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§ 0 .  Introduction

In a previous paper [8], we introduced an operator U x acting on the space of
cusp forms of one variable for a Dirichlet character x satisfying a condition, and
showed that U x 's satify Ux Ux ,= U „,. B y m eans of U ,  we defined a decomposition
of the space of cusp forms into subspaces stable under Hecke operators, and gave
trace formulas of Hecke operators on each subspace. The purpose of this paper is
to generalize this result to the case of Hilbert cusp forms over a totally real algebraic
number field F .  In  [9], w e have given such a formula in a special case without
proof, and discussed a numerical example in the case where F  = -Q (0 ).  A trace
formula in a general case will be given in §2.

Notation. Let Z, Q, R, and C denote the ring of national integers, the field of
rational numbers, the field of real numbers, and the field of complex numbers. Let
H denote the Hamilton quaternion algebra over R .  For an associative algebra R,
let M r (R) denote the ring of r by r matrices with coefficients in R .  For an associative
algebra R with a unit, we denote by Rx the group of invertible elements.

§ 1. Operator

Let F be a totally real algebraic number field of degree g ,  and o the ring of
integers of F .  For a place y of F, let F t, denote the completion of F a t y and for a
finite place y  p ,  let op denote the ring of integers in F r  L e t  F A  denote the adele
ring of F and F  (resp. Ff )  the infinite part (resp. the finite part) of F A . Then
F  R g .  Let D b e  a  quaternion algebra over F  w ith the discriminant b. For
infinite places v 1 , . . . ,  vg  of F, we assume D is unramified a t v 1 , . . . ,  v,. and ramified at

vg. The multiplicative group Dx can be seen the Q rational points of an
algebraic group G over Q .  Let GA denote the adelization of G and G  G» the
infinite part (resp. the finite part) of G A . Then, there is an isomorphism

G o, c̀-' GL 2 ( R)r x fix 9- ' .
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We fix a maximal order of D, and for an integral ideal n of F prime b, we define a
compact subgroup K(n) of G A . For infinite places, put K v i = SO(2, R )  o r  H 1

according as l<  i < r or r+ 1 < i< g , where H 1 is  the group of all elements in  H  of
reduced norm  1. For p l b, let K y = Z ; ,  where C I, = Z® v ov . For p)(b, we fix an
isomorphism of Dv =DO F F , to M 2(F )  in such a way as Z  is isomorphic to M 2 (o v ),
and for p,l'nb, put K t, =  vx. For p  n , put

K y = {
b

c  d }

eM2(ov)Icenol,

 

and K(iî) = fl K .  Let co be an idele class character of F of finite order such that the
conductor of co div ides n . For each y i , we fix a positive integer k 1 > 2, and set k=
(k 1 ,..., kg ). For co and k, we define a representation p of K O - i ) .

 F o r  a  finite place
p)(n, we take as py the trivial representation, and for p I n, we define

py (x )= ro y (d) for x =

where co v is the p-component of co. For an infinite place y= yi , 1 < i < r, put

Pv(
cos 0  sin 0 -

— sin 0  c o s  _
= e

lciON1-1

 

and for y =y i ,  r+ 1 < i< g , let p, be the composite of the embedding of H 1 in to
SL 2 (C )  and the ( k - 2)-th sym m etric tensor representation. Here we assume
pv (-1)= (14— 1) for infinite places. We define p as the tensor product representa-
tion p v and denote by V the representation space of p .  We consider V as row

vectors and K(n) acts on V from the right. N ow  for n, co, and k, we define the space
of cusp forms S(n, co, k). Namely, except when r =0, c o  is unramified and k=
(2, 2,..., 2), S(n, co, k) is the space of bounded continuous V-valued functions f  on
GA satisfying the following conditions:

( i ) f(y x )= f(x ) for y e GQ .
(ii) f (zxk)= w(z)f(x)p(k) for z e ZA  (the center of GA ) and k e KO-t).
(iii) For y-=y i , 1 as a  function of x v e Gy , f(xx v )  is  o f C '-c lass and

satisfies

(1.1) Xyf = 0,

where G, is the y-component of GA, hence GL2(R) and X y is the ele-
—ment of the complex Lie algebra of Gy  given by [ 1 —1

- 1  J •
(iv) I f  r =g, and b = o, f  satisfies

F\FA f g)dx =0

K
d
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When r=0, cu is unramified and k =(2, 2,..., 2), we denote by M(n, co) the space of
continuous functions on GA satisfying the above conditions. For a charactes o f
FV Fx which is trivial on Fl o o; and satisfies /1.2 =w, let f t(x)=A(N(x)), where N  is the
reduced norm of D .  Then L is contained in M(n, co). Let Mo denote the subspace
spanned b yf l . We define S(1, co, k) as the orthogonal complement of Mo in M(n, co).

