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Introduction
In this paper we interpret the second cosimplicial cohomology group of a

coassociative coalgebra A with coefficients in a two sided A-comodule M . In
§ I, we refer to some wellknown facts. We shall use the notation

( f  . . . 9 f  n )
f iA > B instead o f A B.

fa

A cosimplicial object A *  in a category al is a diagram

A  >O  A1 < " A >2 V  •  •  a < An •••

which satisfies certain commutation rules. If A *  is a cosimplicial module, then
the A„ has the following representation, A n= 11-  0  E ;', -1 E n ii> i2 >
E1, 24-

7, ,  (direct sum). Furthermore, there exists a cofree functor F  from the
category .11 of modules to the category ce o f coalgebras, which is the right
adjoint functor of the underlying object functor U:(e >..ie (see Lee D I .  The
standard cosimplicial resolution of a coalgebra A is an augmented cosimplicial
coalgebra

GoA < G,A ..• g G,,A • • •
where G„--, (FU)'+ 1 A .  Using this complex and a functor Coder (M, —), the
n-th cohomology Hn(M, A) is defined. In  § 2, we discuss some properties of
the cosimplicial cokernels. The cosimplicial cokernel of A  B  is written by
Cosimp coker (A  B ) .  A cosimplicial object A *  in <RI is called acyclic if the
canonical morphism Cosimp coker (A n-2 A n-i) — > A n is an monomorphism for
every n > 2 , and the acyclicity of an augmented cosimplicial object A *  over
A_ 1 = A is similarly defined. The main theorem is given in §  3 . A n  aug-
mented cosimplicial coalgebra

A Eo   Ei < E2 • • •

*) T h e  present work was done while the author stayed at Kyoto University as a research
member during April, 1975-March, 1976
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over A is called a two term extension of A by M , i f  it satisfies certain condi-
tions (see § 3). For a given normal coderivation n-cocycle, the standard  fl-term
extension is described in Proposition 14. With certain additional propositions,
we get the main result, that the second cosimplicial cohomology I-12 (M, A) is
in 1-1 correspondence with the set Ex 2 (M, A) o f all equivalence classes of
two term extensions.

The auther wishes to express his heartful thanks to Professor Akira Iwai
for kind advices and for valuable suggestions. Simultaneously, the auther is
indebted to Professor Masayoshi Nagata, to Professor Nobuo Shimada for their
critical reading and improvement of the manuscript, to Professor Tomoharu
Akiba for his suggestion and encouragement.

§  1 .  Preliminaries
Throughout this paper K is a fixed field. We understand by a module a

K-module, and by a tensor product C) the one over K . A coalgebra A is a
module with a coassociative comultiplication ZIA : A—>A0 A and a counit LA : A
—>K. A comodule M  over a coalgebra A is a two sided A-comodule, j. e. a
module with linear maps 4, ': M A 0 M  and 4,Tir :M — >M ®  A which satisfy
relations (1 0  4,94,' m r 0 1 )4 3fr  = ( 1 0  2 1 )4 1 f r  ( 4 1 Ø 1 )4  Mr  = ( 1

Mr )4  MI and (6,40 1)43/ I -- = (1 0eA)43 f r =1. A coideal is a two sided coideal.
Let M  be a two sided A-comodule. We define

4Aem :A0M - -> (A 0 M )C )(A C )M ) by
=t1m t +  mr on  M ,4,tem= 4A on  A  and  AC)M

pro).E A
and eA om  by the composition A C M A—). K .  Then A C)M is a co-
algebra. It is called the coidealization of M , and we shall denote this by A*M.

To

( f
°
, • • f ') f iWe denote by A  > B a diagram A B.

f '
A cosimplicial object A * in a category s /  is a diagram

(s o, e l ) (60, e l , 6 2) (60, en)

A O < 141 < > A 2 • • • A >n - 1  <   A n • • •
0 02 b i ) ( 0 o , on-1)

which satisfies the commutation rules (the cosimplicial relations)
( i ) ejs e'sj - 1 i f  i< j ,
( ii) alai =6'61+ 1 i f  i< j,

siai - 1 i f  i< j ,
(iii) 3L 1 =  identity i f  i=  j  or i = j+ 1 ,

s' - 1 5i i f  i> j+ 1 .
Moreover, if a morphism e:A —>A0 satisfies the relation e0 6=-e1 e, (A* , s) is said
to be an augmented cosimplicial object over A.

