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Introduction

In the previous paper [5 ] ,  we showed that H irai's general formula of
th e  c h a ra c te rs  is  re d u c e d  to  a simple one •for certain discrete series
unitary representations o f  S O ,( p ,  q )  ( p ± q : o d d ) .  In  t h is  paper, we
study the sim ilar problem for the connected simple Lie group G of type
F I ,  w hich is the unique exceptional L ie group o f "class II".

Let g  b e  the Lie algebra o f G , and B  a  compact Cartan subgroup of
G .  W e denote by b,* the complexification o f th e  d u a l sp ace  o f  b ,  the
Lie algebra o f B, and b :  the lattice in b,* consisting o f  such  Aeb,* that
the mapping e ,  :  BB exp X  1 —  e A ( X )  (X E b )  defines a  unitary character
o f B .  Let G ' b e the totality o f regular elements o f G .  Then by H arish-
Chandra, it was shown that fo r each  regular A E b:, there exists a discrete
series representation of G whose character 7r4 is expressed on B n G' as follows

=  (A) ( s g n  ( w )  e,„A) /ZP,
w E W

w here 147,,(= 1/17,  ( b ) )  denotes the lit t le  Weyl group and the num ber e(A)
=  ± 1  is determ ined by A  and the positive system o f th e  ro o ts . I n  [I],
H irai gave a global formula of 774 '  (the analytic function on G' correspond-
ing to  7r4 )  valid  for an y  A Eb:.

Since the root system o f type F , belongs to "class I I" , Hirai's formula
for type F I  is very com plicated fo r general A .  In  th is  note ju s t  as for
the case of S0 0 (p , q ) (p -Fq  : odd), w e study how  the term s in  th e ori-
ginal formula are cancelling ou t each  o ther w hen  a  regu lar e lem ent A
in b :  is  dominant w ith  respect to the positive system of Borel-de Sieben-
th a l. W e consider r ;  only on the connected component A of the identity
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of the split Cartan subgroup H  of G . I t  is because we avoid a  secondary
com plication and d e a l w ith  th e  fundam ental phenom ena. Though the
root system of type F , is not so sim ple, th e  fac to r group of W ,. modulo
th e  subgroup TV, i n  §1  o f  W „ i s  o f order 2. T h is contributes to the
sim plification of the form ula. O ur m ain result is th e  theorem at the end
of this paper.

(W e follow  principally th e  definitions an d  th e  n o ta tio n s in  [ 1 ]  and
[ 5 ] .  S o  re ad e rs  c an  f in d , i f  necessary, their exac t m eanings in  these
previous papers.)

§ 1. T h e  root system  o f  type F4

L et g  b e a  n o rm a l real form  o f th e  s im p le  com plex L ie  algebra g,
of type F , ,  and  0  b e  a C artan involution of g. P u t  f=  V E g  ; OX=X}
and  p= IX E g ; 0X = —X). T h en  th e re  ex is ts  a  C a rtan  subalgeb ra f) of
g  contained in  p. L et 2' (15)  b e  the root system o f  (g ,, k ) . In  general, for
a  L ie  algebra 11, w e denote by tt, its com p lex ification . As is well-known,
there is an orthogonal b asis {e„ e 2 , e2, e,}  o f b: fo r which

+e,±e ;  ( 1  _ i<j.<4 ), 1
I  = ( ±e1±e2±e3±e4)/2

W e give the lexicographic order P  w ith  respect t o  (e„ e„ e ,, e 4 ) in
(b). Then the standard m axim al orthogonal ordered sets w ith  respect

to  P  (c f . § 1  in  [ 5 ] )  are  th e  following ones

E o = (e1 +e 2 , e, —e2, e3H- e4, e3 — e4) ,

E,= (e1±e2, e, — e2, e3, e4),
E2 = (e 1 , e2, e3, e4).

For 0 let v  an  automorphism o f  g , defined  in  § 1  i n  [5 ]

a s  a  product o f appropriate C ayley  transformations of g,. P u t  b= vE0 (l5,)
ng, then hl is  a  co m p act C artan  su b a lgeb ra  o f 0 .  F o r  a  root a E f (b ),
w e define th e  elem ent a in  b:" a s  ci (X) = a (v i: (X ) )  fo r  X E b , .  Appa-
ren tly , a belongs to I ( b ) ,  th e  root system  o f  (g ,, G,). T hen by tak ing
th e  root vectors for e1 ±e 2 , e 3 ±e 4 , e„ e 2 , e ,, and e‘i properly a s  in  [ 5 ] ,  there
exist elements k i ( i= 1, 2 )  in  K  such that

L'E0 k =Ad(k,)1)E,14, for i= 1, 2.

