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SATURATIONS OF POWERS OF CERTAIN
DETERMINANTAL IDEALS

KOSUKE FUKUMURO, TARO INAGAWA AND KOJI NISHIDA

ABSTRACT. In this paper we study certain determinan-
tal ideals that extend the class of ideals of Herzog-Northcott
type introduced by O’Carroll and Planas-Vilanova. As is
well known, in a three-dimensional Cohen-Macaulay lo-
cal ring, the second symbolic powers of ideals of Herzog-
Northcott type can be controlled well. We aim to general-
ize this fact considering “saturation” instead of “symbolic
power.” Furthermore, in order to compare the saturation
with the symbolic power, we study the associated primes of
the powers of certain determinantal ideals.

1. Introduction. Let R be a Noetherian ring and m an integer with
m > 2. Let x1,xa,...,Zm11 be a sequence of elements of R generating
a proper ideal of height m + 1, and let {a;;} be a family of positive
integers, where 1 =1,2,...,mand j=1,2,...,m+ 1. We set

o ifi+j<m+2
Ty oo i+ >m+2
foranyi=1,2,...,mand j =1,2,...,m+ 1, and consider the matrix

A = (a;5) of size m x (m+1). If oj; = 1 for all 7 and j, the matrix A
looks like

1 T2 tee Tm Tm+1
T2 et Tm  Tm+1 T
Tm  Tm41 T T Tm—1

However, we may put any exponents to each entry. In this paper, we
study the ideal generated by the maximal minors of A. If m = 2, this
kind of ideal is known as Herzog-Northcott type in the recent literature
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[18], and it is a well-known result of Herzog [12] that the defining
ideal of a space monomial curves is Herzog-Northcott type. Because
the ideals of Herzog-Northcott type provide interesting examples of
symbolic Rees algebras, a lot of authors studied the symbolic powers
of those ideals (cf., [5, 8, 9, 11, 13, 16, 21]). Although the symbolic
powers of ideals usually behave very wildly, if the ideal is Herzog-
Northcott type, its second symbolic power can be controlled well (cf.,
[10, 15, 17]). The purpose of this paper is to generalize this fact
for ideals stated above replacing “symbolic power” by “saturation.” In
order to explain our main result, let us recall the definitions of the
symbolic power and the saturation of an ideal.

Let (R, m) be alocal ring and I an ideal of R such that dim R/I > 0.
Let r be a positive integer. We set

(I ={x € R|m’ -z C I" for some integer i > 0}

and call it the saturation of I". As (I")%**/I" = HO (R/I"), where
HY () denotes the 0-th local cohomology functor, we have (I")2* = ["
if and only if depth R/I" > 0. Moreover, if J is an m-primary ideal
such that depth R/(I" :g J) > 0, we have (I")%** = [" :p J. On the
other hand, the r-th symbolic power of I is defined by

I = {z € R| sz eI for some s € R such that
s ¢ p for any p € Ming R/I}.

In order to compare (I7)%** and I(") let us take a minimal primary
decomposition of I";

= (1 Q).

pEAssg R/I"
where Q(p) denotes the p-primary component. It is easy to see that

(™= () Qe ad 1= ] Q).

m#pEAssp R/I™ pEMing R/I

Hence, we have (I")*** C I(") and the equality holds if and only if
Assgp R/I" is a subset of {m} UMing R/I. Therefore, if dim R/I =1,
then (I7)%® = I, If dim R/I > 2, (I")** may be different from ("),
but even in that case, (I7)** has meaning as an approximation of 1("),
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If (R, m) is a three-dimensional Cohen-Macaulay local ring and I is
an ideal of Herzog-Northcott type, then I(?) /I? is a cyclic R-module
and its generator can be described precisely (cf., [10, (2.2), (2.3)]).
This fact can be generalized as follows, which is the main result of this

paper.

Theorem 1.1. Let (R,m) be a Cohen-Macaulay local ring of dim R =
m+1, where m > 2. Let x1,%2,...,Tms1 be an sop for R, and set I to
be the ideal generated by the mazximal minors of A. Then the following
assertions hold.

(1) (I"* =1" for anyr=1,...,m— 1.
(2) (I™)%*/I™ is a cyclic R-module.