If A* is a cosimplicial module, we define



Cosimplicial cohomology and two term extensions 57

Ao = Ao
- n-1

An= n Ker 51, (n>0).
1=0

The Moore complex of A *  is a cochain complex

0 —> 1-1 0 — > " • — › An -1 — ÷  P in  " •

where j r, are induced by d .= iyei
The module A n  is a direct summand o f A n , and its projection is givenwby

t n  = snan-1), ..(1 e l , •00 ), (n>1).
It satisfies the following relations:

tns
°
=d.t.-1 , (n>1),

t, 1 =O , (1<i <n),
31t„=0 , (0 <i<n -1 ) .

Proposition 1. I f  A *  is a cosimplicial module, then A n has the fol-
lowing representation:

A n =Â n C) E E i1si2• • (direct sum).
r-1

Proo f. Since 1 is written in the form E we have

=tnAn-P(1—tn)A.=And-±'

1=1
Using an induction argument on n, we can easily get

A , , =A,,+ E

To prove the right hand side of this equation to be a direct sum, it suffices to
show that if

(1. 1) E sii • • •si, x i i •..• =0 ,
r-1

E A ,,, rt r
 1<m <n,

then x,..., = 0 for i r =n— m + 1.
Operating an - in on (1. 1), we get

E  E —0
r-1  i, -n -m + 1

Hence we can reduce to the case n -1 . Q.E.D.

The cofree coalgebra associated with a given module V is a coalgebra FV
with a linear map )71,: FV--->V which satisfies the following universal property:
For every coalgebra A  and every linear map a: A—W , there exists one and
only one morphism of coalgebras 3 : A—>FV such that )2,I3= a .  More precisely
F is a right adjoint functor of the forgetful functor U  from the category (6° of
K-coalgebras to the category at of K-modules. For every coalgebra A  there
exists one and only one morphism s A : FU A of coalgebras such that
VuA•UsA= luA. 7) and s  are natural transformations. Denote by G . the corn-



58 Ming-Ting Chen

posite functor Gn+ 1. Put si =GieGn - i :Gn _i il.-->Gn A and a =Gi FriU Gn -  :G. +1A — >
G nA,(0<i<n). Then we get a (functorial) augmented cosimplicial coalgebra
over A

G*A : G oA GiA < ' G2A • • ,
which is called the standard cosimplical resolution of A.

A coderivation from an A-comodule M  to a coalgebra A is a linear map
f : M — >A such that itif , (1 0 f)d m i + (f0 1 )4 mr. Denote by Der,(M, A) the
module of all coderivations from M  to A . I f  A*  is an augmented coalgebra
over A, then for each n> 0 all the compositions si--i • e1 :A-- An are the same
and independent of the choice of fin - 1 9  •  • )  i l ) •  Therefore A-comodule M  can
be understood as an A n-comodule. We get a cochain complex

ao 3„
Der ' , (M, A * ):0 — > Der (M, A o ) — >  Der (M, A 1) --> • • • --> Der (M, An)

724 1

67, (f )= d n+ i f f

Denote by Hn(M, A * ) the n - th cohomology of this complex. Put

Der ' , (M, An) = If E Der (M, A n)IIm f CA.}
{f E Der (M, An) I t.f = f

Then we have a cochain subcomplex Der„(M, AO of Der ic (M, A * ), and they
are cochain homotopic (see Lee D I .  If f  E Der' , (M, An) is a cocycle then it is
ca lled  to  b e  a normal coderivation n-cocycle. The n-th cohomology
Hn(M, A) of a coalgebra A with a coefficient comodule is M  is defined to be
Hn(M,G * A).

§ 2. Cosimplicial Cokernels
Definition 2. Let

( 6 09e n - 1 ) ( 6 0 ,  . . . 5 e z)
A > B > C,

(n>1) be a diagram in a category d .  We assume the following conditions:
( i ) (0<i<j<n),
(ii)  for every object X  and morphism ( f ° ,  „ , ,  , "71,j X  with fiei

(0 < i< j< n ), there exists one and only one morphism f :C-->X with
= fei, (0<i<n).

