbB")M Ca"MNb"M

for all n € N. Let m € N be a given integer. By the Artin-Rees lemma
[3, Chapter I1I, Section 3, Corollary 1], there exists a k € N such that

a"NNb™N Ca" "™ N for all n > k.
Note that the ab-adic and the aNb-adic topology on M are equivalent,

and this concludes the statement. O

The next result is an immediate consequence of Theorem 5.1.

Corollary 5.2. Let a and b be ideals of a local ring (R,m). Let M be
a finitely generated R-module and i € Z.
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(i) If M is a J-torsion R-module, then there is a long exact sequence

T gflﬁb,m,J(M) — gg,m,J(M) D gi),m,J(M) — 1,?.S'z(lct,b),m,J(]\4)
—F (M) — -

anb,m,J
(ii) If M is a J-torsion R-module and v/I+ J = m, then there is a

long exact sequence

T gimb,I,J(M) — Sﬁ,I,J(M) @ 3’% I, J( ) — Séa 0),1,0 (M)

(iii) If M 1is Artinian R-module, then there is a long exact sequence

- — o0 (M) — b g (M) & Ty (M) — S(a 6),1,0 (M)

Proof. We will prove (i), and the other cases are analogous. Because
M is J-torsion, any quotient of M is J-torsion too. By Corollary 2.6
and Theorem 5.1, the statement follows. O

6. Local duality for a pair of ideals. The purposes of this
section are to show a generalization of Grothendieck duality theorem
for Gorenstein rings and give another proof of the local duality theorem
for Gorenstein and Cohen-Macaulay rings. For both cases, we will use
local cohomology with respect to a pair of ideals.

Let (R,m,K) be a d-dimensional Cohen-Macaulay local ring with
a canonical module w. Then, for 0 < ¢ < d, it is well known that
isomorphisms,
Hi (M) =Extg (M,w)Y,

exist where (—)Y = Homp(—, Er(K)) and H¢(R) = w". This result is
called the local duality theorem. There is a generalization of this result
in [23, Theorem 5.1] for local cohomology defined by a pair of ideals.

Lemma 6.1. Let (R, m,K) denote a local ring, x = 1, -+ , T a system
of elements of R such that m = (z) and J an ideal of R. If M is a
finitely generated R-module, then, for alli € Z, there are isomorphisms,
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Hy, (M) = Homp(H ™' (Homp(M, Dy, 1)), E)

where E is the injective hull of K := R/m and D, j = Hompg(Cy s, E).

Proof. Proceeding analogously, using the construction made in [20,
Theorem 1.7] and replacing D, by D, j, we obtain the result. |

Now, we will show a generalization of the Grothendieck duality
theorem and, after a generalization of local duality theorem, both on
Gorenstein rings.

Theorem 6.2. Let (R, m,K) be a local ring of dimension d, J a perfect
ideal of R of grade t, i.e.,

pdgR/J = grade (J, R) = t.

If R is a Gorenstein ring, then

o {0 if i d—t
m,J( ) - @ htp=d—t ER(R/p) ifi=d—t.
pEW (m,J)

Proof. Let I® be a minimal injective resolution of R. Since R is
Gorenstein, for each 7, there is an isomorphism

I'= & Er(R/p).

htp=i

Applying the functor I'y, j(—) and, by [23, Proposition 1.11], the
complex

0— P Er(R/p) — P Er(R/p) — @ Er(R/p) — -

htp=0 htp=1 htp=2
peEW (m,J) pEW (m,J) peEW (m,J)

follows. Now, by [23, Corollary 4.4, Lemma 5.2], HfmJ(R) = 0 for
i#d—tand
HIJ(R) = €D Er(R/p).

htp=d—t
peEW (m,J)

This finishes the proof. O
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Theorem 6.3. Let (R, m,K) be a Gorenstein local ring of dimension d,
J a perfect ideal of R of grade t, i.e., pdgR/J = grade (J,R) = t. If
M 1is a finitely generated R-module, then there are isomorphisms

s (M) = Ext' 7' (M, 5)"
for all 0 < i < d —t, where (—)Y = Hompg(—, Er(K)) and S =
Hy 3 (R)Y.