For each finite prime p, we fix a prime element co o of F .  Let ord o denote the
additive valuation of Fp normalized by ordp ( 110 )= 1 .  Let a be an integral ideal of
F prime to  n. The Hecke operator T(a) on S (n, co, k) is defined as fo llow s. For
p  a, put

Eo(a)=. {x e C o I ord o (Nx)=ord o (a)}

and Z-.7(a)= E), (a) x K ( G 1 ). Define a function F , on G 1 w ith  the support
pi np l o

E(a) by
Fa (x )= p o (x l,) - ' for x =(.5) e E(a)

p  ii

Then for f a S(11, w , k), we put

(T(a)f ))(x )= f(xy)F„(y)dy,
G f

where dy is the Haar measure on G f  normalized byd y = J  f o r  K f  = K(n) n G f.
K f

It is known that the operators T(a) commute with each other and that there exists a
basis of S(n, co, k) consisting of common eigen functions for all T (a ) . For a prime
divisor p of n such that pp is the trivial character, we can define an operator W(p) by

(W(P)f)(x)=
G f

 f(xY )Fw (o (Y)dY.

H e re  Eo(W(p))= i[ac  1 l e  M 2 ( ° P )  I 
a, deno t„ ord o (c)=ord o (n), o r d i, (b)=14

and Fw (o )  is  a function on Gf  with the support E( W(p))= n K g x Eo(W(p)) which
is given by

F„( 0 ) (x) = H p g(x (1) -1  fo r  x e E (W (p )) .
gin
#P

Let X = 11 xo b e  a  character o f fl F ox  satisfying for e a c h  p I f(x ) the condition
nP i t t

ordo (f(x0))+ord o (f(wo))<ord o (n)
(1.2)

1 2 ord o (f(xo))< ord o (n)

Here f(*) denotes the conductor of the character *. For such a character x, we will
define an operator U .  Let v =ord o (n) and p=ord o (f(xo)), and for p f(x) put

(1.3) 3 000=  {
a

c d
E M 2(0 p )  I ordo (a)= ordo (d)=v  +2p,

ordo (c)= 2v+ p, ordo (b)= v + p} .



288 Hiroshi Saito

Then 1.7•o(xo) is a disjoint union of a finite number of K,,-double cosets. Put ,--2(x)=
n x K r  For p I f(x), define a function f on Dx by
IT(x) ,I1(x)

(1.4) f(x0 )=1 5 0 (—  d iu tr 2 4 )4(—bcitalv + 2 0z 1,( Nx I I I I
V + 4 0

a  bfor xo =[ e11-7, (X) and f  0 4 (4 ) =0 for x0 0E0(4 ) .  Then f 0,4  satisfiesc

f o ,4 (koxo) = f o ,o (x o ko ) = fi o (k o ) f o ,4 (x o ), for k  e

For x E .E(x), put

F x (x )=  n pp(xv)-1
If (x)

401(x)

and F x (x)= 0 for x 01:7(x). Let i an additive character of F  such that lp,,iot,= 1
and 00 I p 0 1 . For a character 2 of Fxi, of conductor pit, put

G (2 )=  E A(i)Ipp urg-„Y)

In this notation, we define for fe  S(n, w , k)

( v i vp+2,110,3 3 ( ru v )
( U x f ) (X )=  

_  
'
G ( i 0 ) 2 4

"  n  i o(ruvP)1 f (x y )F x (y)dy,
ulf(X) pi n G f

13 , 11(x)

where vo =ordo (n) and Ito =ordo (f(xo)). For the trivial character xo ,  we define
U50 =the identity . A m ong the operators T(a), W(p), and  ux , the following rela-
tions hold.

Proposition 1 . 1  Let a be an integral ideal of  F prim e to n and p a prim e ideal
such that p I n and pp = id.. T hen w e have

i) T(a)W(p)= W(p)T(a).
ii) U,T(a)= T(a )U .
i11) U z W(P)= W(p)U i f  (f(X), P)= 1.
iv) Uxx. i f  (f(x), f(x'))= I.

These properties can be verified easily and the proof will be omitted. On Mo , the
operators T(a), W(p), and U, can be defined by the same formula as above, and the
action of them can be easily described.

Proposition 1.2. Let f,=2 .N  f or an  unramified character 2 such that
Then we have

i) T (a ) f1 =-- co(a) vol (1.7(a))f,1
147(P)ft = (0(P"Oh

iii) Ux f,t = 0 f o r a ramified character z of n F ; satisfy ing (1.2)

22=w.

Our next task is to determine the eigenvalue of LI, and to prove the property iv)
in Prop. 1.1 for x, x' in the case where f(x) is not prime to f (x ) .  For this purpose,
we may restrict ourselves to the case f(x) is a power of a prime ideal p. L e t  Li(GQ\
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GA , w) be the space of square integrable functions on GQ \G, satisfying the condition
ii) in (1.1) and v) if r= g  and b = o .  G, acts on Let (GQ \GA , w) as right translations
and it is known that L (G Q \GA , w) decomposes into a  discrete direct sum of irre-
ducible subspaces V(n) with the multiplicities 1, and that the representation n on
V(n) decomposes into a tensor product Pn„ of the admissible irreducible representa-
tions it,, o f  G „ . Each component o f the  functions in  S(it, co, k ) is contained in
4 (G Q \G,4 , w ).  Let S(n, co, k ) be  the  space spanned by such functions. Then,
there exists a finite number of n1 = 0 n i „, such that V(n i ) n S( -1, co, k)0 0 and S(n, w,
k) is contained in  G3, V(n i ). For each p,t'n, the subspace V(ni , KO of functions in
V(n i , )  fixed by K  one-dimensional. W hen p i n ,  l e t  V(ir i o „ K t,) =  E V(n i ,)1
ni (k)w= p(k)w for k e KO, then Kt,) is a  finite dimensional subspace of
V ( n ) .  For v = v , I  < j<  r, n i ,v is isomorphic to the discrete series representation