A    

X
Then we say that (e°, • • • , En ) :  B  C  (or roughly speaking C itself) is the cosim-
plicial cokernel of (60 , • ••, which is written by Cosimp coker
(A B ) .

I f  d  has a finite colimit, then any diagram (f°, f ' 1) : A B   in .se has
a cosimplical cokernel (Tierney-Vogel E n ). In the category of modules, the
cosimplicial cokernel is represented as follows:
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(2. 1 )  Cosimp coker ( ( f °, •••, fn - 1 ):A B)
=CX --0B 1 E  im  (le f i P - 1 ),

05z<J5n

where le :B—>C1'. 0 B  is the canonical inclusion

Proposition 3 .  Let n> 2. Suppose that a diagram
en-2) (60, e n -1 )

D < ' A < B
(60,a n - 3 ) (6 0, . . . ,  a n - 2 )

in a category d  satisfies the cosim plicial relations and C=Cosim p coker
(A B ) .  Then there ex ist unique morphism (3°, --,3n - - 1 ):C B  satisfying
cosim plicial relations.

Pro o f . Put X =B and
( 0 < j<n - 1 ) .  By Definition 2, we get the desired morphism Q.E.D.

Proposition 4 .  Let ):A B  be coalgebra m aps. I f  (6°,•••,en):
B C  is the cosim plicial cokernel of (6°, •••,en - '): A B  in the category di
of modules, then C  has a uniquely  determ ined coalgebra structure such
that ei:B—>C are coalgebra maps.

Pro o f . Consider the diagram
( 5 0,e n - 1 ) V ) /  E ' )  A   B  

JB
(s o co,e n - 1 e n -1 ) (e0  C ) e 0,e n en )

Ar>_<̀) A B C)B C O C
Since sjei =Efej - 1 , ( 0 40e= (e i 0 694 A, we have

(a' si ) 4 /36  = (r i  0 Ei )(e i 0  ei)4A
= ( s i  e ) ( 6 ' 1  O6J-1)4A
, ( s i e i )4 B e i- 1 .

Hence X = C  (1) C  and f  = (6 1 C)0 )z1B satisfy the condition of Definition 2 and
hence there exists a K-linear map dc  such that Jce i = (E i 694B, (0 < i < n).
Using these relations and (dB 01)4B (10z1B)4B, we can easily check (4c  0 1 )
4 Cei = (1 ® 4 C)4 CEi ( 0  . n ) .  Hence (Zic  1),dc = (1 4 c )4 c ,  i . e .  Zic  is coas-
sociative. Similarly we can verify the existence of a counit sc :C—>K with
(sc 0 1)dc = (1 6 c )d c  L

A   B

      

■SC

( 1 ,  •  • • , 1 ) ( 1 ,  • ' • , 1 )
K   K  K

 

Q.E.D.

Definition 5 .  Let .21 be a categosy with finite colimits. A cosimplicial
object A * in  si is said to be acyclic, if the canonical morphism
(2. 2) Cosimp coker (4,2 11.-1)-->

( f f n )  ( e 031-1 ,1 ,  1 ,e n - 1 3 0 ,
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is a monomorphism for every n > 2 . A n  augmented cosimplicial object A *
over A_ 1 —A is said to be acyclic if the morphism (2. 2) is a monomorphism
for every n> 1 and A—>A0 is a monomorphism.

Proposition 6 .  If  A *  is a cosimplicial module over A, then
(2. 3) Cosimp coker (An_2 A.-1)=(E e Coker (7.-1, ( n  2).

Pro o f . Let A n= An_i and C, =A  C)Cokeriin _i . Since 1— tn :An An
is a projection, we can define sÎ:A n _1 -->Cn by

e i x ( s i x ,  0), for i>0,
- 1((1—tn )ex, Pt n _i x ) ,  for i=0,

where p:,4„_1—>Coker d-
n _i  is the canonical projection. For y E A._2, we have

c oe y  = tu)soey, p t . _ le y ) _  —tn )ele'y, pd n _1 tn _2 y)=(e 1ey, 0) = 1 y .  H e -
nce s'ey=e 1 E°. The other relations &Is' (i< j )  are easily verified. Thus

(s o,e -1 )( e ) ,  • . . ,  en )