H ere K  denotes the subgroup of the ad jo int group In t (g) corresponding
to  f . T h ere fo re  th e  root 0", is  com pact if and only i f  i  is  ev en  and the
long roots "e, "e ;  are  com pact if and  on ly if  th e  parities o f  both i  and j
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are the same.
F o r  co n v en ien ce , w e  ca ll a  root o f  th e  fo rm  (E e,J4 ) / 2 ,  ei=  ± 1 , a

root o f s - t y p e .  Put

I i = (roots o f e-type such that s1e3 > 0 )  and
2' 2=  (roots o f e-type such that E,E,< 0 } .

T hen w e have the following lemma.

Lemma 1. Put Eh (resp. E„) be the totality  of  compact (resp. non-compact)
roots o f E  (b ) . Then one of the follow ing tw o cases occurs.

Case 1) E , c  E ,  and X, „ ;
Case 2) E ,  E„ and E y C E k •

P ro o f .  A t first, w e assume that a  ro o t a 0 = (E  6401 ) / 2  in E  i s  comact.
L et u s denote th e  reflection w ith respect to  a  root a  by s„. W hen a  is
com pact, the roo t sa P  is compact or not accord ing a s  13  i s  compact or
n o t. P u t f = v E o e, =é , for l i 4. T h e n  s1 2 ct0 a n d  sf ,a ,  are compact. This
means that th e  root o f th e  form  ( s i f i - F E 3 f 3 ± f 2 ± f i ) / 2  b e long to  I , .  Fur-
therm ore, th e  roots f i ± f 3 a re  co m p ac t an d  s." .f3s . f i _f 3  e q u a ls  t o  s1 i s1 3 ,
th e re fo re  ( — 63/.3±A ±f4)/2 belong to  X .  T h u s  T i c E , .  But the
root /3o =  (el f; —e3f34-62f2+64f,)/2 is non-compact, because /30 = a 0 —e3f ,  and
th e  su m  o f a  co m p ac t roo t an d  a  n o n -co m p act o n e  i s  non-compact.
Analogously as above w e can  show that X , c f „ .  Thus th e  case  1 occurs.

C onversly , suppose a n y  r o o t  in  E ,  is  n o t  co m p act. T h en  w e can
prove sim ilarly that the case 2  occurs. Q., E. D.

In  the case  1, w e rep lace the o rd er P  w ith  th e  lexicographic order
P ' corresponding to (e„ e ,  e, e)= (— e„ e 3 , e 3 , e 4 ). W ith  respect to  th is
new order P ', the standard maximal orthogonal ordred sets are as follows :

E = e;—e'„
=

E;= ( e  +e , e  — ,
= —ei—e2, e3 , e 4 ),

E =  ( 6  e ,  e ,
( —e„ e 2 , e 3 ,  e0.

A ny tw o  roo ts i n  E : = [el  ± e„ e ,+e ,}  a r e  m utually strongly orthogonal.
T he root vectors corresponding to  t h e  roots in  E :  w h ich  d efin e  the
automorphism  i  sa tisfy  the condition 5 . 1  i n  [ 1 ]  for E .  S o  the
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two Caylay transforms vE o a n d  vzo c o in c id e . S in c e  w e  are  in  C ase  1 for
(e„ e„ e„ e k ) ,  th e roots o f the  fo rm  ( e l e i - - 1 - E 2 é 2' ± 6 g e 3 ' - - 1 - 6 , e 4 ' ) / 2  i s  compact if
and  only if  61e3< 0 .  This m eans that w e are  in  C ase  2 fo r  (e„
Thus in  th e  fo llow ing, w e m ay assume without loss o f generality that all
th e  roots in  2', are non-compact.