u2 ) with Pi 1(kj-2)/ 2 , P 2  =
 ( k - 2 ) / 2  SgIl k .1- 2

5 where d e n o t e s  the absolute
value of R, and there exists a non-zero vector iv .; such that ni t „(X,,)wi =0, which is
determined uniquely up to non-zero constants. For v= vi ,  r+ 1 < j< g ,n i „, is iso-
morphic to the representation

x 1 -4  N (x )- ( k i - 2 ) / 2 p k i _ 2 ( x ) .

with the (k -2 ) -th symmetric tensor representation Pk i - 2 . If we choose suitably
unit vectors w , in  V(n,,,„ K) for p,I'it, then we see

S(tt, w, k )= e ) w V(nio„ ICp )  0  w  C )  V (n i ,„j )
ph,o n r  +15.1<g

For r + 1 < j< r ,  choose an  isomorphism o f  V(n itvs i )  t o  Cki - 1  i n  such a  way as
irt,i (x)w=wp v i (x) for x e HI, which is determined uniquely up to non-zero scalars,
then each w e e V(n i o „ IC I,) corresponds to  an element f w  e S(n, a), k). f „ ,  is a

i
common eigen function for all T(a), and every common eigen function for all T(a)
can be obtained in  this w a y . F o r  each p I n, le t SP(n, co, k) be the  subspace of
S(n, co, k) spanned by f„  for w e 0  V(n,„„ K t) such  tha t d im  V(n i ,o ,  K )= 1 ,  and

pin
S°(11, co, k)= sv (t, a), k).

P In
Now, as in Lemma 2.2 of [8], it is easy to see

Proposition 1.3. Let be a character of  F ; satisfy ing (1.2), and  Ep ( )  the
subset of G by (1.3). Then

S ,(4) =
i , jE (O / 0 " )

x

- 0  — I  -

tre 0
Kt,

is a disjoint union, where p=ord,, (f(x t,)), v= ord t, (n), and ra=w,.

Put

(1.5) =
0 — 1  - —  w i t 0 — 1  -

    

W V  0 0  IPP W V  0
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and let (Teiej  be an element of GA such that all v-components other than p is 1 and the
p-component i s  a t .  Then.

( _ ( 0 +29k-0v \
( Ux f )(x )— E

G (
2 ( i D f i x c e l i ) .D 2

For we  V(rc i , r ), define

Z, w — (75( — u j v + " ( r g v ) A i j ) z i o ,(70w.P G ( ) 2

If f  corresponds t o  Ow,, e V(z i o , 1( q ) in  the sense  sta ted  above , then  1.4 f
nIn

corresponds to (U x 4 wp )0 ( 0  w q).p#q
For an irreducible admissible representation it o f GL2 (F p ) and a additive char-

acter 0  a factor e(s, it, tfrp )  was defined in  [7 ] .  W e take i//, as before and put
s(n, tp,) =8(1/2, 7r, II „).

Theorem 1.4. L et fe  S(n, co, k) be a com m on eigen function f o r a l l  Hecke
operato rs . Let p be a prim e divisor of n and z a ram if ied character of Fx which
satisfies (1.2). Let it be  the irreducible admissible representation of GL2 (F )  which
is determined by f  in the sense explained above. If  fe S o (n., k ) ,  then

(1.6) u x f=8(7,0x — ', tG„)18(

If f  is not contained in SP(n, w , k), then

U x f=  0.

Pro o f . Set V = V(rrp ), ru=ru„, and n =rz p . For a non-negative integer n, put

a  b
G„=

c d
and

}

e GL2 (e p ) lc e rii"o l,

 

b
)w =co (d)

P
 w  for

a  b

{

V' = w  e VI 7r

 

\  _  Cc i  _ d

  

Let N be the smallest integer such that V N {0 }, then it is known (c.f. [1], [2]) that
dim VN=1 and for n> N, it holds

n — N
V " =

i = 0

-  1 0 -
) V N  (direct sum).