Proof. Let x = z1, -+ ,z, be a system of elements of R such that

m = (z). Since H*(Cy, ;) = H, ;(R), by Theorem 6.2, we have:

i 0 ifiAd—t
(Co) =\ D vpmss En(R)p) ifi=d—t.
PEW (m,J)
Denote o
E = @ Er(R/p).
htp=d—t
peW (m,J)

It follows that C, ; is a flat resolution of E shifted d — ¢ places to the

right. Therefore, D, ; = Homp(Cy, s, Fr(K)) is an injective resolution
of Homp(E, E) shifted d — ¢ places to the right. Since

H™(Hompg(M, D, ;)) = Ext% "~/(M,Homg(E, E))
and - _
Homg(E,E) = HfmJ(R)v,

by Theorem 6.2, applying Lemma 6.1, we have the statement. O

Note that the isomorphism in [23, Theorem 5.1] may be obtained
by duality from the previous theorem.

One natural question arises: is Theorem 6.3 true when R is Cohen
Macaulay?

In order to answer this question, we need preliminary observations.

Let R be a commutative Noetherian ring, I and J two ideals of R
and M an R-module. Let

depth (I, J, M) = inf {i € No | H} ;(M) # 0}.
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If we consider M to be a finitely generated module over a local ring
(R,m) and J # R, by [23, Theorem 4.5] and the above definition, we
have H, ;(M) # 0 for all

depth (m,J, M) < i < dim M/JM.
This motivates the following definition.

Definition 6.4. When depth (m, J, M) = dim M/JM, the R-module
M # 0 is called (m,.J)-Cohen Macaulay (or if M = 0). If R itself is an
(m, J)-Cohen-Macaulay R-module, we say that R is an (m,J)-Cohen
Macaulay ring.

In this definition, it is obvious that J # 0. Note that, if J = 0,
this natural definition of (m,J)-Cohen-Macaulay coincides with the
definition of Cohen-Macaulay R-modules. The same definition applies
for any I,J two ideals of R, and, for more details, we recommend
[1]. With these comments, we show below a generalization of the local
duality theorem for Cohen-Macaulay rings, which extends Theorem 6.3.

Theorem 6.5. Let M # 0 be a finitely generated module over a local
ring, (R, m,K). Suppose that R is (I, J)-Cohen-Macaulay, where I +.J
s an m-primary ideal. Then there are isomorphisms

Hj ,(M)Y = Exth (M, S),

for all 0 < i < d, where (—)V = Homp(—, Er(K)), S = fI}i)J(R)v and
d = dim(M/JM).

Proof. Firstly note that, since I + J is an m-primary ideal, we have
H}’J(R) = HQ’J(R) for any ¢ integer [23, Proposition 1.4 (6), (7)],
i.e., in this case, R is (I, J)-Cohen Macaulay if and only if R is (m, J)-
Cohen-Macaulay. Thus, we may assume that I = m.

Let = 21,...,2n be a system of elements of R such that m = v(@)
Since H'(Cy,7) = HY, ;(R), and R is (m,J)-Cohen-Macaulay, Cy, ;

is a flat resolution of Hgy ;(R) shifted d places to the right because
H}, ;(R) =0 for all i # d ([1, Corollary 4.13] or [23, Theorem 4.5]).
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Now, we have that

Hi (M) = H(Cyyl~d] @p M) = H; (Cypy @p M)
=~ Torf (HE ;(R),M).

Let K*® be a free resolution of M. Thus, as

H; (K*®g HY ;(R)) = Torf (M, HZ ;(R)),

it follows that
H, (M) = H;_(K*®gHE ,(R)).
Therefore, for all integers ¢, we have

Hy ;(M)Y = H; (K*®g Hm J(R))V
> H(K* @ H T (R)Y)
~ {7 (Homp(K* @ HE ;(R), Er(K)))
= Hd”(HomR(KﬂHﬁl,J(R)V))
=~ Ext} (M, Hy ;(R)Y). O
In the following, we are interested in the characterization of formal
local cohomology defined by a pair of ideals using local cohomology

and the Matlis duality functor. The next result shows this relation and
generalizes [19, Theorem 3.5].

Theorem 6.6. Let (R, m) denote a local ring, x = x1, ..., T, a system
of elements of R such that m = (z) and J an ideal of R. If M
is a finitely generated R-module, then, for all i € Z, there are the
isomorphisms:

tm,s (M) = Hompg(H, " (Homg(M, D, ;)), Er(K)).

Proof. By Lemma 6.1, there are isomorphisms,

w7 (M/a"M) = Hompg(H "(Hompg (M, Dy, 1)), Er(K)),
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for all 4 € Z and for n € N. Apply the projective limit and the fact
that

lingomR(M/a”M, DLJ) = Fa(HomR(M/a"M, Dg"])).