W e ca ll a positive system in  E a ))  o f B o re l-d e  Siebenthal w hen  the
corresponding s im p le  roots are com pact excep t on ly  one sim ple root r
and  the multiplicity o f r in  th e  h ighest roo t is equal to  1 o r  2. There
exists a positive system P o i n  / a )  s u c h  th a t  th e  corresponding Dynkin
diagram is expressed as follows

> o  -
f3 -f, ( f i - f ; - f - f ) / 2

Then P o i s  a positive system of Borel-de Siebenthal. T h e  subset Po nX ,
is a positive system of a n d  t h e  corresponding Dynkin d iag ram  is  as
follows

o   ->o- -  o
fid-f3 (f i- f - f3 -f4 )/ 2

Thus E 4 i s  a  root system o f typ e  ./11 x C3 . P u t w ,=s f i + f ,  an d  th e  W eyl
group of Eh , identified w ith  W„, is the d irect product of the two subgroups
{1, w 1} a n d  Wo. H e re  Wo i s  th e  subgroup corresponding to th e  sub-
root-system o f type Co .

Lemma 2. We have the following characterization o f  Wo :

W o= tw EW (E(b)) ;  w(E,, n P0)=E. n Pol•

Here W (E (b)) denotes the Weyl group of E (b) .

P ro o f. F o r  a n  elem ent w from t h e  r igh t h an d  s id e , le t w=s„,  ..................

s b e a  reduced expression of it by m eans of the sim ple reflections with
'1 5

respect to P o . Put ,3,=s„p  .................. s  +1
a . f o r  i=--- 1, 2, ... , p. T h en  eacha. 

root 19, is positive and 4 4 is  n e g a t iv e . Assume that there ex ists such  an
index io  th a t  a 40 i s  non-compact and for a n y  i>i„, a ,  i s  co m p act. Then
the root 4 40 is  negative and non-compact, which contradicts that w maps
E„ n P0 o n to  itse lf . T h e re fo re  e ach  a , is  com pact sim ple, so  w  belongs
to  Wo .

Conversely, an  e lem en t wG Wo h a s  a  red u ced  expression w=s r i  ..................

sr ,  i n  Wo , w here each  7', is  simple root in E .  N o te  that r e 's are also simple



Characters of certain discrete series representations 439

in (b ) w ith  respect t o  P o a n d  th a t the length q o f w is  equal to  the
number of positive roots mapped into negative ones by w .  Then we see
that no non-compact positive roo t is  m apped  in to  negative  o n e  b y  w.
H ence w (E„ n =E . n Po. Q. E. D.

L e t (b:) + b e th e  totality o f such A b '  t h a t  ( A ,  a )  0 fo r an y  aEP o .
H ere  (  ,  )  denotes the inner product in  '6:1'  induced by th e  Killing form
of g,. T h en , fo r a  regular A E  +, th e next corollary follows from the
above lemma immediately.

Corollary. For an y  sE W, and  a E E„ n Po ,  sgn(s - 1 A, a) =- 1.

§ 2. l i r a i s  character fo r m u la  fo r  general A

In  th is section , w e resta te  H ira i's  ch aracter fo rm u la . F o r a EE ( ),
define th e  character o f H  as

e. (h)X„ =Ad (h )X„,

where X„ is  a  root vector corresponding to a .  P u t

A(P)= thEA ; „(h ) > 1  for an y  a>0  w ith  respect to  P I, and
W(E)= fu W (X (b)) ; uE,E M" (P)} .

H ere W (f (b )) denotes th e  W e y l group of X () )  a n d  t h e  readers can
find  th e  definition o f  M " (P) in  §1 in  [ 5 ] .  L et A E b : .  W e define the
functions of h=expX E A (P ) (X E b ) as follows :

Y(h ; E„ u, s - '71) = sgnp( E ) ,(s - ' A) H  exp t —ua(X) l (.9 - 'A, a)  V la 12 1

Z(h ;E J , A) = E  E  sg n  (s )  Y (h  ;  E,, u, 'A) ,
.E W ( E )

where sgn,c,  (s 'A ) = sgn f H  (s- 'A, cr.)} . (For P (E ) ,  see §1 in  [5].)
aEP(E j )

Then H irai's character form ula tells that for hEA(P),

r',(h) =6(A) (i( —1)-1 Z(h ; Ei , A))/4'(h),
j= 0

where

s (A) = sgn f H  (A , a)}  ,
aes(§)

a>0

4b(h) --, e , ( h )  H ( l  — e (h )) and
..xvo

a>0

P - E  a)/2.
a z(b)

a>0
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In  the following, we consider th e  character 74'  only in the case where
AE On + . (So s (A) =  —1.)

