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1. Introduction.

In this paper let R be a commutative ring and let #>>¢>>0 be integers. Let
S=R[{X:;}1sicjs-] be a polynomial ring and let a denote the ideal of S
generated by all the ((+1)X({+1) minors of the symmetric 77X 7 matrix
X=(Xi)1x1.;s» where we put X;;=X, for ©>j. We denote S/a by A. The
purpose of this paper is to give the following

Theorem. If R is a Krull domain, then A is again a Krull domain
and C(A)=C(R)DP Z/2Z.

Here C(A) (resp. C(R)) denotes the divisor class group of A (resp. R). Recall
that a is a prime ideal of S if R is an integral domain and that A is a Macaulay
ring of dim A=rt—¢(¢—1)/2 if R is a field (c.f. Theorem 1, [K]. Note that
a is a prime ideal of S even if R is not necessarily a Noetherian ring. In fact
the problem can be reduced to the case where R is finitely generated over Z.).

2. Proof of the theorem.

In the following we put x,;=X;; mod a. For every 1=1;<i,<---<i{,Z7
and 1= 7,<jy<l--<j, <7, we define x7122 % =det(¥,,j)15aps: and let p be the
ideal of A generated by the set {x},%}/1<j1<j.<---<j.<#}. In particular
we put d=x15 %

Lemma 1. Let K be a field and suppose that Y =(9:;)1s:.s 1S @ Sym-
metric v Xr matrix with entries in K of rankY <t. If det(y;,)1<:.;5:=0, then
rank (¥ )1sise.157s- L.

Proof. We define Z=(7,;)1x1,js: and put s=rank Z(<(¢). Since we may
E‘ 0) for some
0:0

invertible £ X¢ matrix P with entries in K, where E denotes the s Xs unit
matrix. Therefore, after further suitable elementary transformations, we can

assume without loss of generality that Y has the form

assume that K is an algebraically closed field, we have ‘PZP=(
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00F

0 tF * /.
If we put u=rank F', then s+#=rank(y,,)1s:s:.1sj5r and S+#=? since rankY
<t. Now assume that s+u#=¢. Then #=¢—s>0 and hence F#0. Thus ‘F+#0
and so rankY >t — this is a contradiction. Therefore s+u<f.

Proposition. Suppose that R is an integral domain. Then
(1) pisa prime ideal of A and p=+dA.
(2) Ayis a discrete valuation ring and vy(d)=2. (Here vy denotes the dis-
crete valuation corresponding to Ay.)
(38) vyismnot a principal ideal.

Proof. (1) By Theorem 1 of [K], it is known that p is a prime ideal A.

(Note that p is a prime of A even if R is not necessarily a Noetherian ring.
The problem can be reduced to the case where R is Noetherian.)
Let q=Spec A and assume that q>d. If we denote by K the quotient field of
A/q and if we put Y =(x,;mod q):<;: <., applying Lemma 1 to this situation we
have that q contains x},5.% for every 1<j,<j,<---<j,<7. Therefore qDp
and hence b=+vd A.

(2) and (8). We will prove by induction on t.

(t=1) First we will show that Ay is a discrete valuation ring. Since PN R
=(0), Ap contains the quotient field of R and so it suffices to prove in case R
is a field. Let T=R[X;, X, ---, X, ] be a polynomial ring and let f:S—T be
the R-algebra map such that f(X,;)=X,X; for every 1<i<j<7. Then Ker f
‘=a and it is well-known that Im f=R[ {X,X,} 1<i<j<-] is a Noetherian normal
domain. Thus A is a Noetherian normal domain in this case. On the other
hand, by [K], we know that ht,p=1 and therefore Ay is a discrete valuation
ring. (Here ht,p denotes the height of b.)

Next we will prove that vp(d)=2 and that D is not a principal ideal. Since
d=xy; and since %y1%4;=x,® for every 2<i<7, we conclude that vy(d)=2.
(Note that x;;&p for every 2<i<7r.) Of course p=(%11, X1z, ***, X1,) is Dot a
principal ideal.

