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T h e  theory  o f  harmonic functions has been extensively developed
since M . Brelot introduced t h e  ax iom atic  m ethod. Brelot's axiomatic
theory consists o f  a  (complete) presheaf A° o f  vector spaces o f  con-
tinuous functions such that there exist sufficiently m any open sets for
which Dirichlet problem  is solvable, and su ch  th a t Harnack's principle
is sa tisfied  f o r  .reu o n  a n y  o p e n  s e t  U .  But B . W a lsh  is  th e  first
w ho adapted th e  general sheaf theory to  th e  study o f  harmonic func-
t io n s . B . W alsh, as in the case of classical potential theory, investigated
the  cohomology groups o f  ,Ye (o r <Ye with certain limitation at infinity).
H e  a lso  p roved , in  t h e  presence o f  th e  a d jo in t sheaf .re* o f  .ye, a
fundamental duality relation between ria) a n d  X I .

In  this paper w e shall study the  theory o f  duality a n d  cohomology
o f  t h e  sheaves 0  o n  a  Brelot's h a rm o n ic  sp a c e  th a t a r e  obtained
fro m  <Ye b y  lim it in g  it  a t  in f in ity . (T h is  is  t h e  general schem e of
solution sheaves o f  a n  elliptic second order differential equation with
various boundary conditions.) 0  i s  a  shea f o n  th e  o n e -p o in t corn-
pactification X u { a }  o f  a  Brelot's harmonic space (X , o r )  such that,
(i) 61X =.Ye (ii) the re  is  a  neighborhood system o f  a  form ed by open
se ts  co  such  that any  continuous function  o n  th e  boundary o f  co is
uniquely extended to a  sec tion  of 0  o n  co. (9 i s  n o  m o r e  a  sheaf of
continuous functions, a n d  a  g e rm  i n  e a  is  r e c o g n iz e d  a s  a  lo c a l
solution n ea r th e  boundary o f  th e  above elliptic differential equation.

In  se c tio n  1 w e sha ll construc t various reso lu tions o f  0 .  One
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o f  those  is  the  fine  resolution due t o  B. Walsh;

0

where is  the  sheaf o f  germs o f  differences o f  non-negative continous
superharmonic functions and  g  is the sheaf o f germs generated by local
poten tia ls. ( A s  f o r  t h e  sheaf theo ry  see  G unn ing-R ossi [4 ]). The
other tw o resolutions a re  obta ined  from  th is i f  w e  take  o u t from  .9
th e  p a r t  which represents th e  singularity at infinity. This i s  th e  sheaf
theoretical versoin o f  a  method in  potential theory which we can find
in  a r t i c le s  o f  Z . K uram ochi [9], F. Y . M aeda [12] and T . K ori [7].
M ore precisely th e  resolution 0 —> -+ .9 # --a l  p la y s  a  fundamental
ro le  th rough  th is  pape r, w here "'IX  =A °  a n d  F a  =lirn A' o a n d  g o

0) 3 0

is  th e  germ s a t a  o f  th e  differences o f loca l potentials which a re  har-
monic except at the point a  (HS 0 -functions if we follow the  terminology
in  [9]), o f course , g  IX =0.

I n  section 2 w e shall construct a  sheaf which represents Dirichlet
boundary condition if w e  u se  th e  terminology o f  boundary conditions
o f  elliptic differential equations. This sheaf is found to  be  the minimal
one  among th e  sheaves 0  b y  a n  appropriate order.

In section 3 the cohomology groups o f  (9 a re  calculated:

Hq(Y , (9) =0 ( q 2 )  ,

H'(Y, (9)=0 if 1  0 1, ,

H 1 (Y, (9)''..' R 1i f  I E  C y

These a re  also obtained by B . W alsh . B ut our proofs are more simple
a n d  somewhat m ore suggestive. W e also have H q(X , .rt1=0 fo r  q
T h is  w as c lassically  proved by M ittag-L effler's argum ent, w here it
was essential that any section of .re o n  a  relatively compact open subset
U  o f  X  can be approxim ated by the sections on X .  B. Walsh proved
t h e  vanishing o f  I -11 (X ,  A l  fo r  a  B re lo t 's  harmonic sheaf satisfying
the approxim ation p ro p e rty . W e  d o  n o t  assum e th is  p ro p e rty . Our
argument reduces to th e  fact H'(Y, .F)= 0.

I n  section 4, in  t h e  presence o f  th e  a d jo in t  sh e a f  0 *  o f  19 we
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shall prove

et-K/ot=Hk(17
,  (9*),

where K  is  a com pact subset o f  V. This fundamental relation classical-
l y  d u e  to Ktithe-Tillmann-Grothendieck yeilds some duality relations,
fo r  exam ple, w e h a v e  th e  following exact sequences in  duality ;

0 - 4 ' Cy (.9a 111.(X, H 1  ( Y ,  0 )  0

0 <—  H I (Y, (9*) 4—  1 -1,(Y , (9*) . X e t  4 —  et 0

.Xer i e t ,  ( 9 'a ( 9 *)L-' g:.

S ec tio n  5  is  d ev o ted  to  th e  decomposition o f  t h e  singularity of
g a . Here Kuramochi boundary with respect t o  0 ,  which was introduc-
ed  in  [7 , 1 2 ] , is  im p o rta n t. Every germ  in  g o  is  re p re se n te d  b y  the
integration o f  extreme germs in  g a , and  the  la tte r co rresponds t o  the
minimal boundary p o in ts . W e shall introduce analogous normal deriva-
tives o f  germ s in  0 a a t  th e  a d jo in t boundary (extremes in  g l )  a n d
express the above duality  by  th e  integration o f  th is  norm al derivative
(Greeen-Stokes' Theorem). By virtue o f  thus form ulated duality rela-
tion  w e  can  g ive  a  cond ition  fo r the  duality  betw een 0 „  a n d  g :  to
be separated.

Some results o f our previous paper [7] are  q u o te d . If  we view our
present paper a s  th e  development of global theory o f  harmonic sheaves,
our previous one may be interpretaed a s  th e  treatments o f loca l theory.

§ 1 .  Resolutions of harmonic sheaves.

L et X  b e  a  non  com pact B relo t's  harmonic space a n d  f e  b e  the
sheaf o n  X  o f  harm onic  functions. W e assum e tha t 1  is  ha rm on ic
o n  X .  Let Y = X  u {a} b e  the one-point com pactification of X .  We
consider th e  follow ing sheaves 0 o n  Y  o f  linear spaces;

(1 .1 ) 0„ =,xe, fo r  every x e X ,

(1 .2 )  ea i s  a  linear subspace o f  t h e  linear space
Vaa 

fe v \ „ ,  which
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i s  the inductive lim it  o f  linear spaces ? " V \ U a s  V  ranges over
a  neighborhood system o f  a.

A n  o p e n  se t  G c Y w ith  the  boundary aG contained i n  X  is said
to  b e  (9-regular if  any continuous function f  o n  aG possesses a unique
continuous extension f  t o  6\a such that the restriction f  IG \a coincides
w ith  a  u e =F(G, (9) o n  G \ a  a n d  su c h  th a t  f  is non-negative if
f  is non-negative.

F o r  any (9-regular s e t  G  a n d  J e  C(OG), t h e  a b o v e  u e OG  i s
uniquely determ ined a n d  is d e n o t e d  b y  H o Ha T.j  F o r  a  u e OG
w e sha ll adap t the notation u  rep resen t th e  germ  o f  u  a t  y e G.
O n  th e  o ther hand  the  va lue  a t  x  e G\a o f  u  viewed a s  a  continuous
function o n  G \a is  deno ted  by  u ( x ) .  These notations are adapted for
any sheaf o n  Y  if  i t s  sec tion  on  a  se t G  can be considered a s  a  con-
tinuous func tion  o n  G \ a .  N o w , s in c e  t h e  lin e a r  fo rm  f--÷HG f(x),
x e G \a, on C (G ) i s  positive, it defines a  R a d o n  measure H xG(dy) on
G c X;

H G f(x )=f (y )M (d y )

fo r  any f  E C(OG) a n d  x E G\a.

Definition. A  sheaf (9 o n  Y  o f  linear spaces is called a  harmonic
sheaf i t  i f  satisfies (1.1), (1.2) and

(1 .3 )  0-regular sets form  basis fo r  th e  topology o n  Y.

(1 .4 )  1  is  0-superharmonic o n  Y.

Here we give explanations o f  these conditions. The condition (1.3)
m ay be  sta ted  m ere ly  f o r  a  b a s e  o f  topo logy  a t a , because Brelot's
axiom 2  and the fact (9„ — .re for x e X  imply th e  same condition stated
o n  X .  Following th e  terminology o f  [7 ] , [1 2 ]  w e m igh t say  a  full-
harm onic  sheaf ra ther than  a  harm onic  sheaf, b u t  w e  w ill  n o t  use
this. 0-superharmonic functions a re  defined a s  follows.

L e t G  b e  a n  o p e n  s e t .  A  function s  o n  G — a  is  s a id  to  b e  (9-
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superharmonic on G  i f ;  (i) s is lower semi-continuous, > — c o  and is
no t iden tica lly  equa l to  + c o  on any connected com ponent o f G —a,

and (ii) for any 0-regular set co, ro-  c G, and any f E C(Dco), the relation
f s  o n  Ow implies the relation 1-/wf. s on co— a.

A  non-negative 0-superharmonic fu n c tio n  p  o n  G  w h ich  have
the fo llow ing property  is called  a  potential o n  G :  I f  a n  0-super-
harm onic  function u  on G  su c h  th a t  u + p _ O  e x is ts  th e n  u = O .  A
dom ain Vc Y is called a  ( (V- )  small set if the re  is  a non-zero potential
o n  V. Every regular set is  sm a ll and th e re  is  an  exhaustion o f X
by relatively compact sm all sets, hence  there  is  a  c o v e r  U , V }  of Y
form ed by sm all sets w ith  U c X , V9 a.

W e  note t h a t  Harnack's principle fo r  th e  s h e a f  0  are valid,
th a t is , if  h„ is  an  increasing sequence of sections of 0  o n  a  domain
G , then either sup h„ + oo or sup h„ e OG.

W e have the following criterion :

(1.6) Y is  sm a ll if  1 0 0 ),

T h e p r o o f  i s  a s  follows. E v e ry  n o n -n e g a t iv e  0-superharmonic
function  u  o n  G  h a s  a un ique decomposition u =p + h  w ith  h e OG

and  p  a  po ten tia l o n  G .  L et 1 =p o -l- ho  b e  th e  decom position. If
1 J y  p o  m u st n o t b e  id e n tic a lly  e q u a l to  0, hence po > 0 (a con-
sequence of Harnack's principle for 0). T h u s  Y  is small. I f  1 E Cy,

I-P1 =1 o n  co\a fo r any regular neighborhood co  o f  a .  L et K  be
a compact subset o f X  su ch  th a t K  Y \ co, and let p  b e  a non-zero
potential on Y. W e  have p _ I-P p c H w l= c  on co\a, where c = infp > O.
Therefore p c  o n  Y a. S in c e  —c  is 0-superharmonic on Y and
p —  0 ,  it follows — c  0  f ro m  the definition of a potential. This
is absurd  and th e re  is  no non-zero potential on Y.

A fte r  B. Walsh [18 ] (See also W . H ansen [5 ].) w e  s h a ll  g iv e  a
fine resolution of the sheaf O.

For a n y  open  set G , le t .9-4 b e  the convex cone o f potentials
o n  G  t h a t  a r e  continuous o n  G \ a .  L e t .90= —  =  {p—g; p,

g E  .9 -4} a n d  le t  M G = 0 G + .9 G . .9 G  a n d  M G  a r e  R-modules and
MG is  a direct sum  (as modules) of OG and .9 G . Let iG  : e)G—.1G and
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j G :  9 Q *a G b e  th e  na tu ra l injections, and d :- +  . 9 G  b e  th e  pro-
jection; do j G  =Identity o n  .9G. I f  w e  d e n o te  b y  rf-,1 : a v - R u  (V DU)
th e  re s tr ic tio n  m a p , (a u , 4 1)  fo rm s a  presheaf o f  R-m odule. ( a u ,

= d u o/To j , )  is  a ls o  a  presheaf o f  R-module a n d  th e  next diagram
commutes;

R v
d y   

g v
rvul pf,11

Ru g u •

T he  sequence

(1.6) 0 --+ O u 0

o f R-modules is  e x a c t. L e t a  and  .9  be  th e  associated sheaves to the
presheaves Ca o , 6 )  a n d  (.9 u ,  p )  rsepectively, a n d  l e t  i a n d  d  be
th e  induced homomorphisms o f  iu  a n d  du re sp ec tiv e ly . W e  have the
exact sequence;

(1.7) 0 c! . . 9 — > 0 .