§ 3. The summation o f sgn(%) Y(h ; E ,  u , s 'A )'s  over W,

In  this section, w e reduce the summation o f  sgn (s) Y(h ; E  u , s "A )'s
over SEW,,  into that over sE Wo . Note th a t Wk = Wo U Wo •

F irst o f  a l l ,  le t  sE Wo W k . S in c e  th e  roots f i± f 2 , f 3±  f 4 , f i   an d  f 3

a re  a ll positive and non-compact, so a re  th e  roots s (f,± f2 ) , s  (f,±  f i ),
and V .,.
Therefore w e get that sgn, ( E d  (s - 1 A) = sgn {(s" A, f 2 ) (s "A , f4 )1  and

{ I(s 1A, f i d -f , )  +  I (s'A , f , )  I} /2
= {(s - 1 A , f1 + f,) ( s " A , f,)) /2= (s'A , f , ) ,

)1 (s'A , f i+  A) I — I ( s 'A ,
 .1; — I} /2 = (s - 1̀1,

O n the other hand, for u  W (2'(t)) ,

uE0 = (uel-Fue„ ue, —ue„ ue 3 d-ue4 , ue3 — ue4) •
uE,= (ue 1 -Fue2 , ue,—ue,, ue,, ue4) •
uE2 = (ue„ ue 2 , ue,, ne4) •

Therefore for j=  0, 1, 2, w e can  rewrite Y's in  th e  fo llow ing form  con-
fo r la ter caluculation ;

sgn (s)sgn f2) (s"A , f4 )} Y  (h  ; E  u, s"A )

sgn (s ) A exp { —ue, (X ) (s "A , f1 )1 for .1 = 0, (3. 1)

sg n (s ) A exp { —ue, (X) (s 'A , f )}  ex p { — ue4(X ) (.5- 1 A• .f4) I)
1= 1

fo r j=--1,( 3 . 2 )

sgn(s) f i  exp t — ue21--1(X) f21-1)) • exp j —ue2; (X) I ( s 'A ,
 f21)

venient

for j=  2. (3. 3)

N ext, l e t  sE Wo •w, c Wk . P u t s,--= • s  ( =-swi ). S in ce  w , m aps the
six roots f i ±  f2 ,  f ,±  f4 ,  f  and f,  into negative non-comact ones, we get

sgn, (E , ) (s'A ) = sgn [(s,- 4 A, f,) (sT' A, f 4 ) )

(s 'A , f ,±  f2 )  I (s," A, f,±  f 2 ) (O. S.),
(.5 - 'A• .1.3±1 .4) = (sT 1A, f,) (O. S.),
(s'A , f 1 ) f , )  a n d  I (s - 1 A, f,) I= (s'A , f 1 ).

(H ere  (O. S .)  m eans that th e  orders of the signs correspond respectively.)
Therefore for E 0 ,  it holds that
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sgn (s) Y (h ;E o , u, .5 - 1 A ) = — sgn (s2)sgn t(sTiA, f2 ) (sTJA, f i )) x

exp f — ue1(X )(s 1 A, f 3 ) )  exP f — ue3 (X ) (sT1A , f)) hexp tue24 (X ) (s'A , f 2i)).

P u t s' = SiSf i  f 3  Sf 2 Sf 4 , then s' E Wo and sgn (si ) = — sgn (s').

Hence we get

sgn (s) Y(h ; E o , u , s - 1 /1) = sgn (.5')sgn ((s'A , f3 ) (s'A ,  f e ) ) x
4

H exp f — ue, (X )(s"A , f ,)). (3. 4)

For E „ put 5 '=s 1sf 1 _f 3 5f 2  a n d  fo r  E „  put s'=s 1s1 1 _1 3 . T h e n  f o r  each
case, s' W 0 and

sgn (s)sgn f2) f 4))=sgn(s')sgn {(s''A ,  f 2 )
 (s' A , f 4 ))

an d  th e  function sgn (s) Y(h ; E„ u, s - 1 A ) is expressed in  th e  form in (3 .2 )
o r  (3 . 3 )  w here s is rep laced by s', according as j =  1  o r  2 .  Thus we get
th a t fo r j=  0, 1 , 2 ,

E sgn (s) Y(h ; E„, u, s 'A )  = 2 E  sgn (s) Y(h ; E,, u, s - 1 A).( 3 . 5 )
vv,E , sŒwo

§ 4. The division of  W (E4)

From now o n , fo r  e a c h  i = 0 , 1 ,  2 ,  w e  id e n t if y  u  W (E ,)  w ith  the
corresponing ordered set uE,.