(t=2) We put A=A[x,;"]. Then pA is generated by all the (—1) X (¢t —1)
minors of the matrix (Xij— X1 %1;/X11)2sist.2555- LI we put §=S[Xu'1:| and
RzR[ {X1}1s55r Xi1', then {X;;— X1 X1,/ X 11} 2ci<j<- are algebraically inde-
pendent over R and S=R[{X;;— XX 1;/X11}25i2ssr]. Moreover if we put
X=(X,;—XuX1,/X11)251. 55 aS coincides with the ideal of S generated by all
the ¢ X¢ minors of the matrix X and A=S/aS. Therefore, by the hypothesis
of induction, we have that A.pfi is a discrete valuation ring with vpA(d/x11)=2
and that pA is not a principal ideal. Hence Ap=/ip/i is a discrete valuation
ring with vp(d)=2 since x;1€Ep. Of course P is not a principal ideal.
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Corollary. d is not a zevo-divisor of A. (Heve R is not assumed to be
an integral domain.)

Proof. We denote A by A, if R=Z. Since A, is a Macaulay ring by
Theorem 1 of [K7], we have that d A, is a p-primary ideal. Hence Ay/d A, is
Zflat as PN Z=(0). For an arbitrary R, applying RQ to the exact sequence

z

d d
0—>Ai—>A—>Ay/dA;—0 we see that the sequence 0>A—>A—>A/dA—>0
is also exact.

In the following we assume that R is an integral domain. We put P=

RL{%:}1sisj2r15i=] in A and B=P[d'].
Lemma 2. A=AyNB and B=A[d'].

Proof. Let t<i, j=<v be integers. As xi,=i}(—l)"“xik-xl.,z,;;:j/d we
k=1
have x;;EB. Thus ACB and so B=A[d']. Next we will prove that AD

ApN B. First we assume that R is a field. Then we know A= N A; since
htAq=1
A is a Macaulay domain by Theorem 1 of [K]. Let g=SpecA of ht,q=1 and

suppose that q#p. Then qbd as p=vdA and so A¢>d™!. Thus A;DB=
A[d*] and hence A:h N 1AqDAp N B. Now suppose that R is not necessarily
t =

a field and let fe Ap ﬂﬁ. Then 7»f€ A for some v& R— {0} by virtue of the
result in case R is a field. On the other hand, since f€ B=A[d '], we can
express f =¢/d* for some g= A and some integer $>0. Therefore d*‘a=rg in
A where a=rf. Since {r,d} is an A-sequence by the corollary of the above
proposition, we conclude that a=#A. This implies that f € A.

Corollary. P is a polynomial ring with {x,;}1<isj<r1cis: GS indetermi-
nates over R and d is a prime element of P.

Proof. To prove the first assertion, we may assume that R is a field.
Since P and A have the same quotient field, the transcedence degree of P over
R is equal to dim A=7¢—#(f —1)/2. This shows the first assertion. The second
one follows from the first (c.f. Theorem 1, [K]]).

Proof of the the theorem. Because Ap is a discrete valuation ring and
B=P[d '] is a Krull domain, A=ApN B is also a Krull domain. Recalling

that B=A[d '], we have an exact sequence O—>Zp—>C(A)—]—>C(B)—>O.
Since vp(d)=2 and since P is not a principal ideal, p has order 2 in C(A).
Moreover, as B=P[d '] and as d is a prime element of P, we have that
C(B)=C(P)=C(R). Of course j is a split epimorphism.

Remark. Let R be a Noetherian normal domain and let 7, s, ¢ be integers
such that 0</<min{7,s}. Let S=R[{X,;}15jsr15j<:] be a polynomial ring
and let a denote the ideal of S generated by all the (¢4-1) X(¢+41) minors of
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the X s matrix X =(X;))1si<r15is« We put A=S/a. Then it is known that
A is again a Noetherian normal domain (c.f. M. Hochster and J. A. Eagon,
Cohen-Macaulay rings, invariant theory and the generic perfection of de-
terminantal loci, Amer. J. Math., 93 (1972), 1020-1058). Moreover W. Bruns
gave the following remark: C(A)=C(R)® Z (c.f. W. Bruns, Die Divisoren-
klassengruppe der Restklassenringe von Polynomringen nach Determi-
nantenidealen, Rev. Roum. Math. Pures et Appl., 20 (1975), 1109-1111) and
our theorem has been inspired by his work.
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