We then obtain the statement. O

Remark 6.7. On the other hand, with the same hypothesis as Theo-
rem 6.5, we obtain

Se.1.0(M) = Hompg(lim Extg, * (M/a" M, S), Er(K)).
Note that, for all i € Z,
limg Extf; (M/a" M, S)

is exactly the generalized local cohomology with respect to a (denoted
by H3=%(M,S)), introduced by Herzog [12]. Therefore,

331J(M) =~ H{ (M, S)Y,

where
(—)v = Hompg(—, Er(K)), i€Z.

This shows the relation between the formal local cohomology defined
by a pair of ideals and the Matlis dual of certain generalized local
cohomology with respect to a.

For the next result, we firstly need the following considerations. Let
(ﬁ, m) be the m-adic completion of (R, m,K), and consider the natural
homomorphism R — R. By Theorem 2.3, we may assume the existence
of the complex

D@J = HOII]R(C%‘], ER(K))

For x € m, we are interested in determining how the a-formal local
cohomology and (a, z)-formal local cohomology, both defined by a pair
of ideals, are connected. The next long exact sequence shows this
relation and generalizes [19, Theorem 3.15].

Theorem 6.8. Let (R,m,K) be a local ring, and let x = x1,..., 2,
and y = y1,...,Yn be two systems of elements of R such that m = (z),
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a=(y). If M is a finitely generated R-module and x € m is an element
of R, then there is the long exact sequence

e —>H0mR<Rw7 fl,m,J(M))—> Sfl,m,J(M)—> Séa,z),m,J(M)_) T
for alli € Z.
Proof. By the previous comment, we can consider the complex D, ;.

Let C, be the Cech complex for an element z € m. So, there is the
short exact sequence of flat R-modules,

0 — R,[-1] — C, — R — 0.
Denote H = Homp(M, Dy 7). Tensoring the previous exact sequence
with C'g ® H, we have the following exact sequence of R-modules
0—>C*,i®ﬁ®Rx[—1} —>C‘g7x®ﬁ—>6’y®ﬁ—>0.

Now, seeing the long exact cohomology sequence together with [23,
Theorem 2.4] we obtain, for all i € Z,

v = Hiy oy (H) — Hi(H) — Hi(H)® Ry — -+ .

Applying the functor Homp(—, Er(K)) and Theorem 6.6 we obtain
the result. g

The natural consequence and application of the preceding theorem is
when a = 0. The next result relates the formal local cohomology with
respect to an ideal generated by a single element and local cohomology,
both defined by a pair of ideals.

Corollary 6.9. With the same hypothesis as the previous theorem,
there is a short exact sequence,

e HomR(RmaHia,J(M)) — H&I(M) — giR,m,J(M) —
for alli € Z.

7. Formal grade with respect to a pair of ideals. The concept
of formal grade was introduced by Peskine and Szpiro [18], and not
much is known about this tool. In our approach, since

S;IJ(M) = Vi,I,J(M)
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for some cases, we need to give two definitions for formal grade, different
from the approach given by Schenzel [19].
Definition 7.1. For an ideal a of R we define

fgrade (a,1,J, M) = inf {i € Z | §% ; ;,(M) # 0}

and

ferade (a,1,J,M) =inf{i € Z | §i ; ;,(M) # 0}

Note that
fgrade (a,I,.J, M) > fgrade (a,I,.J, M),

by Proposition 2.4. The next two results extend [15, Proposition 2.2,
Corollary 2.4].

Proposition 7.2. Let (R,m) be a local ring. If
0—P —M-—N—70

is an exact sequence of finitely generated R-modules, then the following
statements hold.

()

ferade (a,I,.J, M) > min{ fgrade (a, I, J, P), fgrade (a, I, .J, N)}.
(i)
ferade (a, I, J, P) > min{ fgrade (a, I, J, M), ferade (a, I, J, N) 4 1}.
(i)
ferade (a,1,.J, N) > min{ fgrade (a,I,.J, P) — 1, fgrade (a,I,.J, M)}.
(iv) One of the following equalities holds:

ferade (a,I,.J,M) = fgrade (a,I,J, P),
farade (a,1,J, M) = ferade (a,I,J,N),
ferade (a,I,.J, M) = ferade (a,I,.J, N) = fgrade (a, I, J, P),

ferade (a,I,J,N) = fegrade(a,I,J, P) — 1.
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Proof. By Theorem 3.4, it follows that
e §§,17J(P) — §ZIJ(M) — §§,I7J(N) — §;+11J(P) —r
Then, we have assertions (i), (ii) and (iii). Denote
ferade (a,I,.J,M) =t,
ferade (a,I,J,N) = s
and
ferade (a,1,.J,P) =r.