4. 1 T h e se t W (E 0 )  is composed o f th e  following three subsets :

w (E0)(0),{ 11.°)= (e1 +e 1 , e 1 — e,, e,±e k , ei — ek)
t i ,  j ,  k) = 12, 3, 4) , i <k },

447(E0)(1) ,1  u = (e1 + e , e  + e 4 , el— e,, e 4 —e4); 1
f i, j, k ) ,  f2 , 3 , 41 , i<k J,

147(E0 )(2) , { u (,2 ) =(e1+e, e4+e4);
f i, j, k )  = 12, 3, 4} , i < k }.

Lemma 3. L e t u  an d  u ' be in  W (E 0 ). I f  u - lu ' is  equal to  e ither s e 1 _,3

or then the following equality  holds:

E sgn (s) Y(h ; E 0 ,  u , s - 1 A )= —  E sgn (s) Y(h ; E 0 , u ', s 'A ) .
, .wk '.1174

P ro o f .  P u t  = u 'u ' ,  then SE W (E(b) ) an d  under the identifications
s, .  sf ,  a n d  se i _e . , w ith  W (E  (b )  )  is  is o m o rp h ic  to  W (E (b )  )  and
S can be considered a s  an  element in 1474 c W (E (b) ) . Therefore,
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E sgn (s) Y(h ; E 0 , u ,  s - 1 11)
4

= E sgn (s)sgn

▪  

f2) (s'A , f 4 )} H exp f — u(e) (X ) (s'A , f i )}
s e W ki = 1

4

=- E sgn (s)sgn f

▪  

JD f„)} exp f — ue,(X )(s'A , S I)].1=1

Set s' = s S ,  then sgn (s') = — sgn ( s )  and

sgn t(s - 2 A, f 2 )  (s'A , f k )} =sgn1(s'"A , f 2 )(s'"A , f„)} .

W hen s  varies on the w hole W4 , so does s'. H ence we get

E sgn (s)Y (h  ; E0 , u ,  s 'A )
sETV,

4

= — E sgn (s')sgn f f2)(s'"A , f4 )} H exp
 f
 —ue, (X)((s.§) - 'A , f )}

s 'E W , i= 1

= sgn(s)17(h ; E o , u, s 'A ) .Q .  E .  D .
sEW ,

T hrough  d irect calcu lations, it can  be show n easily  that fo r  So=
and S =s, i _k 3 ,  w e have 141') =u1P)  Sp fo r  p=o, 1, 2. So  w e can  ap p ly

Lemma 3 to the above three pa irs ( 4P) , u,V ) )  (p=o, 1, 2) . Therefore we
have

Z(h ; Ea , A )= E E sgn (s)Y (h  ; E o , u, s 'A )
u e W ( E d  s e W ,

2

2 E E sgn (s) Y(h ; E0 , ttP) , (4. 1)
P= 0 sE IV 0

Note that t4°) =1 , u P=s, and /42 ) =s,,se , w h e r e  = (e, —e, —e, —e4) /2.

4. 2. N ext, we consider th e  s e t  W ( E ,) .  It is a lso  com posed  of the
following three subsets

Tv(Ei)(0) _{(e 1 d-ei , e. —e»  e k , e„,);
ti, j, k , m }  = f1, 2, 3, 41 i < j  and  k<nz

u n =  (e,±e,,e i ±e k ,  te, T e ,  (ei±ek) 1 /2,
fe, Te i  — (e i Tek)1 /2) (O. S.)

fi, j ,  k} -= (2, 3, 4} and  i<k
un= (ek ±e, e 1 f e 4 ,  fe, f e i d- (e, ±e,,)} /2,

tei Te;  — (ei ±ek)} /2) (O. S.);
fi, j ,  k} = 12, 3, 4} and  i<k I.

Put so =s„ i _ .5 _ ,  then s0 E1=(e 2 +e4, eae 1 ,  e 2 )  .  A pplying Lem m a 4
in  [5 ] t o  W (E ,)° ) ,  w e  c a n  d iv id e  W(E,) (°) \ 11 sû1 into tw o subsets W,



Characters of  certain discrete series representations 443

and  W 2 such that W1=- W2.s. 1_.3 . As to W(E 1 ) ( 1 ) an d  W (E 1 ) 2 , there exist
the following correspondences in  W (E ) ( 1 ) \ {4 1 ),)  an d  W (E 1) ( 2 ) \ {z42.)