W e  c a n  v e r ify  e a s ily  th a t fe F (U , a )  if, f o r  a n y  x e U ,  there
exist s1 , s2 e 0 ,  o n  a  neighborhood V  o f  x, U , such  tha t

o n  V \ a . W here  Y v  i s  t h e  c o n v e x  c o n e  o f  0-super-
harmonic functions o n  V which a re  continuous o n  V \a . Here we note
th a t  t h e  definition i n  [1 8 ]  o f  t h e  shea f a  is incorrec t. There f e
F(U, a )  f o r  U n a if  th e r e  is  a  neighborhood V o f  a  i n  U  such that
fIV\a c t isi , where {a i} a r e  sca la rs  a n d  t h e  {s1} n o n -n e g a tiv e  0-

subharmonic functions o n  V  which a r e  continuous o n  V \a . But the
existence of nonnegative 0-subharmonic fu n c tio n s  is  n o t a ssu re d  for

ce rta in  0 .  F o r  e x a m p le , ta k e  th e  m in im a l h a rm o n ic  sh ea f e. i n
section 2  su ch  th a t 1 0 y .

T he  following results a re  d u e  t o  B. Walsh ([5], [18]).

(1 .8 ) F o r an y  open set G , T(G, a) becom es a  r i n g  a s  t h e  multipli-
cation is def ined pointwisely o n  G\a.

(1 .9 ) a  i s  a f ine sheaf.
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N ow  le t  a  b e  th e  sheaf o f  bounded measureable functions o n  Y.
To give a .Q-module structure for the sh e a f  .9  and  to introduce some
im portant subsheaves of .9 , w e shall here  study potentia l kernels on
a  sm all s e t  following T . K o r i [7 ] .  A s  fo r  sm a ll se t U =  X, s u c h  a
po ten tia l ke rne l is  now  w e ll-know n  [14 ], so  w e  m ay  assum e Uaa.

Let

g t = g t i  n (9u \a={ P E I \_; P . 0 na e Ou _a = _al

L e t p-<q b e  a n  order defined in  P u  b y  th e  cone P .  By this order
.9 u  becom es a  la tt ic e  [6 , 7 ] . Let

.1 t,=  { p  e  9 t,;  i f  th e r e  is  a  u e n  s u c h  th a t  u-<p, th en  u = 0 ).
T hen  g t ,  i s  the  d irec t su m  o f  g t ,  a n d  f t .  The a - p a r t  o f  p e
is denoted a s  Bup; p— Bup E  -6. 1 )

Theorem 3.16 o f  [ 7 ]  states the  following:

F o r  a n y  pe  g t, th e r e  is  a  u n iq u e  k e rn e l K(x, dy)=- KP(x, dy)

KP.u(x, dy) o n  U\a that satisfies;

(i) KI =p—Bup,

(ii) f o r  a n y  b o u n d e d  m e a su ra b le  fu n c tio n  f  o n  U\a, KfE J U

a n d  K f  is bounded continuous o n  U\a, a n d  be longs to  eu _s u p p [ f ] .

Lemma 1.1. L e t  V  b e  a  s m a ll s e t a n d  U  b e  a n  o p e n  s e t such
that a  e U cU=V, a n d  le t  p e gt". We have,

(i) p (B vp ) =Bu (pitp)

(ii) P(P — By  P)= PVP —  Bu(pp)

(iii) pi"(KPf)=Kg(flU\a), w h e re  q=pVp a n d  f  is a  bounded
measurable function o n  V\a.

1) T h e re  is  a  strictly positive function o n  Tii," f o r  any sm all s e t  U  containing a.
Moreover, fo r  any small s e t  U  and any point y e  U , there is  a  strictly positive
function o f  .9 ill" which is harm onic o n  U —y. (Thm. 161. o f  [6], Proposition 5.1
o f  [7])
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P ro o f. Let p = q ,+ h ,  b e  the decomposition o f rVp e ,97, t o  h,e
• and q,E g t i ;  q, = A ) .  B y  th e  sam e w ay , le t  Bvp=q 2 +1t2 , q 2 =
plu,Bvpegq; an d  h2 e 0 t ,  and  le t p—Bvp=q 3 +h 3 , h3 e0t, q 3 = 4 (p -
B v p )e g t .  W e have q 1 =q 2 +q 3 . q 2 is  obv iously  harm on ic  on  U\a,
s o  q2 e  T t. S e t t =p— B vpesq . F or a n y  compact subse t K  o f  X
s u c h  th a t  U  k (the interior of K ), let

(t) v _K  =inf Itt e .9; ; u = t+ s  on V—K for some s e

and

(q 3 ) u _K  =inf {u E u = q, + s on U—K for some S G ,9 9 u-xl •

From  [12], tv _K  e .91; and th e re  is  a  w e n C y _ K  su c h  th a t t = tv _K

+ w, hence q3 =pVt=pV(t y _K ) + 4 w  and  pl;w e Ou _K , th a t  i s ,  pV(tv _K )
belongs to  the bracket of the right-hand side w hich defines (q3 ) K .
W e  have (q3 )„_ K  g rA t v _K ). N ow  since  w e know

Buq3 =inf({q 3 ),_ K ;  K  is  a compact set of X  such  tha t k

from  [12], w e have

Buq3 inf{pi(t v _K ) ;  K  compact in X, k a U }

inf(t v _K ) =Bvt ,

w h ic h  e q u a ls  to  zero because o f  t e Jol, s o  Buq 3 = 0 a n d  q3 e .5f.
T hus w e  have the decomposition q1 =q 2 +q 3 , q 2 e gt, q 3 e f t .  From
the uniqueness of the decomposition we have the first and the second
equalities. T o  p rove  the th ird , it  is  e n o u g h  to  show th a t  pi(KP1)=
K q l  a n d  pV(KPf) e  

U - S u p p [ f ]
 f o r  a n y  fa  C (U ) .  F r o m  th e s e  the

th ir d  assertion fo llow s by  v irtue  o f th e  uniqueness o f th e  potential
kernel. But p(KP1)=4(p— Bvp)=4p—  Bu pp= Kql, and p ( h )  e OG

for any h e 0 , and any open set G cG c  U .  These prove the above.
For any bounded m easurable function f  o n  U  and p e ; =

• p ±  eg t,, w e sha ll de fine  the multiplication as  follow s; fop=
• (fiU \a) — KP - ( fIU \ a )+ f(a )B u p + —f(a)Bup - .
Lemma 1.1 shows t h a t  pi(fop)— (rVf)0 (41p ) ,  w here  rt,!: u d i r  is
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th e  re s tr ic t io n  m a p . T h u s  {(.2 u , .9u ), (41, pV )) is a  presheaf with
th e  presheaf e , 6 )  a s  i t s  coefficient. B y tak ing  inductive limit we
have;

(1.10) .9  i s  a  sheaf  o f  .4-modules.

Theorem 1.2. (B . W alsh). 9  is  a  f ine sheaf .
T he proof is g iven in Proposition 1.6.
I n  th e  following we shall give other resolutions o f  0  which will

simplify th e  calculus o f  cohomology groups o f  0.

Lemma 1 .3 .  L e t  U  b e  a  sm all s e t  an d  V , W  b e  o p en  subsets
o f  U  s u c h  t h a t  W c V. F o r  a n y  se.9"1, th e re  a re  p , qe  .9 t such
th at q = s + p  o n  W an d  p ee w

Lemma 1 .4 .  L e t  U, V  b e  a s  in  t h e  ab o v e . I f  se .9 ', h as  a s  its
c arrie r a c o m p ac t  su b se t o f  V ,  t h a t  is, i f  s e..99 ,  is 0 -harm onic
ou t o f  som e com pact se t in  0, there  is a u n iq u e  pE <9 -6' whose carrier
i s  the  sam e a s  th at  o f  s such  that p—s

Proof o f Lemma 1.3. The case w hen Uc X  is proved in  Theorem
13.1 o f  [ 6 ] .  First w e suppose that s 0. L e t Di (i =1, 2) b e  an open
se t  su c h  th a t  VD Di = D i  132 = D2 = W .  L e t s < M  o n  0E1

2  a n d  s<m
on 3 D 1 ,  a n d , fo r  a n y  s>0 , le t  a  continuous function f  o n  OD, U 01)2

be defined as f = M + s  on 3 D2 , =m— e o n  o p  There a re  p i , p2  E

su c h  th a t I
 — f + ( p i

 — P 2 )  < e  o n  OD, U 3D2 .  (For example, see Proposi-
tion 1.7 i n  [7]). M oreover p i (i =1, 2 )  is c h o s e n  s o  t h a t  p i e Ow.
Then th e  function

{

5+ p 2  o n  D2

q =  inf(s+p 2 , p i ) o n  D 1 \D2

P i  o n  U\D i

belongs to .9t, and q=s+p 2  o n  W .  I n  general we proceed a s  follows;
(i) I f  th e r e  is  a n  (9-regular s e t  D  s u c h  th a t  Wc D cD c  V  a n d  such
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tha t infs =m >0, then w e have s_ n71-1°1 0  o n  D \a from  the minimum
613

principle. Applying th e  a b o v e  to  th e  functions u =s— ml/D1 e .5q, and
u=mHD1 e ,99t ,  w e h av e  th e  desired  resu lt. (ii) I f  f o r  any regular set
D  su c h  th a t Wc Dc p c  V  it  h o ld s  inf s < 0, choose such a  D  and let

au
m = in f s .  B y  the m inim um  principle t =s— m  e.91 , so  w e m ay apply

OD
th e  above  to  t  a n d  — m e .913, a n d  have our result.

T h e  p ro o f  o f  Lemma 1.4  is  ca rried  in  t h e  sam e m anner a s  in
Theorem 13.2 o f  [ 6 ]  b y  v i r tu e  o f  Lemma 1.3 a n d  t h e  resu lts  of

[7 , § 3 ].
L e t  g u = g t i — g -b-  f o r  a n y  U na.  F o r  Uc X , since gt, n ,Y f u

w e se t g u = {0}. L et f u =51,-  — .9- t,, Y. Obviously j u = g u
fo r  Uc X . A s is easily verified (J a n d  (gu, Pr) a re  presheaves,
h e n c e  F =  (fu , Pr) and V , =  (gu, Pri) a r e  subsheaves o f  g .

Uay Uay
From  L em m a 1.1 w e  h a v e  th e  follow ing commutative diagrams of
presheaves:

C U
g U g if g U U

P u t P:711

g v gv Jiv

w here Cup=p— B 'p f o r  p e .9 u . Passing to  the inductive limits there
e x is t  sh e a f  homomorphisms b : .9 - 4 g  a n d  c: . 1  s u c h  th a t  the
diagrams

commute.

Proposition 1 .5 . (i) =  {0} a n d  si x = g ,  f o r  any  x e X.
(ii) g = . 9 - - L — > f - 0  is  a  sp lit ex a c t  sequence.

b(iii) F o r  any  sm all set U n a ,  F(U,

P roof. (i) is  o b v io u s . (ii) follow s from  th e  f a c t  th a t  9 u i s  the
d irec t s u m  o f  g u  a n d  sr ip A s  f o r  (iii), s in c e  g ur ( U ,  g )  is
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injective, w e  s h a ll p ro v e  it  is  surjective. F o r  a n y  M  e F(U , g) there
is  a  neighborhood co o f  a ,  coc U, s u c h  th a t  M lin  p cop  f o r  a  p  g..
I f  w e no te  th a t the  ca rrie r o f p  is  the  po in t a ,  Lemma 1.3 yields the
e x is te n c e  o f  a  u e g u  s u c h  t h a t  u— p e =pwpcdu =pa,p =M
o n  co. O n  th e  o th e r  h an d  p u u =0 =M o n  U —co, s o  p u u = M  o n  U,
th is p roves tha t pu  i s  surjective, hence is a  linear isomorphism.