An-2 )  A n _i > Cn

satisfies the cosimplicial relation. Suppose that
(,o,e n - 1 ) (f°, • — 3 fn) 

A n - 2 > A,_ 1 > X
satisfies the cosimplicial relations. Using the unique representation

y=  E • • ci rY
r -1

of an element of An , we put

f (37) En E f i l s i "  
7- 1 n ii>  • --> ir

Since (E:'-o ( - 1)' .1 '̀)dn_i= 0, we can define f ( o )  = —1)zfi(xo) where 5c.o
is the canonical image of x0E221-„_1. Hence we have a linear map f :C n -3X,
which satisfies f i= f e  (0 < i< n ) .  The uniqueness o f f  is easily verified.
Therefore Cn =Cosimp coker(A n _2 Q.E.D.

Corollary 7 .  If C n =Cosimp coker (A,. 2 A n _1), then
n =Coker(c-l n _i :A n _2— A.-1)•

Pro o f . If we put

51(x, y )=  x  for (x, y) E A„ C) Coker dn_i=C.
then (eo, en-9

(SO, r) 
An-2 <  An-1 < > C n

(50 , a n - 2 ) (60 , 6 .-1 )

satisfy the cosimplicial relation (cf. Proposition 3). P u t tn = (1— s'5n- 1 )• • •
(1_10), (n> 1), then t, =0 on A n and t ,= 1 on Coker J,. 1 , hence e. t„(An
Coker 4_1) =Coker Q.E.D.

Note that the similar results also hold for augmented cosimplicial coalgebras.
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Corollary 8 .  I f  E *  is an acyclic augmented cosimplicial module, and
if C„=Cosimp coker (E n - 2 E n - 1), (n 1),

the canonical map,
then there exists a K -linear map IS: E n —>C„ such that azp-=-3i, (0<i<n), and
pa=1.

Proposition 9. A  cosimplicial module A * is acyclic if  and only if  the
associated cochain complex .240 —>i1-

1 .•. :21-„—>.-- is acyclic. A n augmented
cosimplicial m odule A * over A  is acyclic if and only if the associated
cochain complex 0-->A A 0 ,21-4 —>•••—>Ân —>..• is acyclic.

P ro o f. By Proposition 6 and its Corollary, C.= An e On.
The canonical map f „:C„-->A„ is of the form

Hence f,, is a monomorphism if and only if so is Q.E.D.

Lemma 1 0 .  (Cosimplicial Five Lemma)
Given an  integer n >2  and a m orphism  t9 * :E * -->B*  of  cosim plicial

modules. Suppose that the sequence Bn_2 Bn -i B „  is acyclic, E n =Cosimp
coker (E,,_2 E , , _ 1), 0 ,2  is an epimorphism and 0„_ i is  a monomorphism,
then 0„ is a mononzorphism.

E „ 2  ,> E „ 1   E„

en-2 On-i1 i en

B„_2 B „_1 ) B„

Proof. If x  E K er  en, then 0„,(3 1x)=6'0„(x)=0 (0 Since 0„_ i  is
a monomorphism, 6'.x =0 therefore xE:8n . It suffices to show that Ker
(Ker 0„) n Ee n = 0 . Since

14-2 — t n - 2 0 n - 2 ( E n - 2 ) =  
0

n - 2 t n - 2 ( E n - 2 )
=

 O n - 2 ( É n - 2 ) ,

we get a commutative diagram with exact rows.

_
2 Er,---÷

(7.-2 0„_, 0
-

y
- a n -1

By the usual Five Lemma, -eon  is a monomorphism. Q.E.D.

Given a module M  and a positive integer n, we define a cosimplicial module
M * as follows.

M k = 0, (0 __k<n —1),
M n _i =
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M  k =C o sim p  coker ( M k - 2  Mk-1), (k>n).

Especially, M  112/ :M _1 M—  n, —  n, —  n - 1 111 n and (31 :M n M n _i  are represented as follows.