± }

14,')± = 4 ),•s, i _,3 (O . S .)  and 1.42.)
± • s , i _ , 3  (O. S.).

Furtherm ore we h ave  th e  next lem m a concern ing to  W (E ,), sim ilar to
Lemma 3.

Lemma 4. For any two elements u and u' in W (E 1 )  such that u'u' =s, i _,3 ,
the following equality holds :

E  sgn(s)Y(h ; E„ u, s'A)= — E sgn(s)Y (h ;E„ u', s 'A ) .,ewk: e i v k

From  th is lem m a, w e see that, in  th e  sum m ation over u e W (E ,)  in
Z(h ; E„ A ) in  § 2 , there rest only th e  following u's {1, so ,  uP)

± , 142 )
± 1 . On

the other hand , as elements in  the W eyl g roup  W (f (b )) , w e have

(1) (1)U2 , +  =Se = U 2  ,

(1) (1)U2 , = S S , 4Se =  U 2  •Se,

(2) „ _ , „ ( 2 )U 2 . + —(4,2

u / 4 )  •  . 5 0 .

For brevity, w e w rite u' 14P) in  th e  fo llow ing. T hen w e get

Z(h ; E„ A) =
2

2 E  E  sgn(s) { Y(h ; E„ u W ,  s 'A )  Y (h ;E„ u(P)s o , s- 1 A)} (4. 2)
p = 0  sew,

Moreover fo r an y  p a ir  (u , u ') in W (E 1 )  such that u' =us o , w e  g e t th a t

sgn (s) Y(h ; E„ u', s 'A )  = sgn(s)sgn f(s - 1  A, .1'0 (s- 1 A, f4 ) )

h exp f — (uso) (et) (X ) (s'A , f)I exp f — (uso) (e4) (X ) I f4)I1

sgn (s')sgn (s'A ,  f 2) (s' - 'A, f4 ) )  n e x p  —ue, (X ) (s' - 1 A, fi )}1=1,42
X  exp { —ue2 (X ) I (s '"A , f2 ) II'( 4 .  3 )

where s' =s•s o . Note th a t  s' Wo a n d  a s  s v a r ie s  o n  th e  w hole W o , so
does s'.

4. 3. L astly , s in ce  the set W (E 2 ) consists o f  th e  three elements u(P)
(p-- -= 0 , 1 , 2 ), w e see from  (3 . 5 ) that

2
Z(h ;E„ A) = 2 E  E sgn (s) Y(h ; E 2 ,  U ( P ) , s 'A ) . (4. 4)

P=0 sETV 0
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§ 5. The alternating sum o f Z(h ; E,, AY s

In  this section, we calculate the alternating sum o f  Z (h ; E „ A )'s. First,
we divide W o in to  the following four subsets :

R 1 =  (se Wo ; sf2 E P o and sf ,E Po} ,
R 2 =- (sEW D ; sf2 E P D an d  —sf, P o

)
R 3 = (se W ;  —  s f2 E Po and s f4 E P 0l
R 4 = { sE W D ; — sf2 E P 0 a n d  — sf ,EPol •

For each j ,  the signs o f  (s'A , JD and ( s 'A ,  f 4 )  are uniquely determined
for a ll sGR ,.

5.1. F o r  s ER i ,  paying attention to the explicit expressions in (3. 1 ) -
(3.4)4 )  and (4. 3) , we see im m ediately that for p=0, 1, 2,

sgn(s)Y(h; ED, u ( P) , s /1) =sgn(s)Y (h ; E„ u(P ) so , s".4)
=sgn(s)Y (h ;E„ u ( P) , s"A )=sgn(s)Y (h ; E 2 , u ( P) , s 'A ) .

Sim ilarly for s E R , and p= 0, 1, 2,

sgn (s) Y(h ; E D , u ( P) , s 'A ) = sgn (s)Y (h ; E„ u ( P) s0 , s"A ),
sgn (s)Y (h ; E„ u ( P) , s 'A )  =sgn(s)Y (h ; E 2 , u(P), s 'A ) .