The proof of this theorem is given in Section 4. Moreover, for I
of 1.1, we can describe a generator of (I")%*/I™ assuming suitable
conditions on {a;;}. In order to compare (I")%* with I™ for T of 1.1,
we have to compare Assg R/I" with {m}UMing R/I. For that purpose,
we study the associated primes of powers of ideals in a more general
situation in Section 3. Our results are closely related to [3, Lemma 3.3,
Corollary 3.5] and the frameworks for the proofs are similar. Anyway,
as a corollary of the results stated in Section 3, we see that the ideal
of 1.1 satisfies (I7)*** C I(") if » > m > 3 and ay; = 1 for any i, j.

Throughout this paper, R is a commutative ring, and we often
assume that R is a Noetherian local ring with the maximal ideal m. For
positive integers m,n and an ideal a of R, we denote by Mat (m,n;a)
the set of m x n matrices with entries in a. For any A € Mat (m,n; R)
and any k € Z we denote by Ix(A) the ideal generated by the k-minors
of A. In particular, I;,(A) is defined to be R (respectively, (0)) for k <0
(respectively, k > min{m,n}). If A, B € Mat (m,n;R) and the (,7)
entries of A and B are congruent modulo a fixed ideal a for any (i, j),
we write A = Bmod a.

2. Preliminaries. In this section, we assume that R is just a
commutative ring. Let m,n be positive integers with m < n and
A = (a;;) € Mat (m,n;R). Let us recall the following rather well-
known fact.



170 K. FUKUMURO, T. INAGAWA AND K. NISHIDA

Lemma 2.1. Suppose 1,,(A) C p € SpecR, and put { = max{0 < k €
Z | 1x(A) € p}. Thent < m and there exists B € Mat (m—{,n—{;pR,)
such that I, (A)y = Ix_e(B) for any k € Z.

Proof. We prove by induction on ¢. The assertion is obvious if £ = 0.
So, let us consider the case where ¢ > 0. Then I;(A) Z p, and so some
entry of A is a unit in R,. Hence, applying elementary operations to
A in Mat (m,n; R,), we get a matrix of the form

where A" € Mat (m — 1,n — 1;R,). It is easy to see that Iy(A), =
I_1(A’) for any k € Z. Hence I,,_1(A’) C pR, and £ — 1 = max{0 <
keZ|1y(A")  pRy}. By the induction hypothesis, there exists

B € Mat ((m—1)—(¢{—1), (n—1)—(¢—1);pR,) = Mat (m—{,n—{;pR,)
such that I;(A") = I;_(,—1)(B) for any t € Z. Then we have Ix(A), =

Ix—¢(B) for any k € Z. O
In the rest of this section, we assume n = m + 1. For any
j=1,2,...,m+1, A; denotes the m x m submatrix of A determined

by removing the j-th column. We set d; = (—1)77! - det 4; and
I = (di,da,...,dms1)R = L,(A). Let us take an indeterminate ¢
over R and consider the Rees algebra of I;

%(I) = R[d1t, dgt, “ee ,dm+1t] - R[t],

which is a graded ring such that degd;t =1 forall j =1,2,...,m+1.
On the other hand, let S = R[T1,T5,...,Tm+1] be a polynomial ring
over R with m + 1 variables. We regard S as a graded ring by setting
degT; = 1forall j =1,2,....m+1. Let 7 : S — Z(I) be the
homomorphism of R-algebras such that 7(7};) = d;t for any j. Then =
is a surjective graded homomorphism. Now we set

m—+1

fi= Z z;;Tj € 51
j=1
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for any ¢ = 1,...,m. It is easy to see (f1, fo,..., fm)S C Kerm. For
our purposes, the following result due to Avramov [2] is very important
(another elementary proof is given in [6]).

Proposition 2.2. Suppose that R is a Noetherian ring. If gradel;(A) >
m—k+2 foralk =1,....,m, then Kerw = (f1, fo,---, fm)S and
fi,fa, .oy fm is an S-regular sequence.

As the last preliminary result, we describe a technique using deter-

minants of matrices. Suppose that y1,y2,...,Ym+1 are elements of R
such that
Y1 0
Y2 0
A : =1 .
Ym+1 0

Weputy=vy1 +y2 4+ + Yms1-

Lemma 2.3. Ify, yr form a regular sequence for somek =1,2,... m+
1, then there exists 6 € R such thaty;-0 =d; foranyj =1,2,...,m+1.