M „=M e M e •••C )M , (n +1  times),
si is the i-th injection, (0<i<n),
31(m0,m1, (0 <i<n -1 ) ,
M n =  Um, rn, • • *, ( - 1) m) M E M}

we have the following diagram of isomorphisms

>d„

Morevoer, assume that A * is an augmented coalgebra over a coalgebra A and
M  is a two sided A-comodule. Then M k is  a two-sided A,,-comodule via the
morphism 

( € 1 ) k s : A _ > A k .
 Hence the direct sum B * =A * C)M *  is an augmented

coalgebra over A such that B k =A k*M k for each k .  We denote B * =A * *M * .
Since the inclusion M=Mn_1--->An-1*M.-1=B._1 is a  coderivation, the corn-

y'
posite  m ap M — > 1117,- 4B n is also a coderivation. r': M—>Bn is called the
canonical coderivation. If A * is acyclic then B* is also acylic.

Proposition 11. I f  E *  is an acyclic augmented cosimplicial coalgebra
over a coalgebra A, then there exists a cosimplicial coalgebra map 0*: E -
GA  ov er the identity  of A.

A E0 . E i   < E2

00 01 02

A — 4  GO GIA G2 A.

Pro o f . We shall construct 0„ by induction on n. If n=0, then the assertion
is obvious.

Let C„, Ei , 6 1,  a, and i3 be the same as in Corollary 8  and let 0.:C.—>G.A
be the map with On s' =ef0„_ 1 , (0< i< n).

G._2A <  G._,A  <   G „A
By the cofreeness o f G .A , there exists a unique coalgebra map On :E.--->GnA
such that 1in_ien=27,1043, where Y2„--1=72G„_ 1 A  (see p. 57). U s i n g  relations

( 0 < i  . . . n ) , (3 '- i rin-1 = -72n-2a i (0 <i —1), we can check

M . -I
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)7n-iOns' =27.-16 i 0 ._1, (0 <i <n). W e get Onsi =e0 n_i, since the both side are
coalgebra maps. Similarly, we have 72n -23 i en = Y)n-20 n _13i and hence d i e n = e n - l a i ,

(0<i — 1 ) .  Q.E.D.

§  3 .  Interpretation of H 2 (M, A)
In this section, A is a coalgebra and M  is a two sided A-comodule.

Definition 1 2 .  A n  augmented cosimplicial coalgebra E *  o v e r  A  with
a K-isomorphism r: M-->E 2 is called a two term extension of A  by M , if it
satisfies the following conditions:

(1) E *  is acyclic,
(2) E r  is the cosimplicial cokernel of E r _2 E r_ i, for r>2,
(3) r  makes the following diagram commutative

431̀  + m1
>  ( A  C )  M ) C )  ( M  C )  A )

ri icano.

Ez ( ( 1 ) M 0  0  E2) e (E2 o ( 6 1 ) 2 A 0 )

E2  E2 0 E2

Definition 1 3 .  Let (E * , r) and (E t ', r')  be two term extensions of A
by M .  A morphism 0* :E * —>E* ' is defined to be a morphism of augmented
cosimpliclal coalgebras such that ç-b2or =r'.

If there exists a sequence of morphisms of extensions

(3. 1) E * 0  E * 1  E * 2  E * 3 E*2r-1 E * 2 r

then E * ° and E* 2 r are called to be equivalent, denoted by E*°,.....,E*2r.
Let A *  be an augmented cosimplicial coalgebra over A  and f : M--->An  a

normal coderivation n-cocycle. Denote by B *  = A * *M * the coidealization.

Put E 1  Ker (tns° p—fq)
= fa-l-ml a E A n _i, M E  M tne°(a)= f (m)} ,

where p: B._1— > An _1, q: B._1—>M n _1= M are the canonical projections. Since
siAn_2c.E.-1, (0 Gi <n —1), we can define

E n -= Cosimp coker (An-2 E n - 1 ) .

We shall show En...1 is a subcoalgebra of B n _i . If a  A n_i , m E M  and t,°(a)
= f (m), then

z A„tne(a) = A.f (m),
Ant ne(a) = (( 6 1 )n ® f )4 1k  ( m )  f  0 ( 6 1 )n e)zik— i(m).

Operating tn (D 5° on the both side of the above equation, we get

(tnE' 1 )2 ,4„-, (a) = f  ( 6 ' ) - 1 8)41 1 (m),
((tne° p — fq) 01)4B„_1(a m ) =

2
E2
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Hence 4B 1(a+m) E  En - 1 B. -1.
Symmetrically we get ZIB(a+m)EBn_iC)En_i, and hence

4 1(a+m)E(En_i(DBn_1) n (B n_1C)E.-1)= En-i® En-1.