0  ru"

   

It is enough to show U w  = 0  for we V(n, K 0 ) =17(K 1,), when N <v, and

Ux o ,w---(v(n0Z - 1 , 0)/ 8(7r, Op)*

for w e V (K ) when N = v .  Here v=ord p (n).
For w e V, put
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rGrA a -
R z w = E i(a)it

C IE (D ip / 4 )% _ 0 vulL

then

pw =Cn
o
- I T R x , r (

W V0 ,

- O —1 -

0
R z w

(7)
with C=

_ v ii v+292 ( tu v)
Let wo be a non-zero element of V ,. First assume

GO-02

1 0N < v .  Then the space V (K p )  is spanned by wo , and wi = tu il)w p  for 1 < i <

v  —  N  +1. For i > 1, we see

Rz wi = E  i(a)n
ae(o 113P)x

(

■
- VCIP

 a  

- h  (r0  -

.  tu s ' )  gm V_, 0 W ' _
W V

  

/-
i(a) 7

ITO argi -
)wo

)

a 0 _

If a  E.-- a'mod p , then 7r ( 1:f3 P  a ' i
 4  , 0  =_ it / r'

0
raP a  trti _[ 0  r o )P \ o il' ) " ' ° '  Since f (x) = pi'',

we have R x w i =0 for i > 1 . For wo , put

iv' = n (
- 0— 1  -

   

R x w „,
m y  - 1 0

   

( [ 01  ai l )  = w
,([050, — 011)R i w o  = 4 01 ° 1 ) w ' . W e  showthen n w n for a ll a e o •

Then the assertion on w„ follows by the same argument as above. W e note

= ir
_ o

W _

-  1 i/t77A

—1 -  -  1  OW ' -

0 1

-  1  + a iW V 12 a133 v -2a - 1  -

_ tov - ' 0 01 _ — amv 1— aim v

01 aiSince N  <v  and ord gato ( ,»  +it< v— n ( [ l ),  we obtain w ' =w ' fo r  a e op.
Next assume N = v. We take as V (n) the Kirillov model of it for the additive

character tp„. Let 9 0 be a non zero element in V " .  First we show that the support
of 90 is contained in o .  Since (7c ([

0

1  a

l l )  
(p O W =  p(at)(1) JO= 9„(t) for all a in oo ,

the support of 9 0 is contained in oo . If the support of (pp is contained in p, then we

s e e  it ( [
0 1  0  

11), e v N - I  This contradicts the assumption VN- 1 = {0 } .  Sincev.rrt



7-  a
7C

_ d_

- 0  — 1 -
TC

m "  0  _

)  (P.
0  —1

VI"0
oc(det x)131a.(a)n(

= Rdet x)c(113(d)n

= fi(det x)a/fl(det x)f l/a(a)n
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(7 r C ao ( P 0 ) ( 0 =  (M O = (MO for a e op , 90(000. For characters a, 13 of o; such

that afl=w o on  oxo and a non-negative integer n, put

{

(1.7) f / ' , 11 =  9  E V I g
/ a  b

e  d  _

 

a  b

 

=13(det )011 fi (a)(p for x=
c d

  

Then V7 = V", and we have

Lemma 1.5. L et cc, 13 be characters o f  o", such that 113=w 0 o n  o; and ordp

f(otlfl) _n for a positive integer n. Then, one has
i) n ( r 0  — 1 1 )

i
0

nduces an isomorphism of  V".,14 , onto
ii) I f  a  character Â  of  o0x  satisfies 2 ord o ( f ( M _ I t  an d  ordo (V ))+ o rd o

(f(//3)) n ,  then for (pe V 11 R,i ((p) is contained in  V

Pro o f . (i) Since IT ( [ 0 I  ]) 2 i s  a  sc a la r , it  is  e n o u g h  to  sh o w  thatzu" 0
COu n  — 01) „9 e V  f o r  e V ic: , 13. For x = [

a  b  
EG "' we seec  d 

(ii) To show 12,19) e it is enough to verify the  cond ition  in  (1.7) for x=-
101 [(I Oh l  [1c, w ith  a, de o ,  b e e p. ,  c c  p"op . W e show this only for

ri 0 - . The other casesLc 1_

_

can be shown similarly. For 1 0-

L e 1_
we see

 

1 iltuP -

0 1

- 1 ilmi1

0 1

 

- 1 cim - " ci2m - 2 "

e 1 + cira

1 0 -

c l

      

where p= ord o (f(À).) Since ordo (fW) + ordo (f(a/f3))_n, a//3(1—citn - t )=1 , and
our assertion follows from this.

We return to the proof of the theorem . L et À. be a  non-trivial character such
th a t  ord o ( (Â ))=  I. T h en  w e  have R,00 e V '1,  a n d  Rx RA90 e Viv,„0 . Hence
R ARA9 0 is a constant multiple ccp,, of 9 0. Here c is different from zero, because
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(RARAT0)( 1)=cop(v32) ;(0A(DiPp((i+Dru-1)(P.(1)
i d e 0 / 0 '

= 0)0 (m 2)/1( — 1 )NP90( 1),

Put q =  R ,  then 9,1 satisfies
- 1 a

_ (P A=49 ,1
0 1

for a e o o . Hence the support of tp,t is contained in op . For te ri-,t'o px , 1> 0, we have

(P.(0=(.0 0 (ru) ;(01Pp(itvg-1)(P,t(t).
ie(o/p)'

But we know E  ; (0 0 ,( i t r u - i ) . - - 0  o n ly  i f  / = 0 ,  hence  th e  s u p p o r t  o f  T o  i s
ie(P/PP

contained in  u ; .  By Lem m a 1.5, w e have U x (f7„ E V N and U x (po =cap o with a con-
stant a. Let us determine a. Let 9  E  V„N o g, then the support of yo is containted in
ot,, and in the same way as above, we see the support of IZ,T is contained in ox, and

for t eo

(Rx(0)(0=wp(m0G(DX(t)(P(1)•

Applying this to 9„ and i r ( [ °
t73- 11)Rx9„, we obtain

0 1
;-c( ruv );((t ) ir ( ((p 0z(v3 v1))

—10 /

0 1  -
=a7T (To(ru v i)).