W e  sh a ll show  th a t  th e  sheaves g ,  a r e  f in e .  A s  w e  have
mentioned in  (1.10), . 9  is  a  sheaf o f  a -m odules by  the  multiplication

x.a e(f, p)--40 139 9, w h e re  t h e  s h e a f  homomorphism fo: .9—>,9
is defined by

P u t P u t

f o
.

From  L em m a 1.1 i t  c a n  b e  v e r if ie d  e a s i ly  th a t  f oM  e f y  (resp. g y )
whenever M  e f ,, (resp. g y ), s o  . 5  a n d  V  a r e  a lso  sh e a v e s  of . ' -
m odules. T h e  sh e a f  homomorphism f o  is a  zero-m ap o n  th e  stalk
g y  f o r  y e Y — Supp [f  ], because n E• ° V -S  u  pp[f]  f o r  a n y  p e .9v

a n d  any  sm all s e t  V. L et (U i ) _ 1 b e  a  locally finite cover o f Y  and
{9,}711 b e  a  family o f  bounded measurable functions o n  Y  such that
(pi =0  o n  a n  o p e n  neighborhood o f  Y— Ui . Dp i i s  a  well defined
bounded measurable function on  Y , and  fo r any  M e y e Y, we have
(Dp i ),,m =p1,((Dp i )c, p), w here  V  i s  a  small neighborhood o f  y  which
m eets only  fin ite ly  m any U, a n d  M  =pf,p . Since the  suppo rt o f the
kernel K P ' V  is  c o n ta in e d  i n  V  a n d  B v p  0  o n ly  i f  a e V , w e  have

(E 9i) ° P = KP ( E  ) +  E  0 d(a)Bv  P = E KP(pi + E 9i(a)B v  P = p o  I), for
i=

large n. H e n c e  (E  °M  =  MAE 90°P) =  p',(tpop) = t  (Pi°M .  But,
i f  Supp [q i ]  n V = 0  th e n  90/1 = 0  f ro m  t h e  a b o v e  re m a rk , so  the
la s t  expression  of the  above equality becomes

i=

(E91)om = E(goicm).

T h e  sa m e  re la tio n s  a re  v a lid  f o r  t h e  sheaves 5  a n d  g .  B y  the
argument w e have done hitherto , w e get th e  following :
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Proposition 1 .6 .  .9 , 5  a n d  g  a re  f ine sheaves.
N ow  w e shall p roceed  to  reso lu tions o f  th e  sh e a f  0  o th e r  th a n

(1.7). L e t  .F u  = Ou  + g u a n d  .Y(E, =  +  f u  f o r  a n y  o p e n  s e t  U.
These a r e  s e e n  to  b e  d irec t su m s . W e  have commutative diagrams:

F o r  example, rridr u  c.)(( v is verified  a s  follows :
L e t  f e .11 'u  b e  w r i t t e n  a s  f =  + p,, h, e Ou , p i e  u . I f  w e  w r ite

e M y a s  rtp, =h 2 +p 2 , h 2  e610
-  V ,  a-n2 V I  we have r if= rih 1 +h 2 + P2,

p2 = p i p , .  B ut Bvp2 = pr(Bup i ) =0 (from Lemma 1.1) implies p 2 e.f,„
th u s  rEf e or v . F r o m  h t i s  observation, if w e  p roceed  to  the inductive
lim its of presheaves IT !) and (X ' 1,, /TO, we get th e  following sheaf
exact sequences :

O- 4  — 0 — >  0 ,

0 - - 0  a — 0  de-  — 0  f  - 4 0 ,

and

(1.12)

o b v io u s  th a t  F  =where .9",, = (F a , ri), = (dr 1,, ri). I t  is
V9y Vay

.re ,= (9 x , and Y( x = g x ,  fo r  any x e X.
N o w  i f  w e  co n sid e r the homomorphism

f u , w e  f in d  th a t  th e  k e rn e l is  the direct
a n d  {j u f; J e Ker Cul = g u , hence ker  C o  du  = F .
sheaf homomorphism cod: ;

s u m  o f  ker du  =e u

CU0 du  in d u c e s  the

o f p resheaves Cuodu :

0 — +  u u c- .1 u  — 4  0
(1.13)

T he  last sequence is e x a c t . Similarly we have the exact sequence;

(1.14) 0 — > :(- - -4 .R - b-fi* g - - ) .  O.
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Proposition 1 .7 .  F(U , .F)=..F , f o r a sm all s e t  U.

This follows from F(U , g)=g u  f o r  sm all U.

Proposition 1.8. Fa (U, .1)=. 0,

Fa (U , 9)=F(U , g) .

P ro o f. W e  m a y  assume U n a.  L e t  M e r a (U, M  =p w (p—g)
f o r  som e p , q E f ,  a ewc: U. M = 0  o n  w \a  im plies h =p — g e e . , .
F ro m  [7 ],  [1 2 ] w e  h av e  p=p— B p=inf{ ti E .9 1-

0 ; it = p + s o n  co\a for
some seY ' co _a }. Since g  satisfies th e  c o n d itio n  in  th e  bracket,
Similarly g . p ,  hence h =0 a n d  M = 0 .  Ta (U , 5 ) =0  is  p roved . F rom
Proposition 1.5 w e have

0 Ta(U, g) ra(U, Fa(U, 0.

Therefore Fa (U , .9)=T a (U , g)= F(U, g).

§ 2 .  Minimal harmonic sheaf

W e sh a ll show  th a t  th e  collection o f  harmonic sheaves on  Y
contains a  m inim al one , w hich can be constructed from  Jr.

F o r  a n y  o p en  neighborhood V  o f  a  and  f e C (O V ), le t  Hv f(x )=
inf { s(x ); s is  a  superharmonic function o n  V \a such that

lim in fs (y )_ f ( )  o n  eV,

and

liminf s ( y )  0
v9) 7 .

H v f  i s  a  harm onic function o n  V \a ,  a n d  Flv f= — Fiv(— f) f o r  any
fe  C (01/). Following P. Loeb [10 ] w e  se e  th a t, f o r  any outer regular
compact subset K  o f  X ,

lirn Hvf (y)= A O o n  av,
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w here V =Y \K , and  th a t  r'={ Y — K ; K  i s  a n  outer regular compact
subse t o f  X }  fo rm s a  fundam ental system  o f  neighborhoods o f  a.

For any  open set V3 a ,  w e set

= {h e there  is  an W E ,/', Co c  V , such that

h FlaT hlO w ] o n  co— a} ,

and

ea=
 l in l° 1 1

Vaa

W e define  a  harm onic  sheaf e o n  Y  be letting  Ç = a
0 a i f  y =a,

and e y  = dr' y  i f  y e X .  The quantities corresponding to e are indicat-

e d  b y  the line  over the letters (1--Pf, SP- G, .1 ,  etc.);
are  exact. We shall list some elementary properties :

0 e1 4  -  4  g 0, etc.

(2 .1 )  L e t  U  b e  a n  open neighborhood o f  a .  Then every non-negative

superharm onic f unction o n  U \ a  is 0 - -superharm onic o n  U.

(2 .2 )  Ev ery  U e -r  i s  a n  0 -reg u lar s e t  f o r any  harm on ic  sheaf  0
o n  Y. ([8], [18])

(2 .3 )  L e t  ( 9  b e  a  harm on ic  sheaf  o n  Y. W e  h av e  1 -1 1 . H I  on

co \a f o r an y  C O E 'r  and fe C(0(o),

(2 .4 )  Ev ery  non-negativ e 0-superharm onic function o n  G  is i - s u p e r
harm onic o n  G .  This follows from (2.3).

(2 .5 )  E v ery  0 -po ten tial o n  G  is a n  i - p o t e n t ia l  o n  G .  For, let
K  b e  a compact subset of G , then  w e have

inf {s e g ,(V ); o n  V— K}

inf {s e + (V ); s__13 o n  V—K},

fro m  (2.4). I f  p  i s  a n  0-potential th e  la s t quan tity  tends t o  0  as
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K  ru n s  th ro u g h  a ll com pact subsets o f  V , hence  p  is a l s o  an
potential.

HereH ere  w e sha ll in troduce  a n  order betw een th e  harmonic sheaves
on  Y  and  show  th a t  0  is  the m inim al sheaf. F o r  any two harmonic
sheaves 0 ,  a n d  0 2  w e  d e n o te  0 , > 0 , i f ;  f o r  every  co e Y/- a n d  every
f e C(aw), w e  h a v e  1 -1 "1 . H 2 , 1  o n  co\a. H e re  Hi , w, i =1, 2,
have  the  sam e m eaning as in  sec tion  1 fo r  0 i , a n d  it is w ell defined
by virtue o f  (2.2). This relation defines a n  order o n  harmonic sheaves
a n d  e9-  i s  a  minimal one.

T he  harmonic space (X , A P ) is  sa id  to  be  hyperbo lic  if, f o r  some
(a n y )  W E ',Y/", t h e  lower envelope H(s, co) o f  functions i n  fu
liminf u ( x )  0  o n  aw  a n d  lim inf u(x)_1} i s  n o t  zero, and parabolic

co\a9x - - , a(0\aax — ■4

if H(a, co)=0 fo r  som e (any) co e

Proposition 2.1. The fo llo w in g  conditions are equivalent.

(i) (X , X ') is  p a ra b o lic .

(ii) =1 fo r  a n y  w e ' .

(iii) ,91=(0)

(iv) 1 e

(y) =(0)

P ro o f. T h e  equivalence o f cond itions (i), (ii) a n d  (iii) is found
i n  [1 0 ]. Conditions (ii), ( iv ) and  (v ) a re  obviously equivalent.

Proposition 2 .2 .  I f  (X , <Y e ') is  hyperbo lic , then ; (i) the e-super-

harm onic functions o n  Y  co inc ide  w ith  the non-negative superhamonic

functions on  X  and  they are e'-potentials o n  Y ,  (ii)
(iii) w e  h ave  lim inf F-P1(x)=0 fo r  any regular ne ighborhood co of a.

con.X9x—.a

P ro o f. ( i )  a n d  (ii) are verified easily (Thm. 11. o f  [7 ] ) .  To prove
(iii) l e t  ot = lim inf Fial(x). cc 0 i s  o b v io u s .  Suppose a>  O . S ince X

con  Xax-■ a
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is s m a l l  t h e r e  i s  a  p e .91 s u c h  th a t  p = H °1  o n  co' n X  f o r  some

a E C  ( 7 5 '  CO  (Lemma 1.3), a n d  such  tha t p o n  co' n X.

b e in g  a  superharmonic function o n  X , p follow s from  th e  mini-

m u m  p r in c ip le . W e  h a v e  seen  p e e  g t, a n d  p }- 1 ,  th a t is

p— 
°
±-e‘91=.9t,, hence m ust b e  zero.2 2

w e have Œ O .

T his is a  contradiction and

Theorem 2.3. I f  (X , .Ye) is parabolic then 6-  i s  the  un ique  har-
monic sheaf o n  Y.

P r o o f .  Let b e  a  harm onic sheaf o n  Y. F r o m  (2.3) w e  have
1 .1-1‘°1 ...FIc°1 =1, s o  1 E Of . L e t fE C + ( 8 0 ) )  a n d  u u G

.Yew _a  a n d  0 — mr-P1=M — m, where M =supf and  m =inff.
By the  definition w e h a v e  — u (fn —M)H(s, co), but the  la tte r is equal

t o  z e ro  since (X , .Y6') is parabolic. H e n c e  u = 0  a n d  H I=  "H I .  This
s h o w s  =

§3. Cohomology groups of harmonic sheaves

I n  th is  section w e shall calculate various cohomology groups of

th e  sheaf 0 , fo r  example, Hq(co, (9) f o r  a  sm all s e t  co, Hq(X, a l  and

Hq(Y, (9). T he vanishing o f  th e  cohomology 11 1 (Y, . )  is fundamental.
A s w e  have seen in section 1, d  h a s  th e  f in e  resolution 0 —0—>,R

ro (Y , ,90 -±',.9—>0, so  w e have Hq(Y, 0)=0 fo r q  2, and I-4( Y, (9)—

where Cu i s  a n y  support family.

Theorem 3.1. I f  100 y  then  IP (Y , 0 )=0  and 9 .= { O } .

P r o o f . The fa c ts  th a t C y  = 0  an d  Y  is  s m a ll  a r e  easily proved.