By Proposition 4, E,, has the canonical (and unique) structure of a coalgebra.
By Lemma 10, En is a submodule of B „, therefore E„ is a subcoalgebra of B .

Define a map 7 : M — >Bn -=A „C)M„ by

r(m)= f (m ) +  (m)
where r': M-->B„ is the canonical coderivation. Since dn+1f(m)=0, f(m)=d„(a)
for some a E  A 7,_i , and therefore 7(m)=d„(a+m). Hence r(M )=Im a n = P n .

j.
Since

pro
— >M  is a monomorphism, r :M—>E7, is a monomor-

phism, and therefore r :M-->E is an isomorphism. Denoting by E(A * ,  f )  the
cosimplicial coalgebra E *  defined as above and by 0* :B * —>A*  the canonical
projection, we obtain the following proposition.

Proposition 1 4 .  Let A *  be an acyclic augmented cosimplicial coalge-
bra over A, and f  : M A „  a normal coderivation n-cocycle. Then there
exists an acyclic cosimplicial coalgebra E(A * , f ) over A  with a normal
coderivation r:M— >E(A * , f )„ and a morphism a* :E(A * , f)—>A o f  cosim-
plicial coalgebra such that o,, is an isomorphism fo r k _n-2, f=a,,z • and
z- : ML=.E(A * , f ) .

E(A*, .f . )0 ••• E(A*, f)„-2 E(A *, f).-1 E(A *, f ).

a n - 2

A o .)• • • A n - 2    , >
In particular, if A = G A  we write E(A * ,  f ) =E ( f ) ,  which we shall refer to
as the standard n-term extension of A by M.

Proposition 1 5 .  I f  two normal coderivation 2-cocycles f and f '  are
cohomologous, then E(A * , f )--E(A * , f ').

A --> A0 E(A*, f ) ,

01

< E (A , f)2*

02

A Ao< 'E(A*, f ') E(A*, f ') 2

P r o o f  If f  and f '  are cohomologous, there exists a normal coderivation
h: M—>A 1 such that f  f ' = d 2h, and therefore d2t1(x—hm) = f (m) —  d 2h(m)=
f '( n ) for (x, m)EE(A * , f ) i .  We can define a  linear map 01:E(A*, f )1—>
E(A * , f ')  by 01(x, m) =(x —  hm, m). It is easy to see 0 i si =s', (i=0, 1) and
ao= 3o0 i .  Next, we should prove that 0 1 is a coalgebra map. Let P:A 1 *M-->A 1,
q:A i *M—>M be projections, and let i:A i --->A 1 *M, j:M -->A i *M  be inclusions.
Thus 0 1 = ip-ihq± tiq. Note that ZIA l h= C)h)4,,t±(hOsis)Jkir,
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ZIE(A*, -)1= ZIA,*m= (i i)4A1p+ E ® j )d m `q + (j  is' s)4mr q.

By straightforward calculations, we obtain (01001)4E(Ap i =4E(A*, f' ) i0 i.
The existence of a required morphism 0 2  follows from the universal pro-

perty of cosimplicial cokernel (see proposition 4).
sbi  is an isomorphism with the inverse 0 1

-1 (x, rn)=(x  ±hm , m) and hence

0 2  is also isomorphism. Especially 0 2  induces an isomorphism o f  -AA*, f )2
and f (A * , f Q.E.D.

Proposition 1 6 .  If  E *  is a two term extension of A b y  M, then there
exists a normal coderivation 2-cocycle f :M—>G2A and a m orphism  of  ex-
tension 0*  : E * — >E(f).

Pro o f . By Proposition 11 there is a morphism 8* : E * —)G A  o f augmen-
ted cosimplicial coalgebras. Using a normal coderivation 2-cocycle :M E2
in Definition 12 we put f  8 2r, which is also a normal coderivation 2-cocycle.
Let a = r - it2 s0:E i --->M , then t2 e°01 = 0 2t2s° =fa and we get a linear map 951=
+ a : E1— >E(f  )1C G i A*M.