Proof. We put d =dy+ds+---+dp,+1. Then the following assertion
holds:

Claim. y-d;=y;-dforallj=1,2,... m+1.

In order to prove the claim above, let us consider the following (m +
1) x (m + 1) matrix:

Expanding det B along the first row, we get det B = d. Let us fix
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j=1,2,...,m+ 1. Multiplying the j-th column of B by y;, we get

J

B = aix o a1y o Alm4l
am1 - AmiY; m,m+1

Then det B’ = y;-det B = y;-d. Next, forany ¢ € {1,2,...,m+1}\{j},
we add the ¢-th column of B’ multiplied by y, to the j-th column, and
get

J
—
1 Y 1
" ai 0 a1,m+1
B” = )
Am1 0 e Am m+1

since our assumption means
anyi + -+ aiy; o Gim1Ymer =0

for all i = 1,...,m. Then det B” = det B’ = y; - d. Finally, replacing
the first j columns of B”, we get

Theny-d; =y-(—1)77'-det A; = (=1)771 - det B” = det B" = y; - d.
Thus, we get the equalities of the claim.

Now we take k = 1,2,...,m+1 so that y, yx form a regular sequence.
Because y - dp = yi - d, there exists 6 € R such that d = yd. Then
y-dj =y;-yéforany j =1,2,...,m+1. As yis an R-NZD, we get
dj =y; -0 forany j =1,2,...,m+ 1, and the proof is complete. ~ [J

Lemma 2.4. If R is a Cohen-Macaulay local ring and y1,y2, - - -y Ym+1
is an ssop for R, then y,yr form a regular sequence for any k =
1,2,...,m+1.
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Proof. Tt is enough to show for k = 1. Because (y1,¥2, ..., Ym+1)R =
(Ys Y1, -, ym)R, it follows that y,yi,...,ym is an ssop for R, too.
Hence y, vy, is R-regular. (|

Lemma 2.5. Suppose that a is an ideal of R and a;; € a for all i,j.
We put Q = (Y1,Y2,- - - Ym+1)R. Then 6 of Lemma 2.3 is an element

ofam ‘R Q

Proof. We get this assertion since d; € a” forany j = 1,2,...,m+1.
O

3. Associated primes of R/I". Let R be a Noetherian ring and
A = (a;;) € Mat (m,m + 1;R), where 1 < m € Z. Let I = I,,(A).
Throughout this section, we assume that I is a proper ideal and
gradelp(A) >m —k+2forall k=1,...,m. Let us keep the notation
of Section 2.

Let Ko be the Koszul complex of f1, fa, ..., fm, which is a complex
of graded free S-modules. We denote its boundary map by O,. Let
€1,€,...,€en be an S-basis of K; consisting of homogeneous elements
of degree 1 such that d;(e;) = f; for any ¢ = 1,...,m. Then, for any
s=1,...,m,

{eilAel'Q/\~-~/\eis|1§i1<i2<~--<i5§m}

is an S-basis of K consisting of homogeneous elements of degree s, and
we have
S
Oslei, Neig Ao Neg ) =3 (1P fi e Ao NE, Aee ey,
p=1

where e;, means that e; is omitted from the exterior product. Let
1 < r € Z. Taking the homogeneous part of degree r of K,, we get a
complex

(K 20— [Kolr 25 K]y — - — [Ki]r 25 Kol — 0
of finitely generated free R-modules. It is obvious that [K,], = 0 if
r < s. On the other hand, if > s, then

O<ap,az,...,amiq €2, }

Q 1
T2 T ol Aes A A e aptagt+---t+a 1=7r=5
{ 1 2 m+1 21 12 s 151:1<z‘2<---r<nts§m
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is an R-basis of [K];.

Proposition 3.1. If (R, m) is a local ring and A € Mat (m,m+1;m),
we have
r+1 dfr<m,
proj.dimyp R/I" =
m+1 ifr>m.