To prove (iv), suppose that none of the equalities occur. Thus, one of
the following cases occurs:

(a) r<s<t, (d) t<s<m,
(b) s<r<t, (e) s<t<m,
(c) t<r<s, (f) r<t<s.

We will show just two cases, and the others follow by the same idea.
If r < s <t, then s+ 1 < t. Therefore by (ii), s + 1 < r < s and this
is a contradiction.

If s <r <t,then s <r— 1<t Thus, by (iii), we have r — 1 < s.
This is a contradiction because s = r — 1. O

Corollary 7.3. Let a,b be two ideals of R. Then:

(i) fgrade(aﬁb,[, J, M)>min{ fgrade (a, I, J, M), ferade (b, I, .J, M),
Jigrade((a, b),I,J, M)+ 1}. ; .
(i) ferade((a,b),I,J, M)>min{fgrade (anb, I, J, M)—1, fgrade (a, I,

J7 M)’ fgrade (b’ I? J7 M)}'

Proof. By Theorem 5.1, there is the long exact sequence

> gﬁtﬂb,l,,](M) — gﬁ,I,J(M) @ gé,I,J(M) — §éa,b),I,J(M)
— 32%,1,J(M> .

Therefore, analogously to Proposition 7.2, the result follows. ]
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Remark 7.4. It is clear that fgrade (a,I,.J, M) = fgrade (a,1,.J, M),
for all cases in Corollary 2.6.

The reader can compare the next result with [2, Corollary 4.2] and
[19, Lemma 4.8 (d)].

Theorem 7.5. Let (R, m,K) be a Cohen-Macaulay complete local ring
of dimension d, and let J # 0 be a perfect ideal of R of grade t, i.e.,
pdg(R/J) = grade(J,R) = t. Then, for M a finitely generated R-
module,

ferade (a, m, J, M) + cdq(M, S) + grade (J, R) = dim R,
where S = Hli_f} (R)V.

Proof. By Theorem 6.5, we have that
&7 (M) = Homp(Ext} “~/(M, S), ER).

So,
am.,J L s (M/a" M)
= lim Homp (Ext ™' (M/a" M, S), Er(K))
= Homp(lim Extg, *~*(M/a" M, S), Er(K)).
Since

Hi (M, S) = lim Ext® " (M/a" M, 5)
[12], for all ¢ € Z, there are isomorphisms

(M) 2 Hompg(HYH(M, S), Er(K)).

a,m,J
Therefore,
inf {i € Z | §i . (M) # 0} =inf{i € Z | H{'7/(M, S) # 0}
—inf{d—t—j | Hi(M,S) # 0}
=d—t—sup{j | H{(M,S) # 0}
= dim R — grade (J, R) — c¢dq(M, S). O

An example that makes use some of results obtained in this work
follows. The reader can compare this example with [19, Lemma 5.4].
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Example 7.6. Let (R,m) be a complete local Noetherian ring, z =
Z1,...,Ts a system of elements of R, I = (x), J two ideals of R and M
a finitely generated R-module.

(i) If M is a J-torsion indecomposable R-module and, for an ideal a
of R fgrade (a,m, J, M) > 2, then

Suppp M/aM\{m}

is connected.
(ii) If M is a J-torsion indecomposable R-module, v/ + J = m and
fgrade (a,I, J, M) > 2 for an ideal a of R, then

Suppp M /aM\{m}
is connected.
Proof. For the proof of (i), by contradiction, suppose the set

SupppM/aM\{m} is disconnected. This means that the ideals L and
K exist in R, such that

(a) LNK < \/(0);
(b) VE+ K =m;
(¢) VL #m and VK # m.

By the Mayer-Vietoris sequence (Corollary 5.2 (i)) and the hypoth-
esis that fgrade (a,m, J, M) > 2, we have

3 (M) & Foe g (M) ~ S?L,K),m,J(M)'
By item (b) and Proposition 4.1 (i) it follows that
S:(()L,K),m,J(M) ~ M.
Since M is indecomposable, we have, without loss of generality,
3lm (M)~ M and i, ,(M)=0.

Furthermore, since M is a J-torsion R-module, by Proposition 2.2, we
have that

S2;,1’;1,(](]\4) - g%,m(]\4)
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and

S(I)(,m,J(M) - Sg{,m(M)
It follows by [19, Lemma 4.1 (b), (c)] that
AssgM = {p € AssgM : dim R/(p, L) = 0}.

Therefore,
m= () Rad(Lp)=RadL,
pEAssr M

but this does not happen by item (c).

Using [23, Proposition 1.4 (6), (7)] and Corollary 5.2 (ii) the proof
of item (ii) is analogous. O
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