—10 _

We note that in our case L(s, 7r)=L(s, 7r®}0= I. B y  the property of c(s, 7Tp ,

// )(cf. Godement [5]), we see

Jr

I=  i( ta v )1
0 1

— 1  0
) ( (P „ ) { (T r iv i ) )x (1 )(° ;1 (t )  Ill I / 2 ' d x t

   

= i(tu r )e(s, TEOZ - 1 , p )  5 x (19 „X(tu r l)X - 1 (01 1 1 ' 1 " d x lh) ,

=C (S i
 i t  ®X - ' , Op) T0(tUri)111s-1/2d/IFp

where I is the absolute value of F such that d(a.v)= laid); for the Haar measure
dx of F . O n  the other hand, we have

0 1 -
/ = a 7r ( (T0(w v1 )) ( f i tT1 (1) 11 1' 12 - dx t

—1 0 _

= ae(s, Tr, O p )T o ( V a r t ) l i l s - 1 / 2 d x i .
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Obviously 1 
F p 4

9 0(7ll v t)Itl' s - 1 (l x  t 00, we obtain

a =s(s, n O r l ,  d i  , it, tP

=4 1/2 , 7r0X-',1Gd/e0/2, i t , I  p) •

This completes the proof.

We note the formula in Th. 1.4. holds also for unramified characters x.

Theorem 1.6. L e t z , z ' be characters of  F ox  satisf y ing (1.2). I f  ordp f(x)
v/3, ordpv I 3 ,  a n d  ordp f (w )  v13 for v=orcl o (n), then one has f o r f e  SP(n,

k)
UxUff=Uxx,f .

Furthermore if  p p is triv ial, then one has

Ux W (P)f=W (P)U x f ,
f or f e  S(n, w , k).

P ro o f . Let t7J = to r  It is  enough  to  show these equalities for Ux o„ U x ,,p and
(po in the proof of T h . 1.4. Let p=ord p ( f W )  a n d  p'=ord l; (f(x'),) I f  p=0; -or
p' =0, then the assertion holds obviously. Assume p, p' > 1 in the following. The
following can be verified as Lemma 8 in Shimura [111

Lemma 1.7. i) If  p> p '> 1, then

G(X )G00= G O O  E x(1 -
ie(0/13 4 '

If  p=kt' l and ordp f(xC)=p, then

GOOGGO=G000( E -Ox'(0)

iii) If  z ' and p> 1, then

G(z )G()=z (-1)N pP.

We divide the proof into three cases.
Case 1 . p  p ' .  We may assume p > p ' .  Let alti  and be as in (1.5). Put

 

-  A  B

_  C  D
=  m v+2p.

then we see by the condition on p, p'

A a -  __ Tu v+2p+ iosioruzy mod p 2 B7=-_ It mod pv+2 1 1

C—=i 0 rri2 v+P mod p2 v+2P D-= — tri v + 2 1 1  mod p2 v,

where ip = i + r e - "' i', =j+ rsot - P'j'. From  this, it follow s that [ A
c  D

B ]  E Ep(Z),



O p era to r  Ux 2 9 5

[ AC  DB1(.J.4  r l =  [

a  b

j  e K  and a# d # 1 mod pv - 2 ". Hence we havec  d

(Tip( — rg'Ox7C(rov) 
(G (i)G (Z ')) 2 rigP-47')(f0 — 1:04 - P T ) )

Tr(eiz of 0 ) 9.

—   (7 ) P(  — M v + 2 P )Z—Z ( r g v )
(G G O G ( i ' ) ) 2 k Z (1  —  M / '— "'i);('(/ '))2

io,,/„E /pg). )— (7C'(ij°)7r(lito /0)90

Uxe,p (P0

Case II. i f  and f(R ) =  pg. In the same way as in Case 1, we have

U p U ' p 'Po Uy p 'Po + 
(G ( )G (Z ) )2

(s, +s2+s3),

where

S l = E — i')2(/ ')r(010,;0)(P0,
i.EP/131"

jo ,V ,P c (1 / 0 4 )x

and S2 (resp. S3 ) i s  a sum of the terms of the same form as in S I extended over 10 E

p /p r ,  i„, j '  e (o /p g )" , i„# i' mod p (resp . i„, L e  p/pP, j'E  (o/pii)x). W e will
show S i = S 2 =  S3=0. We consider

tu"

(7) 0 ( zu v+2,t) ( m v)

(MO0 (0  =
PEO /PP1 ' _ 0  t u P

=a),(u7") E i ( i „ — T ) ( l o t t u - ' )9 .(/ ) .