T a k e  M  e F(Y, 9). For e a c h  x e Y th e re  are  d o m a in s  Ux , Vx  w i t h  X E

Vx  U x  s u c h  t h a t  M I  Vx  =p,„(p x ) on
can  choose  a  fin ite  s e t  x 1 ,..., x„ and

w ith  t h e  above properties such  that

assum e a e 17,2 a n d  aft E

V ,  f o r  som e  A c e  . 9 " .  We
corresponding Vi = Vx j , U, = Ux i

Y =  Vi . M oreover w e m ay
i= t

L e t  si , ti e <91,- , b e  su c h  th a t
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s i — ti = P r (p x i ); = Pvr,(si —1 1). N o w  let {(pi } b e  a  p a r t i t io n  o f
unity (for the sheaf g )  subordinate to {Vi }. W e have (pioM =p v i ((piosi

-Ti oti)  on V .  S i n c e  Y  is  sm a ll a n d  th e  c a rr ie r  o f  (po i i s  a compact
subset o f  I/1,  th e r e  is  a  pi e gl; w ith  th e  sam e carrier su c h  th a t p i —

çoi os i E O v , (Lemma 1.4). Similarly there is a  qi e gi,E, su ch  th a t th e  car-
r ie r  i s  c o m p a c t in  V , a n d  s u c h  th a t  g1 - 9 1.t 1 e0 v1 . H ence  9 10M =

P v P y  p — PP (11) =— p m
—

 91)

o u t o f  V 1, a n d  s o  904 =p y (pi —g1). L et f =  (pi — gi). f e e . a n d
i=

py f =  ( p i om = M , th a t  is ,  d f= M  if f  and j y fE  F(Y, g )  a re  identified.
i=

T h is  proves 1-11 (Y, (12) =0.
Given a  s h e a f  a  o n  Y. F o r  any  open tw o cover {U, V}, U U V=

Y, w e have the  following exact sequence:

(3.1) 0 -  sat y - u au n v Hi( V, )

where af=(f1U, f IV), f e a y , and

13(g , h) n v—hiu n V,( g ,  h )  E  u X d v .

T his i s  Mayer-Vietoris th e o re m . I f  (3.1) is  a p p lie d  to  0  w ith  1 0,„
the exact sequence

— 4  Cy O U X °V Ounv 0

follows. B u t  in  c a s e  1 e(12
, e u „  does not coincide w ith the im age

of fl. M. Nakai and B. Walsh introduced the concept of flux functionals
to characterize th e  im a g e  o f  13 w hen I e Oy . H ere w e sum m arize it.

Theorem 3.8 o f  [1 8 ] s ta te s  th a t, f o r  a n y  open cover {U, V} o f  Y

such  tha t I/3  a  and  U  c X, there corresponds a  linear functional

vu ,v) (ca lled  the flux functional) o n  e u , v  such that:

(1) s  Ou,,y is  in  the  image o f f l if  V u o ils ]= 0 .

(2) If {U ', V ' } is another open cover o f  Y  such that U ' .1 , V '

then P ( U' 0 ")[sIU' (1 = W(u.v)[s] for s e eurIV.

on E vidently  9 10 M =0 = p y (pi — gi)

(3 )  If s E O u n Y  is a restriction of an 0-superharmonic function p
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on  U (resp. V ) then P ( u, v) C[s] 0 (resp. 1J ( v.u )[s ].0 ), equality  hold-
in g  if f  p  is 0-harm onic in  U (resp. in V ).

Lemma 3 .2 .  S uppose 1 e 9  a n d  le t {U , V }  b e  an  open  cav er o f
Y  su c h  th at e ith e r U  o r  V  is contained in  X  a n d  V  is  s m all .  For
a n y  y e V \ U  a n d  h e .e u , j, w e  c an  f in d  pe f  c O v  a n d  g eOu

w ith the  properties;

(i) h=71 (u, v)[h]• p+ f—g o n  u n V ,

(ii) th e  c arrie r o f  p  i s  th e  p o in t { y }  an d  W( u, v) [pIU n V.]=1.

P ro o f. T ake a  q E .91,- w i t h  the  carrie r { y } .  Property (3 ) of flux
functionals im plies ru , v)[qiu n V ]> 0  o r  < 0  acco rd ing  to  V c X  or
VD a .  L e t  p=(ww,v), u n vyi • g (resp. — (71 (u, v) Lqi u n V1) - 1 .q ), and

s e t  u  =
h_ vu,v)[h ].( p lu n V ) .  T h e  f lu x  P(u , v ) [u ]  being  0 , u  i s  of

th e  fo rm  u= f— g fo r fe 0 v  a n d  g  (9. L em m a is  p roved .
B efo re  w e  p roceed  to  th e  cohomology 11 1 (Y, (9) we shall inves-

tigate some fundamental properties enjoyed by the  sheaf .F: .F depends
only  on  the  in itia l harmonic space (X , Ye) a n d  Hq(Y, F )= 0  for g

Proposition 3 .3 .  (i) F(U, .F)=.Y e u \ a  f o r  a n y  o p e n  s e t  U , con-
sequently =  .rf u _y f o r  an y  yE Y an d  g  d o e s  n o t d e p e n d  on

(Jay

the  choice o f  C.

(ii) .F)=0

(iii) H ( Y, .F)=O f o r q 2 an d  an y  support f am ily  0.

P r o o f . B y  v ir tu e  o f  t h e  f in e  resolution (1.18) of F  w e  have

1-1 (Y, g") =0 for any 0 and 2, and we have 1-1(Y, — f )  (cod)T a (Y, a) •

F ro m  Proposition 1.8 I/1(Y, .F ) vanishes. By th e  sam e reason  In (U ,
F )= 0  fo r  any  open  se t U .  Hence we have the exact sequence;

0 = Fa(U, F(U , g- ) F(U — a, .F ) --+  O.

Therefore F(U, .F)=F(U — a, ieu\a.
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Theorem 3.4. H t(Y , ,F)= 0

P r o o f . B y  t h e  a b o v e  proposition w e  h a v e  th e  e x a c t  sequence;
0 —> O. I f  (X ,  d r)  is h y p e r b o lic  w e  h a v e  H'(Y , 6 =0
from  Theorem  3.1 . H ence th e  exactness o f  0 = I-11(Y, 6) --.1-1 1 (Y,
Hi (Y , = 0  y ie ld s  H'(Y , =O. N e x t  s u p p o s e  that (X, f e )  is
parabo lic . I n  th is  case i s  th e  u n iq u e  harm onic sheaf o n  Y. W e

r(Y,sh a ll p ro v e  H' (Y, .F)—  ( e . a ) r ( y ,  . 4 )  — O .  ( I n  t h e  fo llo w in g , to  the

en d s o f  th is proof, w e shall om it the  upper lines o f  th e  letters which
indicate  t h e  q u a n tit ie s  re la te d  to  t h e  m in im al harm on ic  sheaf 6 -.)
Take a M e ./"( Y, J ) .  A s  in  Theorem 3.1. we can choose a  finite cover
{Ui }7=. 1 o f  Y  a n d  g i e d r„,  f o r  e a c h  i s u c h  th a t  a n U„, a 0 U,
i ^ n -1 )  a n d  MI LT, =p u i q i . Let {l'Ç}r= t b e  a n  o p e n  cover o f  Y  such
th a t  Vi c  U  i =1 ,..., n  a n d  n o  proper subfam ily covers Y . Let {(p 1}7. 1

b e  a  p a rtitio n  o f  unity  fo r  th e  sheaf f  subord ina te  to  V ,  w hich w as
explained i n  se c tio n  1 . W e  h a v e  9 1. M =p u 1 (cp1o g ,)  o n  U1. T a k e  a
y i n V i f o r  e a c h  i =1,..., n — 1, and y„ = a .  Lemma 3.2 appliedJ*i
t o  9 1og1IU1\ V1 e APu i \ v ,  yields the existence of w i e g carr. (w e)
{y i }, h i Ee v i  a n d  u i e e y _v , s u c h  th a t  (1910g1 =ot1w1+ h i — u, o n  U1— V1,
where a i = Y-vok9,0g,IU,— V1]. I n  particular w„ e W u „ .  Let

Igorg,—  ai m— h io n  v i

f i=
-u i o n  Y—  V i .

Then f i e F(Y , .R) f o r  e a c h  i. I t  is  e a s y  to  v e r if y  th a t  (cod)fr=df ,=
p u pp iogi —ot,w,) on V 1, = 0  on Y — V 1 ,  f o r  e ach  i =1,..., n — 1, a n d  that
(cocl)f„=p u .(cpfl ogn )  o n  V„, =0 on Y— 17„. I f  w e set N =M — (cod)fie

t=i
Y, d i )  w e  h a v e  N y = (904 — (cod)f,) y = p(o t,w ,) for y e i  =1,...,i=1 n-1

n - 1 ,  a n d  NI V„ = O . T a k e  a  small set W c X  containing V . L e m -
1=1

ma 1.4 yields, f o r  e a c h  i =1,..., n — 1, th e  ex is ten ce  o f  a  vi e .9 w  such
th a t  the  ca rrie r  o f y i i s  f y i l and y i — wi e Ov i . Since

n - 1

E a iy , is  har-

monic o n  W  n vn , again applying Lemma 3.2, we h a v e  E ot,v, =p+g— h
t=1

on W  n vn  f o r  som e p e g v n, g  e Ov „ a n d  h E O w .  Let
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n- 1E ai vi + h on
f

1 W
= 1 = 1

p+g o n  17„

n -1
I t  fo llo w s th a t fe r(Y, a )  a n d  (cod)f= pri ,( E  I A )  o n  W, =0 on V .

i= I
O n  th e  o ther h a n d ,  b y  t h e  c h o ic e  o f  wi , i n - 1 ,  w e  have

n -1 n -1
ply ( E ak ok) =pb,(ociwi) if y e — 1 ,  a n d  = 0  if y e  W\

j= 1

T h u s w e  have show n (cocl)f=N  o n  Y . T h e re fo re  M  =(c.c1)(f+ ± f )e
i=c

(cocl)F(Y , a).

Theorem 3 .5 .  H 1 ( U, " ) = 0  f o r  a n y  o p e n  se t  U ,  i n  particular
H 1 (X , if )=0 .

This follows from Excision Theorem;

0 =H1 (Y , 111(U, g) F ) = 0

I f  w e  take  U = X  w e have 111 (X , ita) =0.
.re)=0 w as p ro v e d  b y  B. W alsh [19] u n d e r a n  additional

hypothesis; X  possesses a n  ex h au stio n  b y  sm a ll re la tiv e ly  compact
open  se ts  {U i }il ,  su c h  th a t  Ui c Ui + ,  a n d  every elem ent o f  r w
.re) can be uniformly approximated o n  U  b y  restrictions of functions
i n  T(U i , , , t o  U1+ 1 . T he argum ent th e re  w a s  th e  classical one
due  t o  Mittag-Leffler [4].

Theorem 3 .6 .  H' (co, 0 )=0  f o r any  sm all se t co.

P r o o f . S in c e  ..9", 1 X=OIX = .Ye , w e  h a v e  1/1(co, 0) = 0  f o r  any
open  se t co c X .  N o w  suppose th a t  co i s  a  small neighborhood o f  a.
F ro m  Proposition 1.5 (iii) w e  h a v e  T(co, L e t  M  E F(co,
an d  le t peg',  b e  su c h  th a t  p .p - - M .  Then f =r.p e  T (c o , F)  a n d  df =
M .  T h is  sh o w s  th e  exactness o f  F (o), g) g) -+ 0. O n the
o ther hand  w e know  that th e  exactness o f  t h e  following sequence
holds:

f  (co, .F)—>F(co, g)—J-1 1 (o), .F )=  0 , which follows from
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(1.11) and the above Theorem . H ence 111 (o), 0)=0.
In  the follow ing w e shall show 1-11 (Y, 0 )= R '  w hen  the constant

1 is 0-harm onic on  Y. Let M e T(Y, g )  and  let {U, co}  b e  a  cover-
ing of Y w ith co small and Uc X .  There is a  p e g. such  that po =

M I co. W e sh a ll d e fin e  P(M)= W( u ) [plU n c o l  This is well defined,
th a t  is , does no t depend  on the choice o f  (U, co) and p e g o . For,
le t  {U ', ca l b e  a n o th e r  p a ir  s u c h  th a t  a e co'c co  a n d  U'c U , then
M ja f= p .,p ' w ith  p' = p  E g... W e have p— p' e and, from  the
above property (3) o f  flux functionals, n

n ul+ww .u")[(p' — p)lco n LP] = w(w")Eplof n T h is equals to
Vc° , 0 [plco n U ] from  the property (2).