Proof. By Proposition 2.2 and [4, 1.6.17], we see that

0— K 2% Kppy — o — Ky 25 Koy > Z(I) — 0
is a graded S-free resolution of #Z(I). Hence, for any integer r > 0,

0 — Kl 2 K1l — -+ — [K1]r 25 [Kolr — I"t" — 0

is an R-free resolution of the R-module I"t". Let us notice I"t" = I" as
R-modules. Suppose 1 < s < m and r > s. Then, for any non-negative
integers ay, g, ..., Qpm41 with ag +ag+- - -+ a1 = r—s and positive
integers iy, 149,...,1s with 1 <14y <is < --- < iy < m, we have

Os(T{ T2 Tt weiy Negg A== Neg,)
S

=T Tg2 - Toamyt Z(fl)p*

p=1

m—+1
. (Zaip,jTj) ‘eil/\"'/\e/z;/\"'/\eis
j=1

s m+1

_ 1+a; m
=D D) g T T T
p=1 j=1
/\"'/\e/z‘\p/\"'/\eis
cem- [K‘g_l}r.

Hence, [K,], gives a minimal R-free resolution of I". If r < m, we have
[K,]r # 0 and [K], = 0 for any s > r, and so proj.dimp I" = r. On
the other hand, if » > m, we have [K,,], # 0 and [K,], = 0 for any
s > m, and so proj.dimp I" = m. Thus, we get the required equality
as proj.dimp R/I" = proj. dimp I" + 1. O
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By the Auslander-Buchsbaum formula (cf., [4, 1.3.3]), we get the
following.

Corollary 3.2. If (R,m) is local and A € Mat (m,m + 1;m), we have

depthR—r—1 ifr <m,
depth R/I" =
depthR—m—1 ifr>m.

Here we remark that depth R > gradel;(4) > m + 1 by our
assumption of this section. As a consequence of Corollary 3.2, we see
that the next assertion holds.

Corollary 3.3. Suppose that (R, m) is a local ring and A € Mat (m, m+
1;m). Then we have m € Assg R/I" if and only if r > m and
depth R =m + 1.

The next result is a generalization of Corollary 3.3.

Proposition 3.4. Let I Cp € SpecR and 1 <r e Z. We put
¢ =max{0 <k <m|I;(A) € p}.
Then the following conditions are equivalent.

(1) p € Assg R/I".
(2) r>m—{ and depth Ry =m — £+ 1.

When this is the case, gradelp;1(A) =m — £+ 1.

Proof. By Lemma 2.1, there exists B € Mat (m —{,m — ¢+ 1;pR))
such that Ix(B) = Ixye(A), for any k& € Z. Hence, for any k =
1,...,m — £, we have

gradel(B) = gradely¢(A)y >m —(k+0) +2=(m—¥{) —k+2.

Therefore, by Corollary 3.3, we see that pR, € Assg, Ry/Im—¢(B)"
if and only if » > m — ¢ and depthR, = m — ¢ + 1. Let us
notice I,,_¢(B) = I,. Because p € Assg R/I" if and only if pR, €
Assg, Ry/I,", we see (1) < (2). Furthermore, as Ip41(A) C p, we have
gradel;;1(A) < depth Ry, and so we get gradel,11(A) =m — £+ 1 if
condition (2) is satisfied. O
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For any positive integer r, let A be the set of integers 7 such
that max{l,m —r + 1} < i < m and gradel;(A) = m — i + 2.
We denote by Asshr R/I;(A) the set of p € Assg R/T;(A) such that
dim R/p = dim R/I;(A). Then the following assertion holds.

Proposition 3.5. Let R be a Cohen-Macaulay ring. Then, for any
positive integer v, we have

Assgp R/I" = | ) Asshg R/I;(A).

ien”,

Proof. Let us take any p € Assp R/I" and put £ = max{0 < k <
m | Ix(A) € p}. Then I,,1(A) C p. Moreover, by Proposition 3.4, we
have r > m — £, depth R, =m — ¢+ 1 and gradel,{1(A) =m — ¢+ 1.
Hence /41 € A’j. Let us notice that ht p = depth R, and ht I,;1(A) =
gradeI,y1(A) as R is Cohen-Macaulay. Therefore ht p = ht I, (A),
which means p € Asshr R/Ii11(A).