Since supp (cp„)c ,  0 (0 = 0  if t oi;  and for t E

( D ( / )  =  W p (M " )  E  ( J r '
 — f ) IP p ( io e u — " ) çoo(t)J„ ,»

= 0.

From this, it follows that S2 = S 3 = 0 . For S i ,  let us consider

"3 "

i - .i /) (.1 .17ri',,i0E(040)x 0 ru Pp

=  E
j"e(0/Pm ) O

p

If we show that the support of it ( [1 ,  -  0
1 1) R x x v„ is contained in op', then the asser-
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( - 0  - I -
lion S 1 = 0 follows in the sanie way as above. Since n  ru , 0  )  R „ ,(p o eV 11"(00 ,,,,

fo r  X " = Z X ' ,  i t  i s  e n o u g h  to  show  lq , w „ = C9 0w oz". By Lemma 1.5, dim
I, and .12,--,,R„, o (p0 is contained in this space. S in c e  RT •c R 9 0 = c ow "

with a non-zero constant e ,  our assertion follows from this.
Case Ill. p = p '  a n d  ord, (f(x))>ord, (f(XX')). P u t  x"--- X X ', 

t h e n
 x'="XY,' •

If we show t. z o ,U id., then the general case follows from

o U„, = Llx ,„ Uz ,o t/,•• = L/,•• .

In the same way as in Case II, we have

(Tip( -  ve+ 2 )

- (G OOG (X ))2 
( s 1 + 5 2 + S 3+54),

x "P U  ( P " 

where

s, = Z(io - OK/. - .0 ( i ') i ( f ) n ( c e t o i o )90 ,

io,i-cd'éco/v 9.
mod p

and S2 (resp. S3 , S4 ) is a  sum of the terms of the same form as in S1 extended over
Ç,j 'E  ( n / p i i ) x ,  j o E p/p", io #  mod p (resp. j o , e (0 /P9xe  P / P A ,
j '  mod p  fo r  S3, j' e(olpA)" , Ç , L e O at' fo r  S4 ). F irst assume p = 1 .  Since

tilo( i l t s r ) .  - 1 ,  we have
10(0/1o"

=  ( E E n (li„ .0 9  0

= ( 0 0 ( t r i v+219 ( p 0 .

In the same way, we see

Sy = S3 = coo( - fa v+ 2 P) (Np - 1)(p„

S 4 =  cop(  r 0+21) (N 43) 2 9 „ .

F ro m  th is , w e  co n c lu d e  U l / , , o = id.. For p 2 ,  u s i n g  E  0 0 (utu - r) =0,
ue(o/p1.9.

we can show 1. I U 2 , =  id. in a similar way, and we omit the details. The second
assertion is obvious, since cp, is an eigen function o f  W(p) and U„.

§ 2 .  Trace formula

Let 2E, be an open compact subset of D ;, which is right and left K 1,-invariant,
and put El = FI E r  F o r  almost all p, we take =K r  L e t  f o b e  a  function on

such that

f  o(kx)= f o(A )=  f5 (k ) f 1,(x)

for x E S o and k e K o . We extend this function on D," in such a way as

f  o(zx)=LI5 o (z)f o(x)

ie( r io,i0E(0/ W
1 mod 0
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for zx e zos„ and f  (x )=  0 for x  Z E .  Put F 1 (x )= , (x , )  f o r  X E Gf . Then

F f  satisfies

Ff(zx)=Eif(z)Ff(x)

for z E Zf , and supp (F 1 ) is compact modulo Z1 . For a function f  on G  such  tha t
f(zx)= w f (z )f(x ) for z e Z1 , put

( T(F f ) f ) ( x )=  f f ( x y ) F f ( y ) d y .
zf vo,

W e take the  measure o n  Z 1  so  tha t dz1 = r1 d z  with cizo = 1 .  Then T (F 1 )
0,1

defines a  linear transformation on S(n, w , k) or M(n, co) in the case where r =0, w
is unramified, and k=(2,..., 2). In the rest of this section, we assume D * M 2 (Q),
since the case of M 2 (Q) was treated in [8]. For D, let D' be a quaternion algebra
over F which satisfies D  for all finite primes p, and

D'O Q R . H 9 or D'O Q R - M 2 ( R) x

according as [F : Q ]= g  is even or odd. There exists such a quaternion algebra. By
a  result of Jacquet and Langlands [7], there exists a n  isomorphism o f  S(n, w , k)
onto S'(1, w, K) as T(n), W (p), U f modules, where S'(n, 0), ic) is th e  space of
automorphic forms defined in  (1.1) for D'. Hence we may take D ' instead of D,
and we may assume GA /ZA  is compact, since M 2 (Q).

Let it be the representation

x N(x)(k-2)/2pk_2(x)

of Fix, and V the space on which H ' acts unitarily. Take a unit vector u in  V and
put

f k (x)= —(k-1)(7r(x)u, u) f o r  x e H".