Lemma 3.7. L e t  M  e F (Y , g ). T h e re  is  a  t e R Y , ..F ) such that
d t= M  i f  ¶(M )=0.

P r o o f . Suppose M  =d t w ith  t e ./"(Y, .F). T ake a  small neighbor-
hood co of a .  F rom  Proposition 1.7, F(a), .97 ) = . F  s o  rV t h a s  the
decom position rin  =  h+  p  w i t h  h E Ow a n d  pEg o, Since M w =
d ilt= p w (d,,,q 0 = p cop , w e  have W (M)=Vwx ) [ p ]  w ith a  cover {U, co}
o f Y , Uc X .  O n the o th e r  h an d  fro m  the property (3 ) of the flux
fu n c tio n a l it  fo llo w s  th a t vwx)[tlw n U ]=  P(" , u)[hlwn U] = 0 .  Hence
P(M) = () [p ] =  w (),  u) LT j _ Vw , u)[h] = 0 .  Conversely le t  M e F(Y, g)
b e  su c h  th a t 1 '(M ) = 0 .  F o r  a  sm a ll open  set con a, let p e g .
b e  s u c h  t h a t  M I  = p . p .  T h e n  V(° , u) [plco n =  w(m)=0, and the
above property  (1 ) yields p = f— g  o n  co n U  fo r s o m e  fe e?  and
g E C u .  Let

on co
t =

—g on U .

T hen  t E F(Y, .F) and dilt=ciep(p— f)=p„,p=M on co. O b v io u s ly  dt=
0=M  on U , s o  d t= M  on  Y.

Lemma 3.8. T here is an  Mo e F(Y, g )  w ith P(M0)>0.
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P r o o f . A s w as noted in section 1 there  is  a non-zero function p e
g t, f o r  a n y  s m a ll s e t  V 3 a .  L e t  M o e F( Y, g) be defined  a s  — py p
o n  V  a n d  0  o n  Y— V. W e  h a v e  71(M 0 ) >  0 f ro m  t h e  property (3)
of flux functionals.

Theorem 3 .9 .  I f  I E el, ' t h e n  9 R 1 a n d  FP ( Y, (9) 1?'

P ro o f. 1-11 (Y , 0 ) F ( 1 7
'

1 )  follows from (1.11) and  1-11 ( Y, ,F) =0.d F (Y , '" )
Lemmas 3.7 and  3.8 yie ld  F(Y, g )  {M e F( Y, g); W(M) =0} =c/F(Y, .97 ).

Hence I/ 1 (Y, 0 )  { ;
(
(
114
: 1 0

)
 ) M o } R '  is easily proved.

Theorem 3 .1 0 .  I-1 (Y, 0)=L'T(Y, g).

P ro o f. F ro m  th e  exactness of 0 =  Fa ( Y, Fg( Y, g)--4 M,(Y, 0) —>
H V Y , .F )=0 , w e  have  the  asse rtion  because F a ( Y, g)=F(Y, g).

§ 4. Duality of harmonic sheaves

I n  th is  section w e shall introduce th e  a d jo in t harm onic sheaf 0*
o f  0 , a n d  shall investigate some fundamental duality relation between
0  a n d  0 * .  I n  p a r tic u la r  it  c a n  b e  sh o w n  th a t th e  space o f  germs
o f  0-harmonic functions at infinity (equipped with an inductive topolo-
g y )  h a s  a s  i t s  d u a l  th e  space o f  a d jo in t harmonic functions o n  X,

whenever (X , A l is  hyperbo lic . T his is  a  generalization o f  a  classical
result obtained by H . G . Tillmann [17] and A. Grothendieck [3]. First
w e shall explain  som e additional hypotheses a n d  their consequences.

(4 .1 ) F o r  any  sm all s e t  U  every potential o f  f t ,  w ith  th e  one-
point carrier is  p roportiona l to  each  o ther; i f  p ,q e . i ti nO u _(, ) , YE U,
then there  is a  constant c= c (y ) such  tha t p=c(y)q.

N o te  th a t  th e  above  y  is necessarily i n  U\a, f o r  any potential
w ith one-point carrier {a }  belongs to Wu .

Under assumption (4.1) there exist kernel functions o n  sm all sets.
M ore  precisely, i f  -1/ i s  a  sm all se t , o n e  can  f in d , f o r  each  y e V\a,
a  potential py 0 e  5 -6  in  such a  w ay  th a t py  h a s  carrier {y }  a n d  that
th e  function (x, y) -9 p (x ) o n  (V\a)x(V\a) i s  a  low er semicontinuous
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func tion , con tinuous o f f  th e  d ia g o n a l [6 , Prop. 18.1] [7, Prop. 5.8].
From Theorem 5.9 o f  [7 ]  every p e .5 1,  h a s  a  u n iq u e  integral represen-

tation:

P(x)=Py(x)P(dY)
 o n  V\a ,

b y  a  R adon  measure it. o n  V\a supported by the  carrier of p.

After B. Walsh w e patch together local potentials to give a  system

(o n  Y ) o f  normalized kernels.
(4 .2 )  (B. W alsh [19] Thm . 1.6.) L e t  {V,} ie ,  b e  a  cove r o f  Y  by

sm a ll re g io n s . T h e re  e x is ts  a  corresponding s e t  o f  kernel functions

{piy O } i 6 1 s u c h  th a t f o r  each ordered p a ir  (i, j) o f ind ices  w ith  vi n
0 0  a n d  e a c h  re g io n  U n Vp  t h e  r e la t io n  pV i p yi = i p-1 in  g u

holds f o r  a l l  y e  U\a, a n d  th is  q u a n tity  g iv e s  a  k e rn e l fu n c tio n  on

U.
(4 .3) ([19], P rop . 1 .8 .) F o r  a n y  s m a ll s e t  V  th e re  is  a unique

k e rn e l fu n c tio n  p p  o n  V such that f o r  every y e V\a a n d  every i e I

w ith  y e  Vi th e re  e x is ts  a  neighborhood U  o f  y  i n  V n Vi o n  which

PVI Py = Pirj

T hough B . W alsh  sta ted  th e  a b o v e s  fo r  sm a ll se ts  contained in
X ,  w e can  verify  them  in  th e  above  fo rm  by  v irtue  o f  some results
f r o m  [ 7 ] .  The pair ({  Vi }, {piy } )  is  ca lled  a  norm a liza tion  fo r  0  and
th e  above  py  o n  V  is  c a lle d  a  no rm a lized  ke rne l (w ith  respect to
the  given normalization).

A d jo in t sheaf o f  0
T he  ad jo in t sheaf o f  0  is introduced in  th e  sam e m anner a s  it

was done by R. M . Hervé and B. W alsh for the case of Brelot's harmo-
nic sheaf T h o u g h  w e  must m odify them  to introduce th e  germ at
infinity o f the  ad jo in t sheaf, b u t it  is  e a sy  a n d  here we shall not give
proofs.

Definition. A  su b d o m a in  G  o f  a  sm a ll s e t  V  is  c a lle d  a  c.d.

«com plètem ent déterminant» s e t i f  vRv - G p = p  f o r  every potential
p  o n  V  w hich  is harm onic  o n  G .  H ere  vRAs, th e  reduced function
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o f  nonnegative 0-superharmonic function s o n  A  c  V , is d e f in e d  as

inf { t ;  t  i s  a  non-negative 0-superharmonic function o n  V  such
th a t  t . ,s o n  A} .

W e shall, henceforth, fo r  th e  re st o f  th is  paper, make th e  follow-
ing hypothesis.

(4 .4 )  T here  is  a  basis fo r  th e  topology o n  Y  composed o f  c. d.
sets.

L e t  V  b e  a  sm all se t, an d  co a  relatively com pact open subset of
V. L e t  py  b e  a  kernel function o n  V. S ince  v p y  e  s a l ;  a n d  is
0-harmonic off Ow f o r  any y  e V \a, there  is a  unique measure *11(dz)

0  o n  Ow which represent vRv - wpy :

v R v - »̀py =1 0 .0 * -IP;(dz) o n  V— a .

T h e  ad jo in t p resheaf  v 0  (f orm ed o n  V  b y  u s in g  p y ) is defined
a s  follows;

(v0*) u  = f f  C(U\a); f  (y ) =1f  (z )*14)(dz ) f o r  every c. d . set

c  (TS c U a n d  every y e w}.

vO* i s  s e e n  t o  b e  a  complete presheaf o n  V .  v0*-regular sets
a re  defined as in  section 1 a n d  th e  v0*-regular se ts  coincide with the
c . d . se ts  in  V , hence form s a  basis fo r  th e  topology on  V . Harnack's
principle f o r  * 0 "  a ls o  h o ld s . T h e  p roo fs  a r e  carried  i n  t h e  same
way a s  [ 6 ] .  I f  u0* , U c V , is the adjoint sheaf formed o n  U  b y  gy ( )
= pi,' py ,  w e  h a v e  v9*1 U = u 0 * .  T h is  is  p ro v e d  w ith  th e  a i d  o f the
follow ing property o f  reduced functions [19, Prop. 1.14 a n d  Lemma
1.15].

(4 .5 ) L e t  U  b e  a  sm all se t an d  V , W  o p e n  subsets o f  U  with
W c  W  V .  L e t  s  b e  a  potential o n  V  w ith  the  carrier a com pact
subset o f  W . Then (u s ) I V = T  k r - w(s1V).

(4.6) [19, Thm . 1.16] I f  ({ V i } { p } )  i s  a  norm aliz ation of
9 o n  Y ,  th e n  iO*IVi l Vj i IV1 n vi  f o r  an y  in d ic e s  i  a n d  j .  Here
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i a *  denotes the adjoint sheaf on V i formed by p yi.

W e define th e  global adjoint sheaf 0* o f  0  b y  th e  following;
for any open  se t G Y, f e C(G\a) belongs to  O lt if  f l  V1 n G e ( i 0 * )v i r,G
fo r  each index i  w ith  Vi n G

L e t  V  b e  a  sm all dom ain a n d  py  b e  th e  normalized kernel o n  V
given in  (4.3). Then the adjoint sheaf induced o n  V b y  py  is precisely
0*I V, [19, Prop. 1.18]. I f  w e  se t .e *  =0*1X, then  (X , A " )  2 )  satisfies
Brelot's axiom s 1, 2, 3, a n d  0 *  satisfies our hypothesis (1.1)—(1.3).
Moreover, by taking a n  appropriate normalization, we may assume that
1 e A l *  a n d  th e  hypothesis (1.4) a re  satisfied. (X, .X."*) is hyperbolic
i f  (X, .Ye) i s  so.

N ow  w e shall estab lish  a  duality betw een OK= lin3 t9u  a n d  Ot\K
U .K

fo r  any sm all s e t  V a n d  its  compact subset K.
L e t  e ic c f .  f  is  0 -ha rm on ic  o n  a  neighborhood U  c  V  o f  K.

T ake open sets (01 , c o , su c h  th a t Kc co i c co2 c U, each co, is relatively
c o m p a c t in  th e  following. Since i s  a  f in e  s h e a f  th e re  is  a p  e
f(V , a )) w h ic h  e q u a ls  to  1 o n  co, a n d  0  o n  V\w2 . L e t  t = fcp  on
U, = 0  o n  V— U, th e n  t F (V , .R ).  T h e re  is  a  p e .9, w ith  dt=p v p.
Since d t= 0  o n  co,, p . 5 ,  follows if K p a ,  a n d  if  K a  w e  m a y
suppose V a ,  s o  p  is  a lso  in  J r ,  i n  th is  c a s e . p  h a s  th e  integral
representation

P=5P y li(dY)

be a  measure pt supported by th 2 \wj , fo r  p is 0-harmonic on (V\ 6 2 ) U
B y  the  w ay , t—pe0 1, follows from  th e  definitions o f  t a n d  p .  But
t h e  f a c t s  th a t  t = 0  n e a r  a y  a n d  p e f ,  yield t—  p=0 (Minimum
principle), consequently, f = p  o n  w1 .

Lemma 4.1. f = 0  in  O K  if  the corresponding measure y satisfies
p*HG =0 3 )  fo r  some open set G cG cV\K with Supp pc G.