Conversely, let us take any ¢ € A and q € Asshp R/I;(M). Then
ht g = ht I;(A) = gradeI;(A) = m — i+ 2. As our assumption implies
htI;,_1(A) > m — i+ 3, it follows that i — 1 = max{0 < k < m |
I.(A) € q}. Let us notice r > m — (i —1) asm —r +1 < i,
which is one of the conditions for ¢ € A”. Moreover, we have
depth Ry = htq = m — (i — 1) + 1. Thus we get q € Assgp R/I"
by Proposition 3.4, and the proof is complete. ([l

As a natural question, one may ask whether the results stated above
can be extended to the case where A = (a;;) € Mat (m,n; R) with
m < n. As far as the authors know, the following two kinds of
generalizations seem to be possible.

First, we would like to suggest considering the powers of modules.
We set M to be the cokernel of the R-linear map R™ — R™ defined
by ‘A. Let us assume gradelz(A) > m —k+2 forall k = 1,...,m.
Then, by [2, Proposition 4], M has rank n —m and the r-th symmetric
power ."(M) is torsion-free over R for any r > 1. In this case, M
can be embedded into a finitely generated free R-module F' and the
r-th power M" of M is defined to be the image of #"(M) in .7/"(F).
Similarly as the case of m x (m+ 1) matrix, we consider the polynomial
ring S = R[T1,T5,...,T,) and set f; = anTi +aipTe+--+apT, €S
foralli =1,...,m. Then, by [2, Propsosition 1 and Proposition 4], we
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get an R-free resolution of #"(F')/M" by taking the homogeneous part
of the Koszul complex of fi, fa,..., f;n over S. In this way, detailed
information on the associated primes of #"(F)/M" could be deduced.

On the other hand, by using the free resolution of Akin-Buchsbaum-
Weyman [1], another generalization seems to be possible. This idea was
suggested by the referee. Similarly as in the case of the m x (m + 1)
matrix, we set I to be the ideal generated by the maximal minors of A,.
Let us assume grade I (A4) > (m—k+1)(n—m)+1forany k =1,...,m.
Then, by [1, Theorem 5.4], we get an R-free resolution of R/I" for any
r > 1, and it could be used in place of Proposition 3.1 to deduce the
m X n matrix version of Propositions 3.4 and 3.5.

Proposition 3.6. Let R be an (m + 1)-dimensional Cohen-Macaulay
local ring, where 2 < m € Z. Let A be the matrix given in the
introduction. Then the following assertions hold:

(1) tIx(A) >m—k+2 forallk=1,2,...,m.
r+1 gfr<m,
(2) proj.dimp R/I" =
m+1 4ifr>m.
m—r ifr<m,
(3) depth R/I" =
0 if r > m.

Furthermore, if a; = 1 for all i and j, the following assertions hold:

(4) htI2(A) = m and Asshr R/I2(A) C Assg R/I" for any r >
m — 1.

(5) If m is an odd integer with m > 3, then ht I3(A) =m —1 and
Asshp R/15(A) C Assg R/I" for any r > m — 2.

(6) If m >3, then (I")** C I for any r > m — 1.

Proof. (1) We aim to prove the following.

Claim. Ji_1 + Ix(A) is an m-primary ideal for any k = 1,2,...,m,
where Ji_1 = (21, 29,...,25-1)R.

If this is true, we have dim R/Tx(A) < k — 1, and so htIx(A) >
dim R — (k — 1) = m — k + 2, which is the required inequality.



178 K. FUKUMURO, T. INAGAWA AND K. NISHIDA

In order to prove the claim, we take any p € Spec R containing
Ji—1 + Ix(A4). Tt is enough to show Jp41 = (21,22,...,Tms+1)R C p.
For that purpose, we prove J; C p for any £ = k — 1,k,....m + 1
by induction on ¢. As we obviously have Jp_; C p, let us assume
k<{<m+1and Jy;_1 C p. Because the k-minor of A with respect
to the first k rows and the columns £ — k+1,...,¢ — 1,£ is congruent
with o

x,"

Qg p—
O Ieze1

*

det

AL f—k41
Ly

mod Jy_1, it follows that Jy_1 +1;(A) includes some power of x,. Hence
¢ € p, and so we get J; C p.

(2) and (3) follow from Proposition 3.1 and Corollary 3.2, respec-
tively.

In the rest of this proof, we assume «;; = 1 for any ¢ and j,.