It follows from Definition 12 that (1 C) t2)4E 2 r  ( e 's

(6° t 2 6
°
)4E 1 = (1 t2)4E 2t2e

° = C)

Operating o° C)z--1, we get (10  a)z1E, = (60 1)4 ,/ . Similarly we get (0- 01)4E1
=  (10  e)4,f r a. Therefore

(sbi  C) 01) 4E , =-- (01 0 01 +81 C) a+aC)0 1 +aC) a)4E ,
= 4 GIA01+ (Ole CD 1)4 mi a + (10 016)4 mr
= 4o1A.m(01-1- a)
=  E ( f),951.

Namely çbi  is a coalgebra map. Let 950 =0 0 , then it is easy to see Ol e' = ei150 for
i=0, 1 and 5°951=006°.  Therefore we obtain a coalgebra map 952 such that s52ei

=siq51 , (0 < i< 2 )  and 5'02=0 13 , (0 < i 1 ).  0 2  induces an isomorphism of E 2

onto E(f ) 2 by the following commutative diagram

a
_ proj.`-.
E 1 r 1 > E ( f ) 1 >M

j2 I Ci2

>E2  , 2 -
>E(f)2

        

Q.E.D.

Proposition 1 7 .  I f  0 * :E * -->E(f) and g5 * ' :E * — >E(f) are morphisms
from  a two term extension of A by M  to the standard two term extensions
of A by M , then f  and f ' are cohomologous.

P ro o f .  By Proposition 16, we get the following commutative diagram.
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A > E 2. E 0 E 1 <  

A >G0A E(f)1< >E(f) 2

 

101 10 2

   

A — G OA 2 G l A? >G I A
A A

o 1

A -*G 0 A E (f ') 1< ' E (f ') 2
A A A

Ço( 1 ) 1 '

A E0. > E  > E21 '  

Put O =ab 1 and O =o 'çY , (1^ i^2 ), s in ce  E o =Cosimp coker (E 0 E 1 ) and
the morphisms

( 0 l\ f 0 . l 0 IJ
1 v 0 u , v l , v 1

E 0 >E1 >G1A
satisfies the cosimplicial relations, we have a coalgebra map w E 2 - G 1 A  such
that (w°, 

( 1 , wo2 ) =(°O 0ö°, Ok', Or ). Put 1= t i (Oi 'ö° - °O2 - w+ô 1 O2 ), then d21 1

=  t2(02' -  O 2 ) ,  (O  ̂j ^ 2), hence d21 = t2(02' -  02) and d 21r = t2 f ' -  t2 f  =  f '  -  f.
Since r is a linear combination of coalgebra maps and r is a coderivation, so
h=1r is a coderivation, and since  ô°h=ô°1z- =O, h is normal. Therefore we
proved f - f '= d 2h.Q . E . D .

Proposition 18. I f  E (f ) — E(f'), then f  a n d  f '  are cohomologous.

P r o o f  I f  E(f)-.--E(f'), there exists a sequence (3. 1) of morphisms of
extensions with E ° - E (f), E * lT= E (f ).  By Proposition 16 there are normal
coderivation 2-cocycles f .  and morphisms of extensions E 21

- E(f1), (l^i^ r).
E l 2r-1* . . . *

/ \  / \
E (f)E , , 2 E , , l T _ l E (f ')

'I, '1,
E (f 1) E ( f r i )

Therefore f  a n d  f '  are cohomologous by Proposition 17. Q.E.D.

Theorem. Let H 2 (M, A) be the second cosimplicial cohomology of a
coalgebra A with a coefficient comodule M and Ex 2 (M, A) the set of all
equivalence classes of two term extensions of A by M. Then there is a
bijection between Ex 2 (M, A) and H 2 (M, A).

P ro o f L e t  [ f ]  denote the cohomology class containing f ,  and [E ( f ) ]
the equivalence class of E (f). Then from Proposition 15 we can define a map

[ f ] i - [E ( f ) ]  : H 2 (M, A) - Ex 2 (M, A).
By Proposition 16, we see that P is a surjection, and is an injection by Pro-
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position 18 . Hence 0 is a bijection. Q.E.D.

N A T IO N A L  C H E N G -K U N G  U N IV E R S IT Y , T A IN A N , T A IW A N ,

KYOTO U N IV E R S IT Y , KYOTO, JAPAN.
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