2) (X, d r * )  is nothing but the H erves adjoint sheaf o f (X, A " ) [6 ], so it is determined
from  ...r e  and independent from O.

3) p*H °(f )=S p(dy )*H  f (y ) for any f  E c(d G ) .
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P r o o f . Since f = p  o n  w i , f = 0  i n  OK  im p lie s  p = 0  o n  a  neigh-
borhood  o f  K .  T a k e  G  s o  a s  to  s a t is fy  Supp G c G c  V \K  and
p= 0  o u t  o f  G .  L e t p=p + —p_, p ± E ,firD. Then p + = p _  o n  V\G, so
vRv - Gp+ =v12v - G p _ .  Hence

pz (• )1p + (d y)*M(dz)= Rv-npyoti+(dy)=vRv-np+

= V R V - G P- =  p z (•) p_(dy)*M,(dz) .

F ro m  t h e  uniqueness o f  represention o f  potentials i n  5 ,  w e  have
p„.*HG=p_*HG, th a t  is ,  i.t*HG =O . C onversely, from  p*HG = 0  follows
vRv-G p +  = v R v -G p _ , s o  p + = p _  o n  V \ G .  T h u s  p = 0  o n  a  neigh-
borhood o f  K  and f= 0  in  a K  .

W e define a  bilinear form o f  h e OK  a n d  /1* e et_K  by

/(h, li*)=11*dp,

w here it i s  t h e  above m easure corresponding to  h. This expression
i s  in  fact independent of the choice o f  p  and  depends only o n  h  and
h * .  F o r , if  p ' is another m easure w hich also corresponds t o  h ,  then
the  R adon  measure p— p ' represents the  ze ro  elements o f  OK  a n d  by
th e  a b o v e  le m m a  th e re  is  a  G c -6 c V \ K  su c h  th a t  Supp (12 — tt') G

a n d  (p— p')*HG = O .  Since h*=H*Gh* o n  G  w e  h a v e  /1*d(p.— fi') =O.

Since n ( le e-  -  V -{ y}  for y e V \K  it defines a  k y = r f(p y ) e O K »

Lemma 4.2. (i) T h e  m a p  y—+k y  f r o m  V \K  t o  O K  is continuous,

where a ,  f o r  a n y  open U , is  e q u ip p e d  w ith  th e  to p o lo g y  o f  uniform

convergence on com pact subset o f  U ,  a n d  OK  i s  g i v e n  th e  inductive

lim it  to p o lo g y  O K =  iin l 9 .u
U=IC

(ii) L e t c o  b e  a  c. d. se t, o ic V— K ,  a n d  y eco\a. T ake  a f in ite

p a r t it io n  n=(c5i )1=1 o f  O w , aw= (5i , a n d  choose a  p o in t  yi  f r o m

each b p  T h e  sum

5 = E k  (•)1 *Hw(dz)Y, Ya,

4 ) r r : 1 " ( V, „q ) - 4  F (K,
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converges to  ky  in  c K  a s  7r becomes finer.

P ro o f. (i) L e t  Y U - Y o  i n  V \K .  T a k e  a n  o p e n  neighborhood co
o f  K  s u c h  th a t  C o  {y„, yo }. T hen  p  t o  py o  uniform ly
o n  a n y  com pact subset o f  co [7, Prop. 6.10]. H e n c e  ky o ->ky o  i n  £9 K .

(ii) L e t  G  b e  a  neighborhood o f  K  w i t h  G n (T) 0 .  /7, e OG

a n d  x-+1p,.(x)*I-Py (dz)e 0, . T h e  R iem an n  sum I ( x )  converges to

pz (x )*H ;(d z ) p (x ) fo r  each  x e G, so uniform ly o n  c o m p a c ta  o f  G

(consequence o f  Harnack's prinicple). T h u s  I;->k y  i n  OK .

Lemma 4 .3 .  L e t  co, co' b e  o p e n  s e ts  s u c h  th a t  K=a)' coi
T hen th e  c losed  linear hu ll of

H = {y py(x)ly.-E,J, ; x E co'\a}

in  0„*_,-„, contains the restriction et_ K Io r „,,.

P r o o f . I t  i s  e n o u g h  to  show  th a t ,  f o r  any  m easu re  v  on U =

(7)' w ith  c o m p a c t s u p p o r t , th e  re la t io n  1py (x)v(d y) =0 f o r  any

x e \ a  im plies th e  r e la t io n  1h*(y)v(dy)= 0  f o r  a n y  h * e t K•
 But

if (1p y (x)v(dy)) defines a n  element o f  (9K  w h ic h  e q u a ls  to  ze ro  from

assumption, hence /(h, h*)=12*dv =O.

Lemma 4 .4 .  L e t  h *  e O t-x •  h* = r r K f *  f o r  so m e  f*  E if
/(h, h*)=0 f o r an y  h E OK.

P r o o f . /(h, h*) was defined a s  5h*dp b y  the measure representing

p.--p y p(dy)e,It v  s u c h  th a t  p = h  o n  a  neighborhood o f  K .  Moreover

a s  w e  have seen  a t tha t pa rag raph  p = 0  n e a r  017. T his  yields, as in
th e  p ro o f  o f  Lemma 4.1, *HG = 0  fo r  a n  o p e n  se t  G V .  N o w  let
h*ECt_ K  b e  s u c h  t h a t  h* =rricf*, f* E r .  T h e n  /(h, h*)=1f*dp=

*HGf*dp,=1f*dii*HG = O . C o n v e rse ly  suppose t h a t  /(h, h*)= 0  for

a n y  he0 K . C hoose a  c. d. s e t  U  s u c h  th a t  K c U c U c  V  a n d  y
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U \ K . L e t  p =ey - * I n .  S in c e  rf(1p y (•)p(dy))E O K ,  it f o llo w s  f ro m

t h e  assum ption 1h*dp = 0 , t h a t  i s  11*(y)-*Huh*(fi). Let f*  --h* on

V\K, a n d  = *H u h *() o n  U .  Then f *  i s  a  w ell defined elem ent of

0 ,  a n d  h* =rr - Kf*.

Theorem 4 .5 .  (i) F o r  e v e ry  c o n tin u o u s  lin e ar f o rm  F  o n  OK

eq u ip p ed  w ith  t h e  induc tiv e  topo logy , there  is  a n  hPell_ K  s u c h
th at F(h)=G(h, hP) f o r an y  h  OK .

(ii) Each linear f orm  h-*/(h, h*) induced by  an  element h* O t_ K

o n  OK  is continuous.
(iii) T h e  d u al o f  O K  is  isom orph ic  to  Ot_ K I01; b y  th e  pairing

induced by  6( • , • ).

P ro o f. (i) For y e V \K , let 14(y)=F(k y ). From  Lem m a 4.2 (i)
hP is  con tinuous o n  V \ K . From Lemma 4.2 (ii) F ( I ; )  converges to

h t a s  I t  becomes finer, where I ;  is  th e  same a s  Lemma 4.2 for a c. d.
s e t  coc6 c  V \ K  a n d  y e co\a. T h e  su m  F (4 )-- Ih t(y i r l -1;,(6i ) con-

verges to çht(z)*Hcy (dz). H e n c e  11(y)=*liwh'i(y), a n d  ht. e \ K .

L e t  h e e ls. a n d  l e t  p  b e  th e  corresponding measure; h=rf(1p y g(dy)),

Supp. p  i s  com pac t in  V \ K . T ake  a partition i r= (5 )  of the support

,u; Si  =Supp. p, a n d  fro m  e a c h  6;  t a k e  a  yi e S , .  A s  i n  Lemma

4.2 (ii) i t  c a n  b e  p r o v e d  t h a t  th e  s u m  E p ysi au(5 i ) converges to

5py (•),u(dy) i n  OK as i t  10. Therefore Ekky i )p(S; ) converges t o  F(h).

O n  th e  o th e r  h a n d  Eiet(y ; )j/(61)  obviously  converges to  lit.(y)p(dy),

SO w e  h av e  F(h)=11dp= el(h, 14).

(ii) W e sh a ll p ro v e  th a t h-*/(h, h*) i s  a  continuous linear form
o n  e u  fo r any open set U  containing K .  Let co be an  open  neighbor-
h o o d  o f  K  w ith  Co c U .  By Lemma 4.3 w e  c a n  f in d  a  sequence of

nk

functions o n  U - C o  o f  t h e  fo rm  y-4 E  oci k py (x i k ) (k =1, 2,...) where

{x i k }cw \ a , th a t  converges uniformly o n  c o m p a c ta  in  U-(775 t o  h*

as k -  c c .  W e  m a y  suppose  rti hee K  h a s  t h e  representation hico=
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w  w ith  supp OE U— Co. Therefore
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converges( 5p (dy)) nk

E (xi !, h (x
i =

nk

t o  ii*(y)pt(dy) =1(h, h*) as k  co . Since 11—> E af i c h(x i k )  is a  continuous
i=

linear fo rm  o n  Ot, f o r  e a c h  k, Banach-Steinhaus theorm yie lds the
continuity o f  h -+/(h , h * ) o n  e u . Thus (h, h*)1 h E o u e(2 u )  f o r  each
open neighborhood U  o f  K , which proves (ii).

(iii) follows from Lemma 4.4.

Corollary 4.6 . (O K )' Hk( V, (9*) =1-1k( Y, 0*)

P ro o f. I f  w e  consider the t e c h  tw o  c o v e r  { V , V \K }  o f  V , we
have Hk(V , 0*)=-0t_ k /0  b y  Leray's theorem and the  fact 11 1(V, 0*)=
O . T h e  la tte r  follow s from  a  v e rs io n  o f  Theorem 3.6 for the  adjoint
sh e a f . Hk(V , 0*)=Hk(Y , 0*) comes from excision theorem.

Corollary 4 . 7 .  ( O a ) '(  Y ,  0 * ) =  ( Y ,  g * )  .

Corollary 4 .8 .  I f  x  e  X  is  p o lar w e hav e dim(e x )' =

P r o o f . W e  h a v e  (0„)._'11(V , 0*)=F x ( V , .9*), w h ere  V  is  a  small
neighborhood o f  x .  I f  x  e  X  i s  p o la r  then every  ajoint potential on
V  w ith the one-point carrier {x }  is proportional to each other, so dim

(Ox)' = 1 .
L e t  I-n(X , .re)) b e  t h e  cohomology g ro u p  o f  d r  w ith  compact

c (X, supports . W e have 1-1 (X ,
c ( X ,  a )

. (Note MIX, gix a n d  dIX

a r e  determ ined from  ,T  o n ly .)  I n  t h e  following we shall investigate
the exact sequences that a re  in  duality;

(4.7) 0 C y C a  (-- * M (X , H1 (Y , 0 ) --)  0

0 4-  11 1 (Y , 0*) 0*) O,

F(Y , V *)

where 0  i s  a  harm onic sheaf o n  Y. F ir s t  w e  d e f in e  th e  m a p  tio as
follows. L e t  h e e a . L e t  h  be  0 -harm onic  o n  a  neighborhood U
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o f  a .  Take open sets co i , w , such  tha t a e o), co2 U ,  each co, is re-
latively co m p ac t in  th e  following. T h e n  t h e r e  i s  a  t e r( Y, ,9) which
e q u a ls  to  h  o n  c o , a n d  t o  0  o n  Y— w2 . W e  h av e  dtlX e T (X, g )
a n d  if  w e  take  ano ther t' in  th e  same manner a s  th e  above w e have
t — t' e F ( X, a), hence dt is uniquely determined from h  u p  to  dTc (X,
,a). T hus çoh =[dt] E HAX, a l  is  w e ll d e fin ed . If h  =  rfg  w ith a  g e
C y  th e n  t—g E r c (x, ,q) a n d  dt=d(t— g), s o  9h = O . C o n v e rse ly  if
h e 0„ satisfies (ph = 0 ,  th e re  is  a  t' e r e (X, a )  su c h  th a t d t= d t '.  Let
g = t— t'.  Then g e 0 y  a n d  g = t = h  near a ,  th a t is, h = ; l g .  W e have
proved th e  exactness o f  0 -0 1,—*0 (X, a").

I f  1 0 Oy  t h e n  e y  = H  (Y , 0 ) = 0  a n d  Y  is s m a l l .  L e t  M e

r e (x, .9). W e  c a n  th in k  M e ( Y, 9) b y  le t t in g  i t  e q u a l  to  0  a t  a.
M =p y p  f o r  so m e  p  e  y . Obviously p E- Y - S u p p [ M ]  a n d  h  =rp  e  Oa .
(p h = [M ] in  H (X , A e ) is verified from the  definition. This proves that
9  is  a  surjec tion  and  the  exactness o f  th e  upper line  o f  (4.7) follows.