(4) Let q = (z1 — 22,22 — 3, ..., T — Tm41)R. Then 21 = x; mod
q for any j = 1,2,...,m + 1. Hence, any 2-minor of A is congruent
with

det( S ) =0

L1 21

mod ¢. This means I3(A4) C q, and so ht I3(A4) < pr(q) = m. On the
other hand, ht Io(4) > m by (1). Thus, we get ht I(A) = m. Then, for
any 7 > m — 1, we have 2 € A", and so Asshp R/I3(A) C Assg R/I"
by Proposition 3.5.

(5) Let p be the ideal of R generated by {x; — x;+2}, where ¢ runs
all odd integers with 1 < 4 < m — 2. Similarly, we set q to be the
ideal of R generated by {z; — x12}, where j runs all even integers
with 2 < 7 < m — 1. Let A’ be the submatrix of A with the rows
i1,1%2,13 and the columns ji, jo, j3, where 1 < i3 < i3 < i3 < m and
1 <j1 <j2 <js <m+1. We can choose p,q with 1 < p < ¢ <3 so0
that i, = iy mod 2. Then, for any t = 1, 2,3, we have i, + ji = iq + Ji
mod 2, and so, if i, + j; is odd (respectively, even), it follows that
ai, j, = a4, j, mod q (respectively, p). Hence, we see that the p-th row
of A’ is congruent with the g-th row of A’ mod p + ¢, which means
det A” = 0 mod p + q. As a consequence, we get I3(A) C p + q.
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Therefore, ht I3(A) < pr(p) +pr(q) = (m—-1)/24+(m—-1)/2=m—1.

(6) Let us take any p € Asshp R/I3(A) and r > m — 1. Then, by (4)
we have htp = m > 3 and p € Assg R/I". Hence Assg R/I" is not a
subset of {m} UMing R/I. Therefore, by the observation stated in the
introduction, we get (I")** C I("), and the proof is complete. |

4. Computing (I™)%, In this section, we assume that (R,m) is
an (m + 1)-dimensional Cohen-Macaulay local ring, where 2 < m € Z.
Let 21,2, ...,2Zmy1 be an sop for R, and let A be the matrix given in
the introduction. We put I =1,,(A). Then, by (3) of Proposition 3.6,
we get assertion (1) of Theorem 1.1. Let us prove Theorem 1.1 (2).

For any j =1,2,...,m+ 1, we set d; = (—1)771 - det A;, where A;
is the submatrix of A determined by removing the j-th column. Then
I =(dy,ds,...,dnst1)R. Furthermore, for any k = 1,2,...,m + 1, we
denote by fx the minimum of the exponents of xj that appear in the
entries of A. Let us notice that A’s entries which are powers of x
appear as follows:

Lk

Qg k-1

k1
L,
x:k+1,7n+l
Ak+4+2,m
Ly
xam,k+2
if 1 <k<m,and
o1,m
m
a2 m—1

m

Qm,1
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or
a1, m+1
m—+1

QAm,, 2

xm,+1

if kK =m or m + 1, respectively. So, we have

min{e g—it+1}1<i<k U{ k—itm+2toci<m if 1 <k <m,
Br =

min{e y—i+1}1<i<m if k=mor m+ 1L

Then, for any £k = 1,2,...,m + 1, we can choose i, so that one of the
following conditions is satisfied:

(i) 1<ir <kand B = iy k—ip41

or
(i) k<ix<m and By = @ k—iptm+2-

Now, forany i =1,2,...,mand j =1,2,...,m+ 1, we set

xai,k—H»l_ﬁk ifi < k,

, k
Qi = o i
xzi,k71+7yl+2 T > k.
Then a;‘k,k =1forall k =1,2,...,m+ 1. The next assertion can be

verified easily.

Lemma 4.1. Suppose 1 <i<m and1<j<m+1.

(1) Ifi+j <m+2, settingk=i4+j—1, we have 1l <k <m+1,
i <k and a;; :xf’“ Q.
(2) Ifi+j>m+2, settingk =i4+j—m—2, we have 1 <k <m,

>k and a;; = xf’“ S Q.