For the ramified infinite place yi , we put j',„=jk ,. We choose measures on Hx and
dtGL2 (R ) as in §15 of [ 7 ] .  On the center Zv a,. Rx, we take the  measure . For

a  infinite place y at which D is unramified, we take for f u a  C'-function o n  Gi,----
GL 2 (R ) with the compact support modulo Z, which satisfies f,(zx)=co,V(z)f„(x) for
z e Z v and  x e G„ and has matching orbital integrals as f k fo r k=k„ (c.f. §8 of [4]).
Then, for a hyperbolic element y

f  (x - 'yx)dx =0,
v

w here V ' is the centralizer o f  y . L e t  L c  M 2 (R ) and  L ' cH  b e  th e  isomorphic
quadratic extensions of F .  If there exists an isomorphism of L onto L' which sends
y to y', then
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\L )  „ f ( x - lyx)dg
v\a,

= v o l (F n L )
L ' 0 1 1 '

(I)(y, k),

rk - i k
where —0(y, k)— _

I 
(det y) 2

- 2
 w ith  the characteristic roots and  ti of

— 1 /

y. B y Plancherel formula, w e  have f
0
(1 )= fk(1). O n  th e  other hand, w e have

tr 7r(fk ) = —1 and tr 7C(f,)= 1 for the corresponding discrete series representation it'
of GL2 (R ), which is described in  §14 of [7]. For one dimensional representation
nx  with z2 =w 0 =1, trx (f,)= 1  for k= 2 and irx ( fk ) = 0 otherwise.

Let F be a function on G, defined by

F (x )=  F or,(x )F  f (x L )= (  i irr in i i e fv (x ,))F  f (x f ),

then F satisfies F(zx)=o)(z) - -1  F(x) and has the compact support modulo Z 4 .  For
F, consider an operator on L6(GQ \ GA , w) defined by

( T (F ) f ) (x )= f(xy )F (y )dy.
Z A  \G A

When co is unramified and k=(2,..., 2), put M 0 =O z .N .  By the rela-
X 2=w,unram Hied

tion between S(n, k) and S(n,  w , k), we see

(2.1) tr T (F )= tr T (F 1 )  S(n, co, k)(+tr T (Ff)1M o ),

where tr T(F 1 ) I V is the trace of T (F 1 )  o n  V and tr T (F )  I M o is added when w is
unramified and k=(2,..., 2). For tr T(F), we have (c.f. [4])

tr T (F )= E  F(x - 1 yx)d5c,
L16 A  y eG Q /Z

for G=GIZ, and

(2.2) tr T(F) =vol(G Q \G ,)F(1)+ E  v o l  (P ,L x \ L ) E
L e ( V - 1 , x ) / F x 1:4‘ \G A

where L runs through all totally imaginary quadratic extensions of F which do not
split at p I b. For vol (GQ \GA )F(1), by Eichler [3] and Shimizu [10], we have

vol (G Q \GA ) — 2C((22)7r1D) 9 5 13 /2 f i — 1)1U:K f j,

where CF  (resp. DF ) is the Dedekind zeta function (resp. the discriminant) of F, U =
FIXD;, and F(1)=H  (lc, — 1)F f (1 f ). For the second term, we have
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(2.3) vol (F1Lx\L) F (x -1 X )d ) .0
L A  \G A

=
V 0 1 ( F \ L c ) 1 F„,(xr,Rx ca )d.*vol (Fgx\ L ) F  f (x V x  »c if( f

L .  \G - L f \ G f

=(— k1) vol (Fj.Lx\L1)1 F f (x -
f i x f )d.* f ,

1=1 L f \G f

w h e re  is  the vr component o f  i n  G A . Now we apply this to our case . L e t x be
a  character of Fl Fxo satisfying (1.2). For a divisor m of n with (f(a)), m)= 1, put

p,rn
W(m)=11 W(p). We decompose n  into n 1n2n3n4 in  such a  way as the following

PIm
conditions are satisfied.

i) (n1, ni ) = 1 if i 0 j.
ii) f(x) and 112 114 have the same prime factors.
iii) in and n3n4 have the same prime factors.

n i may be o. Such a decomposition is un ique . F or each prime divisor p of Ili, we
define S i, and f „ as follows:

i) For p 1, E o =K o and f o (x)= w o (d) - ' for x =  La
c

ii) For p 1112 , = Eo(xo) and f „(x) =f „ 4 „(x) for X E

e

(c.f. (1.3) and (1.4)).
iii) For P  1 3, = 0 1—‘,1 for v = ord o (n) and f 1 for x e S .

( u P
o (x)=.

iv) For p I tt4 , —11 and f „(x)=4,(adlo tty+2 )4(N(x)Ira 3 v+4 )ra 0 '

for x=  La  l e  2:3 where v = ord
a
 (n) and It = ord t, (f  (4 )).e  d 1" 

For p,1'n, we take S i f  p I a  and Eo =K o i f  p  a, and f  the characteristic
function of EoZo . Let vo =ord o (n) for p  n  and p ord, f(x o) for p I f(x). If  we
choose S o and f o in this way, then AT(F 1 ) coincides with T(a)U,W(m) on S(n, to, k)
with

A =  F 1  (
7

) , , (
— tu;P + 2 ");4(TV)) 1 -1  -

; 1 , ( w ; )

ot) G ( I ) P In
13 11(X)

and we can use the formula (2.1) and (2.2).
F o r  e L" —Fx and an order A of L containing o, put