F o r the  case  1 e 0 y , w e shall define th e  f lu x  o f  a n  M  Fc (X, .9)
a n d  shall define th e  map M(X, a")—>in(Y, 0)=R 1 .

L e t  Vc X  b e  a  sm all se t containing th e  su p p o rt o f  M  a n d  w  be

a  neighborhood of a  w ith  (DU V= Y, wfl Supp (M) 9. L e t  pv p  with
p  9 v . plc° n Ve A ' v  a n d  b y  v ir tu e  o f  Properties (2 ) a n d  (3 )  of
flux  functionals W ( "."[pla) n V ] is in d e p e n d e n t  f ro m  t h e  choice of
V, w  a n d  p. W e  set W(M)= v )  [plco n V]. Suppose M = d f  for
some fe F c (X, a ) .  L e t  V  b e  a  small neighborhood o f  K =Supp(f)
Supp (M ) .  W e have MI V=p v p  f o r  a  pE .9 1 7  a n d  h=f— pe.e v ,  hence
pIV—K i s  the  restric tion  o f h  o n  V— K. From  Property  (3 ) of flux
functionals W(M) =0 follows. By these arguments, for any a e H (X , a"),
tlioz= W (M ) is a  w e ll d e fin ed  rea l n u m b er, h e re  M  F (X , . 9 )  is a
representative of a.

W e shall prove ; ( i )  tp is surjective, (ii) tliocp = 0 , (iii) i f  tfra =0,

Œ e fn (X , A"), then  a = 9h fo r  som e h E

Proof o f  (i). I t  i s  enoguh t o  show  the  ex istence  of a  M, e T e (X,
.9 )  w ith  W(M0 )< O. F i x  a n  a rb itra ry  p o in t  z E X .  L e t  ({Vi}, {P})
b e  a  normalization f o r  (9, 04.2), (4.3)). T ake  a  Vi con ta in ing  z  and

le t  M c, = pv 1 (p1) on V 1, = 0  o n  X — V. M c, e r c(x, .9) a n d  from  (4.3)
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M ,  is defined independently from th e  choice o f  Vi conta in ing  z. The
number P(M o ) is stric tly  positive from  Property (3) of flux functionals.

P roo f of (ii). L e t  h e e a a n d  w i , i = 1 , 2 ,  a n d  t E F(Y, g) b e  as
in  th e  previous, that is ,  t = h o n  a  neighborhood w , o f  a  a n d  (ph=
[di] e M.(X  , e ). L e t  W  b e  a  sm all s e t  i n  X  with W u co l Y ,  and
le t  p e g w  b e  s u c h  t h a t  OW = p w p. g =(t—  p)11/1/ is  harm onic  on W
a n d  w e  have p=h—  g on W  n (0,. Hence W  n (0,] = 0 , that
is , tkoço(h)= kli[dt] =0.

P ro o f  o f (iii) . S uppose =0, a E <Ye). L e t  M e T c (X , .9)
b e  a  representative o f  a .  Take a  sm all s e t  V  with K =Supp(M)c:Vc
X .  L e t MI V= p v p  w ith  p e  v . S i n c e  Vi(v , V- K) [p1V — K]= 1I'(M )= 0,
p  c a n  b e  w ritte n  a s  p =h — g  o n  V — K  with h E e y _K  a n d  g  e  Ye v .
L e t  k e T (Y ,R )  b e  d e f in e d  b y  k = p + g  o n  V , a n d  = h  o n  Y—K.
I f  t e F(Y , a ')  is  chosen  a s  in  t h e  above  to  sa tisfy  t = h  n e a r  a  and
(p(rI—K h ) -=[d t], w e  h a v e  (t— k)1 X c Fc(X, gi') a n d  M =dt+ d(k—  t).
Therefore a =[M] = [dt] =y9(q_ K h).

Remark : Given a  normalization {(Vi }, 0 /0 ) , we define M;,e r c(X , g)
f o r  e a c h  y e  X ,  b y  M 'y =p 1 ( p )  o n  V i , = 0  o n  Y —  V. I f  w e  let
q ,=(P(M )) - 1 piy , the renormalization { q } )  satisfies (P(M )=1,
h e re  M y  =p v i (qiy ) on V 1,  = 0  o n  Y —  V ,. In  th e  s e q u a l w e shall deal
w ith  t h e  norm alization of V  w i t h  P(M y) = 1  f o r  any y E  X .  This
im plies that the constant functions a r e  i n  I f t  because y—>- W(My )e <Yet
can be verified a s  in  Lemma 4.2.

Proposition 4.9. W e have the  ex act sequence;

0 y x H (Y , C)= F(Y , H1(Y , 0) 0 .

P ro o f. S ince  .Ye ,F") from  Proposition 3.3, w e can define
dr x — J"(Y , g) a s  th e  c o m p o s it io n  o f  th e  maps .re x . . F )  and

d: F(Y , g ) .  If 1  0  ( 9 y  w e  h a v e  .F x  g )  a s  is e a s ily
verified. In case 1 e Cy  th e  f lu x  T (M ) o f a  M  e  r(Y , ( )  was defined
in section 3. W e sha ll de fine  th e  m a p  y :  F(Y, g)—> I-P ( Y , 0 ) =R ' by
y(M ) = T(M ). Lem m a 3.7 a n d  so m e  observation y ie ld  t h e  exactness
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o f  th e  above sequence.

F ro m  the  d iscussion  w e  h a v e  m a d e  n o w  t h e  exactness o f  th e
sequences o f  (4.7) fo llow s. N ow  w e com e to  th e  duality assertion of
th e se  se q u e n c e s . A g a in  it  is  e a sy  to  sh o w  th e  duality  fo r the  case
1 Cy . l n  t h i s  c a s e  w e  h a v e  I-1(X , A");-_-'.o a  a n d  <Yet g*).
Hence Corollary 4 .7  im p lie s  W (X , .ye)' <Yet. H e r e  t h e  topology
o f  1-11(X , ,Y e) is defined as the inductive topology by th e  m a p  go: (9a —

.re).
I n  t h e  fo llo w in g  w e  assum e  I e Cy . T h e  dua lity  be tw een  (9.

a n d  F(Y, g*) is  d e n o te d  b y  < h ,  M * >. R em em ber that < h, M*> —
/(h , h * ) , w here M*I V= *pv p *  w ith  a p * E

 f o r  a  sm all s e t  V e a
a n d  h* = p*1V— a E

F o r  a n y  oceli(X ,,Y e 9 ) a n d  h* 3 ,re x  w e  d e f in e  th e  bilinear form

[oc, h*]=Sh*dm,

where th e  measure m is defined a s  follows; le t  M e r c(X , .9 ) b e  a  re-
presentative of Œ. F o r  a  small s e t  V c X  containing the  support o f M,
there is a  p e g v  w ith  M1V =p v p .  In  is  th e  measure o f  th e  representa-
tion  o f  p,

p =L py tn(dy),

for the unique kernel function py  o n  V  subordinate to the  normalization
stated before ((4.3)). F rom  [19] th is is a  well defined belinear form on
.W (X , A ix  <Yet.

H e re  w e  sh a ll s h o w  < h, ,u*h*> =[ph, h * ]  f o r  a n y  h e e a a n d
h *  A l .  L e t coi , i = 1, 2, a n d  t e F(Y, a )  b e  th e  sam e n o ta tio n  a s  we
have used frequently ; t = h  o n  go1 , g 9 h =[d t]. L e t V  b e  a  small neigh-
borhood o f  co, a n d  W b e  a  small subset o f  X  such that W U co, = Y.

<h, f t* h * > w as defined  a s  /(h, h*IV — a)=1h*dn w ith  th e  a id  o f  a

m easure n  s u c h  th a t  dtI V=p v ( vpy n(dy )), a n d  t h e  su p p o r t  o f  n  is

contained i n  (7)2 — cop  O n  t h e  o th e r  h a n d , a s  w e  have  seen  in  the
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above, [oh, h*]=1h*dm  f o r  a  m easure such that dtl W =p w ( wpy in(dy)).

T he  suppo rt o f m  is a lso  contained i n  0 2 — wi. Since pvi,w(wp y ) =

pv2w(vp y ) -=-  qy  f o r  a n y  yeW n V , w e  h a v e  ow n = p w , ),(5q,m (do

=p w , y (1gy n (d y )) . H ence  m  =fri a n d  < h, a*h*> =[9h, h*].

Theorem 4 .1 0 .  T h e  ex ac t seq u en ces o f  (4.7) a re  i n  d u a l i t y .  In
particu la r .1-11(X , f e)" L." Al'.

P ro o f. W e have seen that,

C a - + H  (X , fe) — >  - - 0  O,

T(Y , g*) 4—  l i t  4- -  R i

and

— O

a r e  e x a c t  a n d  t h a t  [9h , h*]=<h, p t*h*> . I f  w e  p r o v e  t/fa = [a, I],
el-n(X, .ye), the relation I-1(X , Y et follows from O /"(Y , V*).

L e t M  Fc (X , .9 ) b e  a  representative o f  a  a n d  MI W =p w ( wp,m(dy)).

L e t  w  b e  a  neighborhood o f  a  w ith  Supp (m)c W n w. A s  w e  have
rem ark ed  b e fo re  W(My ) = tinw , to[wp y i W n w] =1 f o r  yeW n w .  Since
the flux functional Vi(w, a)) is continuous o n  A ' w [19], w e have  W(M)

=  W(My )m (dy )=1m (d y ) = [a, 1]. Hence IŒ =[c, 1].

Corollary 1 1 .  tl'c =[1, 1],

v*M = M > f o r som e h o e  e a .

W e n eed  to  p ro v e  th e  se c o n d . F ix  a  sm all s e ts  V , V ' such that
17 3 a, V 'c X , and Vu  V ' = Y. T a k e  a  refinement o f this cover composed
b y  c .d . sets wc V  a n d  w '  V '.  I n  [18] the  flux functional o n  dril" ,v ,

is  d e fin e d  b y  *P(lY ")[hyn V']=111d(n — n* HÛ") f o r  a  m easure n  on

aco satisfying n=n*Iiw" 11(')". L e t  ho = / 7, (  v Py n — n* H'''')(dY )). Then

ho E (9a a n d ,  f o r  a n y  M E r(Y , g*), <h o , =1g(y)d(n- n * H )(y )=
*W(v ,3")[gIV  n r]=* tii(M ) , w here g eg;% M =*a-vg.
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§ 5 .  Decomposition o f  g a . Further description of the duality
o f  Ca and 0*)

In the following we shall blow up the point at infin ity  to  obtain
a fine structure of the stalk # ;  every  germ  in  g a  is  re p re se n te d  as
an integral o f extrem e germ s. W e shall introduce an ideal boundary,
called Kuramochi boundary w ith respect t o  0 ,  in  which the extreme
g e rm s of g„ are homeomorphically em bedded . W hen  the adjoint

structure exists these are carried also for g a* ,  and it can be show n that
for any germ  in C9a th e re  corresponds a function (like a normal deri-
vative) on the Kuramochi boundary w ith respect t o  0 * .  The duality
/ (h , h * )  o f  0„ and H (Y , 0*) is  represen ted  by  an  integral o f  these
normal derivative-like functions, this is Green's formula. The condition

for the duality to be separated is given.
Let V  b e  a  small neighborhood o f  a  and {w } w ith  a e coc (.7) c V

b e  o rd e re d  b y  inclusion relation. I f  e a c h  g a, is  equ ipped  w ith  the

topology of compact uniform convergence on  c o \a ,  ( g . ,  M )  form s a
(strict) inductive system  o f  locally  covex topological vector spaces
(m oreover, nuc lea r spaces). g a = 11mg a, is com p le te  (and  nuc lea r) .
S ince  V +. is a  la ttice  w ith  respect t o  the order defined by;  u >-v  i f
u — v E (Thm. 1.6 o f [7 ]), =  p g ; , ' ,  is a  la t t ic e  b y  the in-

aew
duced o rd e r and W a o r d e r e d  b y  the co n e  g a+  is  a lso  a la ttice; g a  =

E very  g ot  b e in g  a metrisable convex cone w ith  a compact

base, gra' is a l s o  a metrisable c o n v e x  c o n e  w ith  a compact base,
w hich  is  deno ted  by  .Y('. T h in g s  b e in g  so  w e  c a n  a p p ly  Choquet's
representation thoerem ; every  M e WI h a s  a  unique integral representa

tion

(5.1) M =1-17.1,(dm)

w ith the a id  o f a  measure A on .1/' supported by the extreme points

o f J r .  Let . t ' a compact base of the convex cone g;,', and S '

be  the canonical image of x . ; = pea° S . . ,  which is obviously compact.