Let @ be the ideal of R generated by xfl,xgﬂ...,xg:'ff. Then
A € Mat (m,m + 1;Q) by Lemma 4.1. Assertion (2) of Theorem 1.1
follows from the next

Proposition 4.2. (I"™)%' = [ :p Q and (I™)**/I™ = R/Q.
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Proof. Let S be the polynomial ring over R with variables T, T5, .. .,
Tint1- We regard S as a graded ring by setting deg1; = 1 for any
j=1,2...,m+1. Let

m—+1

fi= Z a;;Tj € S1
j=1

for any ¢ = 1,2,...,m, and let K, be the Koszul complex of
fi, f2y---y fm- Then K, is a graded complex. Let d, be the bound-
ary map of K,, and let ej,eq,... e, be an S-basis of K; consist-

ing of homogeneous elements of degree 1 such that d;(e;) = f; for all
i=1,2,...,m. As is stated in the proof of Proposition 3.1,

a 5
0 5 [Kmlm P Kpeilm o o o [Kidm 3 [Kolm S R o

I
Sm

is an acyclic complex, where € is the R-linear map such that

(TPTge - Tons') = dirdg? - diy

m—+1 m—+1
for any non-negative integers oy, a,...,Qmy1 With o + g + -+ +
Qm+1 = m. We obviously have Ime = I"™. Weset e = eg Aea A---Aey,
and & = e; A---Aé N - ANey forany i = 1,2,...,m. Let us take

{e} and {T}¢é;, | 1 <i<m, 1< j<m+1} as R-bases of [K,,],,» and
[Kp—1]m, respectively. Because

m m m-+1
(ﬁ) am(e) = Z( - 1fz ez Z Z az’j 'Tjéi;
i=1 i=1 j=1

we have O, ([Km|m) € Q - [Km
(U™ :r Q)/I™ = [Kp]m/Q[Km]m = R/Q.

Here, for any i = 1,2,...,mand j =1,2,...,m+ 1, we set

—1]m. Hence, by [14, 3.1] we get

Tk—i+1 if i < kv
Tk, =
Tk—i+m+2 if i > k.

Then the following assertion holds:

Claim 1. Suppose 1 <k, £ <m+1 and k # L. Then Ty, # Ty for
anyi1=1,2,....,m
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In order to prove the above claim, we may assume k < £. Then the
following three cases can happen: (i) ¢ < k < ¢, (ii) k < i < £ or
(iii) k < ¢ < i. Because k—i+1 < {—i+1 and k—i+m+2 < {—i+m+2,
we get Ty, # Ty in cases (i) and (iil). Furthermore, as m +1 > ¢ — k,
weget k—i+m+2>/¢—i+1, and so Tj, # T3 holds also in the case
of (ii). Thus, we have seen Claim 1.

Now, for any k =1,2,...,m + 1, we set

m

Vo) = (1) aly - Tinéi € Ko 1]m

i=1

Then the following equality holds:

m—+1
Claim 2. 0, Z " V(ke)-

In fact, by () and Lemma 4.1, we have

m m—i+2 m+1
-3 (S e oty ne)
i=1 N j=1 j=m—i+3
m m—+1 i—1
:Z<Z ’Llﬁk zk Ty H—lez_"z zlﬁka;k
=1 =1 k=1
: Tk—i+m+2éi>
m m+1
=2 > (DT el T,
1=1 k=1

and so the equality of Claim 2 follows.

Finally, we need the following:
Claim 3. {v(c)}1<k<m is a part of an R-basis of [Ky,—1]m
If this is true, by [14, 3.4] (see [7, 3.4] for the case where m = 2) we get

depth R/(I"™ :g Q) > 0, which means (I"™)%' = ["™ :p Q. So, let us
prove Claim 3. By Claim 1, we see that T3, 1€;,,T;, 2645, .-, T, m€i,,
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are different to each other. We set

and aim to prove that U U {v(x,e) }1<k<m is an R-basis of [Kp,_1]m.
By [14, 3.3], it is enough to show that the submodule of [K—1]m
generated by UU{v(k,¢) f1<k<m includes Tj, xé;, forany k =1,2,...,m.
This can be easily seen since
Uk = (=D Ty ks + Z(*l)iflagk - Tie
iy

and Tjié; € U if i # iy, which follows from Claim 1. Thus the assertion
of Claim 3 follows, and the proof of Proposition 4.2 is complete. |