Moreover for s E R , and p=0, 1, 2,

sgn (s) Y(h ; E D , u ( P) , s 'A )  = sgn (s) Y(h ; E 1 , it ( P) , s 'A ) ,
sgn (s) Y(h ; E„ u ( P) so , s 'A )  = sgn (s) Y(h ; E 2 , u ( P) , s 'A ) .

5.2. P u t  X (h ;u(P ) , E 4 ,  j )  as follows :

1x(h. ; u(P), E „ j)  = -  E  (sgn (s) Y(h ; E„ u(P), s 'A )
, E R .

sER

E  sgn (s) Y(h ; E 4, u(P), s"A ), for i = 0, 2,

+  sgn(s) Y(h ; E„ u (P) so , .3 - 1 / )1 ,  for 1=1.

Then fo r each 1= 1, 2, 3, w e see from  5. 1 that
2

E  ( - i)iX (h  ;u (P) , E „ j)=  0.( 5 . 1 )
i --= 0

5. 3. Finally, w e study the case of sE R 4 . For E o ,  using the concrete
expression in (3. 1) , w e have

4
sgn (s) Y(h ; E o , u (P) , s"A )= sgn (s) H  exp { —u(P)e, (X ) (s'A , 1'4)1

(5. 2)



Characters of  certain discrete series representations 445

For E ,  and u =u (P) ,

—sgn (s) Y(h ; E „ u ( P) , s 'A )
3

= —sgn (s )  H exp  —u ( P)e, ( X ) ( s 'A , f ) }  exp fu (P)e4 (X ) (s - A , f4)) •
1=-1

Put s' =s•s f i . Then th e  above fo rm ula turns to  be th e  sam e a s  (5. 2)

where s  is rep laced  by s ',  and s' varies on the whole R ,  a s  s  varies on
R 4 . Sim ilarly, for u

4

—sgn(s)Y(h ; E „ u (P) so ,  s 'A )=s g n  ( s " )  H exp  —u ( P) ei  (X ) ( s ""A , f ) }
1=1

where s "=s •s f ,  and varies on the whole R ,  as s  varies on R 4 .

For E 2 ,

sgn (s) Y(h ; E 2 ,  u ( P) , s"A )

=sgn (s)  131 exp (X )(s'A , f 2 i-1)1ex Ptil ( P ) e2i(X )(.5 " A ,  f i )} .
1=1

Put s'''-= s•s f 2 s f 4 ,  then
4

sgn (s)Y  (h ; E 2 ,  u ( P) , s"A )=sgn  (s '")  II exp { —u (P)e, (X ) ( s " " A , J)}
1=1

and s"  varies on  the whole R 4 .
Using these results, we get for p= 0, 1 , 2 ,

2 4
E ( -1 )iX (h ; u W, E i , 4) = E sgn (s) H  exp { —u ( P)e i (X ) (s 'A ,  f ) ) •
1=0 sEW0 1=1

(5. 3)

5. 4. From  (4 . 1 ), (4 . 2 ), (4 . 4 ), (5 . 1 ) a n d  (5 . 3 ), w e see that for
h =e x p X E A ( P ) ,

( - 1 ) 1 Z ( h ;E 1 , A)
1=0

2 4

= 2 E  E sgn (s) H exp —u ( P)e ,(X ) ( s " A , f ) } .
p=0  seW o1 - - - 1

Furthermore both u ( ') and u ( 2 ) b e longs to  Wo a n d  um =u (2 ) ses,4se , so the sub-
summation over sE Wo a n d  p= 1, 2 is  e q u a l to  z e r o . T h u s  w e  g e t  the
following theorem.

Theorem. L et A E b : be regular and  dom inant w ith respect to  the posisive
system of  B orel-de S iebenthal: A E (bn± . Then f or h = e x p X E A ( P )  ( X E b ) ,
th e  function Kb (h )=E (A )r,' (h )4 "(h )  corresponding to th e  character 7-L-4  h as  the
follow ing simple expression:
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4

(h ) 2 E sgn (s) exp  —e, (X)(s - 1 A, fi ) l .
,ewo, - 1

H ere fe j  is  the orthogonal basis of the root sy stem  2 ' ( )  a n d  fi =1.),(e ,E I (e) ,

and Wo  denotes the subgroup of the little  Weyl g ro u p  W , corresponding to the
sub-root-system of type Co of E„.
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