I t  is  e a sy  to  v e r ify  th a t  paa , gives a bijective correspondence of the



S h e a f cohomology th eo ry  o n  harm on ic spaces 589

extreme po in ts o f ,Y1î.  to  th o se  o f  Y f.

In  the  following we shall summarize th e  results in  [7, 12] concern-
ing  ideal boundary  o f  (X ,  A l  w ith  respect t o  0 ,  a n d  sha ll translate
(5.1) t o  th e  integral representation o n  th e  boundary.

Suppose  t h a t  t h e  proportionality  hypothesis is sa tisfied  o n  V,
and le t  p ( x )  b e  th e  kernel function o n  V  introduced i n  (4.3). Let
x , e V \a  and Œ 0 ( y )  a  continuous function o n  V \a  s u c h  th a t  ao (y )=

p(x 0 )  o n  w\a f o r  so m e  aewc (7) c V , a n d  le t  ky (x)= [c o (y)] - ip(x).

T here  is  a  locally convex topological vector space E  w hich  is a  vector
lattice with positive cone the  se t o f potentials o n  V. Let .9 ',  b e  the
sam e a s  .9i; a n d  f i ;  except th e  elem ents being continuous o n  V\a.

.9 ' is  a  complete metrisable convex cone with a  com pact base , and  Wif,
is c losed in  P ' .  (The topology o f  E  induced  o n  g'i; coincides with
th e  topology of com pact uniform convergence on V \a .)  L e t S i (resp.

g b) b e  t h e  s e t  o f  extreme p o in ts  o f  .fir n (resp. j  n , ( ' )  where
.Y ('' i s  a  com pac t base  o f .9 ' such that ky .  T hen the  m ap  y—>lcy

gives a  homeomorphism o f  V \ a  o n to  g i . T h e  uniform ity o n  V\a

given by th e  fundamental system of entourages

{(y 1 , y2 ); Y i '
 y 2  E V\a, I fi(YOk y ,(xJ) - 4(Y2)1cy 2 (x.di<e, I  j  n},

w here x i  E  V \a , a n d  f 1 eC e (V\x 1), j= 1, n ,  is the inverse im age
b y  t h e  m a p  y—*k y o f  t h e  uniformity o n  E  restricted o n  S i , and
y—>k3, gives a n  isomorphism o f  these tw o uniform  spaces. Therefore

th e  completion 1-7 o f  V \a  i s  homeomorphic t o  th e  closure S i o f  g i ,

a n d  y--4( is  ex tended  to  be  a  con tinuous m ap  —0c4 f r o m  P  to
contains a point where k 0 =0, th a t  i s ,  i f  yn E V \a  converges to

a  po in t o f  3 V then in  E . W e  sh a ll om it th is point.
W e  h av e  p roved  i n  [7 ] th a t  the  re la tion  47-'b c g i \ (g i U {0}) c T it

h o ld s . L e t  .4 = P\(V\a)U { o } and /1 = {  E  ;  k 4 E b } . ,  i s  a  Ge-set.
Every t  e g 7  h a s  the  un ique  integral representation

u(x) = k(x)y(d). x E V\a,

b y  a  measure R. o n  1 1 . 4  a n d  z1, a r e  unchanged i f  w e  carry the
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above  p rocedure  f o r  a n y  co, a e co cV , a n d  every U E h a s  the
representation;

u (x )= 1 (0 k 4 )(x )y (g ) ,
A,

t h i s  i s  a  consequence o f  Theorem 7.8 o f  [7]. W e  c a l l  .4 the e ' -
ideal boundary a n d  zi , the minimal points of  A.

L e t ,Y(= {p fg ; g e,Yf' n 6 .1;}. T h e n  X  i s  a  com pact base of the
cone W I, and  Yi" ng it  is  homeomorphic t o  .Y ( b y  the  definition of the
topology o f  6 ,, and the bijective property o f  pf. A s was mentioned
previously th e  extreme po in ts  o f .)(/' n gi; corresponds one t o  one and
o n to  to  th e  extreme p o in ts  o f  X', hence t h e  e x t r e m e  points of
X - ; — p ( l c ) .  T hus (5.1) becomes

(5.2) M =  MY Y (dt) 9

where M = p fg ,  g  e Vit ,  and

g k ( g ) .

N ow  suppose th a t the adjoint sheaf 0 *  of exists as in section
4. A n  appropriate q u o tie n t o f  a n y  g e rm  i n  e a*  h a s  a  continuous
extension o v e r  J .  I n  fa c t the  ad jo in t asse rtion  o f Lemma 1.3 shows

th a t e v e ry  h ee„* is represented as i i  = r ( 5  b y  a  measure y

o n  V  w ith  its  support contained in  a  c o m p a c t se t  o f  V\a, th a t is,

h (y )= p y (x)v(dx) o n  co\a

fo r  some neighborhood co o f  a. Hence

1 
P

h(y) =5k
p (x 0 )

y(x)v(dx)
y  

o n  w\a.

I f  w e  l e t  y  converge t o  a  point e A ,  th e  right-hand side integral

converges to /c4(x)y(dx), f o r  ky  co n v e rg es  t o  1c4 u n ifo rm ly  o n  any

com pact subset o f  V \ a . T herefore  w e h av e  p ro v e d  th a t, f o r  every
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hh e e :  th e  lim it li m  *  ) ( y )  exists at any
y - 1

F or the  consideration below we must transpose the above statements
to  th o se  re la te d  to  th e  sheaf 0*. L e t z l*  a n d  t I t  b e  t h e  64 -ideal
boundary a n d  i t s  m inim al points, w hich a r e  introduced i n  a  similar

m anner a s  t h e  above to  obta in  representa tions o f  functions i n  g t
o r  germs in  g : ,  a n d  le t  14(y) be  the  corresponding kernel o f  ((V \ a) 11

Jr') x (V \ a )  su c h  th a t  14(y)—  P Y
( x )  i n  co \a f o r  a  neighborhood co

o f  a .  L e t h* e .F*). d*h* e F(V , T *) can be represented
in  th e  form

d*h* =*p v (5

Hence h* has th e  representation

(5.3) 11* =f *  +410(g)

o n  V \a, where f * e

I n  paralle l w ith  th e  f a c t  th a t  h* e 0: h a s  the  lim it li m  h
*
*  ) (x )

x - 4  Px o

at e L1, e v e ry  h e Oa h a s  th e  lim it D h()- lim (  h   )(x)-=11q(y)u(dy)
Pxo 

at any t l* , where th e  measure t t  is  g iv e n  b y  h =rf,(1pyu (d y ) )  from

Lemma 1.3.

Theorem 5 .1 .  (Green's form ula). Let h e e a , h* e (4; \ a . T h e n  / ( h ,

h * ) -4 (D h )( )4 d 0 , w h e re  2  is  the m easure of  (5.3).

P ro o f . Let h e e a a n d  h =11,( P yli(dY )) w ith  a  measure of compact

su p p o rt in  V \a, a n d  le t  h * be represented by (5.3). T h en  6(h, h*)=

6 (h, f * )+1,u(dy )0  Ic t(y )2(d))=5 .2(d)G Ict(y )u(dy )), here  w e used

/(h, f  * )= 0  since f *  e  O t, a n d  Fubini's th e o re m . T h e  la s t  expression
is nothing b u t th e  right-hand side o f  th e  equality to be proved.
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Corollary 5.2. /(h , 4 )=(D h)(a) f o r any  a e zit.

Corollary 5.3. th e Ca ; / (h , h * )  =0  f o r  a n y  h* e  0 \ a } =lh E Ca ;

D h =0  o n  "M.

Corollary 5.4. C a i s  a  H a u s d o rf f  topological v ector sace i f
{h e Oa ; D h =0 o n  M I =0.

In  [19] it w as proved that if A l  is  a Hausdorff topological
vector space then every exhaustion o f X  by relatively compact subre-
gions {U k } 1 possesses a  subsequence { U k } 1 s u c h  t h a t  Uk t

and every element of rw k i ,„ .ye*) can be approximated uniformly on
Uk i b y  restrictions of elements o f  F ( X ,  i f * ) .  I n  th e  next theorem
A T  i s  th e  m in im al p o in ts  o f th e  id ea l boundary  w ith  respect to
e*, the adjoint of the minimal sheaf C.

Theorem 5.5. I f  (X , de ) is  h y perbo lic  a n d  ev ery  h e e a w i th
D h =0  on A t  is  e q u al to  z ero, then the  above approx im ation property
holds.

I n  f a c t  H (X , H )L 'e a b e c o m e s  a  H au sd o rff topological vector
space.

Suppose I. E C y and let ho  e e a b e  a s  in  Corollary 4.11; < h0 , M >
=* P(M ) fo r  a n y  M e F(Y , 6*). T h e n  Dit0( ) = <h o , .111 > =W(1114)< 0
fo r a n y  E z i t  For every t e F (Y , g"*) let N t ( d )  b e  the measure on
Llt which represents d*t;

CNIV -=* P1,0 4 ,; kliil(d0 ) •

The following theorem which concludes from Lemma 3 .7  is  an  analogy

of Neumann-problem:

A u(z)=0

{  au
—0- - -

n
= f( )

f o r  Izi <1

for I = -==>. f ( ) d o -( ) .

Theorem 5.2. F o r  a  m easure /1 o n  d *  supported by  LIT, there
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is  a  teT(Y, .F * )  w ith Nt=.1. i f  1.-)h 0 (0.1(d0=0.

§ 6 .  Applications

L e t g2 R n  b e  a  bounded dom ain . T he  following results ( 1 )  and
(2 )  a re  d u e  t o  R. M. Hervé a n d  M. Hervé [21] a n d  J. Bony [20] res-
pectively.
(1) Let

L =— ±   a   (a..  a '()X i  \ Dx, ax,

b e  a  uniformly elliptic differential operator such that au (x ) are measu-

rable functions with laul oo, a n d  b,(x)eLr(Q ), r>n, a n d  E ab
i <O.

Dx i =
T h e  continuous lo c a l so lu tio n s  o f  Lu =0 ( in  th e  sense o f  variational
problem) gives a  presheaf o f  harmonic functions that satisfies Brelot's
axioms;

.;leu= ife C (U ) n  w110'c2 (u);

s* ,a t i   o
a
xui a

af ib ,   o
a
x
u

 i )(p}dx=0

f o r  a n y  (p e g(U)}  .

(2) Let

02 u Du L u =  ±  a • •(x) + ± b . (x )
i,J=1 ax,Dx; i=1 ax,

b e  a  differential operator with e°-coefficients such that

(a) E au(x).i._  0 f o r  any e R n , and

(b) Lu = (X k)2 u + Yu
k=1

fo r  som e C°°-vector fields X 1 ,..., X j., Y  o n  0 ,  a n d  su c h  th a t the L ie
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algebra generated by X 1 ,..., X ,. has rank n at every point of Q. Then

={u e C (U ); Lu =0}, U  open c  ,

satisfies Brelot's axioms.
In both cases Green functions on appropriate subdomains are con-

structed, and such domains exhausts Q. All our results are applicable.
In  particular H '(0 , .re)=0. This assures the global existence of the
solution of Lu = f .  Before we state this problem more precisely we note
that the sheaf P  is isomorphic to the following sheaf 2 o f measures
[19]; F(U. 2 )e  i f  fo r  every x e U  there is a  small neighborhood V
of x  and a compact neighborhood K  of x  with K c V  such that

v „( x ) d  I 07)

is continuous on V.

Theorem 6.1. L e t L  be either o f  th e  above differential operator.
Then f o r  any  m easure I. e F (Q , 2 ) th e re  is  a  continuous solution u
o f  L u  =  ( in  the  sense o f  variational problem  o r that of  distribution).
I n  p artic u lar, f o r any  continuous function f  o n  Q , th e re  is  a  con-
tinuous solution of  Lu
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