If we assume a suitable condition on {a;;}, we can describe a
generator of (I™)%2* /™. Foranyi=1,2,...,mand k =1,2,...,m+1,

we set
b agkdk_i_H if ¢ § k
ik = e
abedp—itmi2 ifi>k,

and B = (b;) € Mat (m,m + 1;I). Then the next equality holds:

xfl 0
xgz 0
Lemma 4.3. B . =
iy 0
Proof. For all i =1,2,...,m, we have
m+1

Z aijdj =0.
j=1

Let us divide the left side of this equality as follows:

m—i+2 m+1
Z aijdj + Z aijdj =0.

f1<j<m—i+2 settingk=i+j—1, wehave i <k <m+1and

Bk B
aijdj = xk’“aik . dk—i-‘rl = Ikk . bik-
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On the other hand, if m—i+3 < j<m-+1, setting k =i+j—m — 2,
we have 1 < k <7 and

— Br 1 _ B
aijdj == xk’“aik . dk7i+m+2 = .’L‘kk . bik-

Thus, we get
m—+1
S et o
k=1
for all i = 1,2, ..., m, which means the required equality. O

For any kK =1,2,...,m+1, we denote by By the submatrix of B de-
termined by removing the k-th column. We set b, = (—1)*~1det By, €
Im.

Proposition 4.4. Suppose B = a1 for any k = 1,2,...,m (For
example, this holds if oy, 1 =1 for any k = 1,2,. m) Then, there
exists 6 € R such that x -0 = b for any k = 1 2,....,m+1 and
(Im)sdt Im (5)

Proof. The existence of J such that xk -d = b for any k =
1,2,...,m + 1 follows from Lemmas 2.3 and 4.3. Then 6 € I™ :g
QC (I’”)Sa‘t We put Q' = (28,257, ..., Pm)R. Then

X1, m+1
merl
O xO(Q,WL
m—+1
A= _ 0 mod Q’,
Q2
m+1

and so di = +xf, | mod Q', where o := o pq1 + Q2m + -+ + A 2.
Furthermore, if 2 < k < m+1, we have d;, € Q’ since the entries of the

first column of My, are xfl,wzﬁz’, o, xPm. Hence Q' +1=Q + (2%,,).
On the other hand, the assumption of Proposition 4.4 implies that, for
all k =1,2,...,m, we can take k itself as iy, and then a}, = 1. Hence,
dy ajpdy  ajzds o Ayudm A g dmg
aydmtr  da agzdy -+ gy dm—i a'z ;mt1dm
B = agydy  a3ydim i d Ay dmoy ay m+1dm 1>
A1 d3 Uads apsds - d Uy, m+1d2
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and so
«
e ]
(6%
B ] 0 ,
By = 0 ) mod @',
«
:l:xm+1
which means b,,,1 = 2%, mod Q. Thus, we get
Bm+1 _ ma /
-0 = a9 mod Q'
Here we notice SBp41 < a1,m+1 < a. Because xfl,xgz, ce xf{'fll is an

R-regular sequence, it follows that
J= ixzizﬁ’"“ mod Q’,
and so
Q+(0)=Q + ") 2Q + (i) =@ + 1™
Now we consider the R-linear map

@+ @n ™) Q@+ )
Q + (z%1) Q +1Im

such that f(1) is the class of xﬁi}ﬁ "1, Then we have the following:

f:R—

Claim. Ker f = Q.

If this is true, then R/Q = (Q' + (9))/(Q' + I"™), and so

_, (@109
n(RIQ) = tn( S
Because (Q'+(9))/(Q'+1I™) is a homomorphic image of (I"™+ (§))/I™
and I™ + (6) C (I"™)%**, we have
Q"+ ()

() < tn(( T ) < el 1) =t R1Q),

where the last equality follows from Proposition 4.2. Thus, we see

() = ey,
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and so I™ + (§) = (I"™)%** holds. O

Proof of Claim. Let us take any z € Ker f. Then, there exists w € R
such that

moa—PBmi1 _ mao ’
R =w- ;% modQ'.

This congruence implies

ma—fm+1 Bm+1 /
T4t (Z—'LU'l'erl)GQ.
mo— .
Because J;fl,...,mim,xmﬂﬁm“ is an R-regular sequence, we have

Z—w - xﬁl’ff € @', which means z € Q. Hence, Ker f C Q. As
the converse inclusion is obvious, we get the equality of the claim, and
the proof of Proposition 4.4 is complete. O
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