E f Z f ,  A) = {xeG f lx - i xeE f Z f , L t, n x,,t,,x -,, 1= A,,

for p,l'n Lp n At, for pin },

Mtg ,  S t,Z p , = {x e G t,lx - 1 x e i-,70 .Zr  L„ n xc„x - i = A,,} fo r p)01,

Ho Z o , A d =  {x Lo n xR 0(n)x - 1 =A p} for pl

where for p,l'n, R o(n)= {La
c

 b
d ie M 2(F 0)1 a, b, d e or  ceno t,}. Then 21Z1,

A)00 if and only if M g ,  s,,z,„ Adoo for all p, and for almost all p, 1/2t; \M t ( .,
1-.71,Z1,„ Ao)/K o l = 1 .  (c.f. [6]). If  we choose a  measure du on L  s u c h  th a t  du=
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j -1 d u  and d u  = 1, then we see

vol (F L x \ L )= (h L (A)1h,)1[Ax : E ,

where hL (A)=-- ILVLx fl A I,p' I, hr  is the class number of F, and EF=O x
.

Hence (2.3) equals

( —1) 9 11 ki)(14.(A)/hF)/Pix fp(x x,)d*p.
Lp \Gp

We see also

f )dx  =
a p E L p M p ( ,'E p Z p ,A p ) /K p

We have to find the c o n d itio n  fo r  M g , ;Z „  A ) ø  a n d  compute E
Let T(X)= X 2 —sx + n be the characteristic polynominal of Put

Co(s, n, Ad=
apeL i,̀ I M p(4,170Zp, A p)/Kp

If  EV, E f Zf , A)0 0, then there exists a n  ideal in o f  F  which satisfies (n)=
anin 3 n i(  1 1  0 /4 )1 1 1 2 . I f  c = c in in ,q (  1 1  p 4 PP) is  n o t  a  square in  the ideal

PPin2114 I1121 4

class group of F in the narrow sense, then E,( ,  E f Zf , A)= 0. Hence we may assume
c satisfies this condition. Let I/ be the map of the ideal class group 1(F) of F to the
ideal class group I+(F) of F in the narrow sense which sends a class ri to its square
Choose representatives iii, 1 < i <I, which are integral and prime to an, from classes
in tr '(c - '), where 1 equals the number of classes in tri(c - i). Multiplying an  element
of Fx, we may assume satisfies (n)=cm 2  for some in = m i. For an op o rder A  of

L o , let Iw l , w2 1 be a basis of A ol„ and put D(A )=det [ w l w 31
11'1 11'2

0„. Here w'

is the conjugate of w over F r For p ,j/ n, let 2m = ord p (n)—ord p (a), then E p( ,
Ad 00 if and only if ord p m, and ord p (D (o [ ] ) )— D (A ) for p,l'b, and
for p I b, ord o (s)>  m , L  does not split at p and A the maximal order. W hen
this condition is satisfied,

n, A ) = 6 ( t u )  w ith  m = o r d  ( m )  if p ,l/b
and

C (s, n, A ) = (1 D c  ( t r t )  if plb,

where {  A P i s or 0 according as L is unramified at p o r  n o t. F o r  p  I n1 , by

Th. 2.3 of [6], mg, spz,„ Adoo if and only if ord l, (D(13 M ) ) . o r d  (D (A )),
and then

n, Ad= E (7(s—oc)+ E 0(00
cceam odr+P ccefrmodov+P



Theorem 2 . 1 .  Let z  be a character of  11Fxo satisfy ing (1.2), and  in a  divisor
of n such that (m, f(co))= I. L e t  n=it 1n2 n3 n4  b e  the decomposition defined above
f or z  and in. L et c be the num ber of  unrainified characters /1 of  F'AVFx such that
/12  = 0), and n the map from l(F) to J(F )  such that 

( ) =
2 , F o r  a n  integral ideal

ideal a  prim e to  n ,  p u t  c=anin 3n i  1 1  p " P  w ith po =ord o ( 1 ( 4 ) ) .  Put v =
P 111 211 4

ord o (n) f o r p I n .  I f  c e ri(l(F)), choose a  representative In w hich is integral and
prim e to na for each class in n- 1 (c), and denote the set of  them  by  { m } . Then one
has
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Here v=v, and p= ord o (D(o o []))— ord o (D(A )), and

Q = {cc E 0 1, 1 P ( x ) z  0 mod pv+2 P}

S2' = {a e Q I 1'(Œ) O mod pv+2 P+'1 if ord o (D(o o M )) 2p +1f

0 if ord o (D(o o [])) <2p +  I.

For p I n2 , by Lemma 2.4 in [8], 114 1g , E oZo , A ) ø  if and only if  ord o (s)> v +2p,
{a e oo I T(œ):_=_ 0 mod p 3 r + 2 4 , tP(a)# 0 mod p3 v+2 A+11 0  0 , a n d  ord o (D(0„Ni)) —
ord o (D(A o )) =v +p  for y=y o and  p = p .  When this condition is satisfied,

Co (s, n, /1 0) = (7).„(_(s_oivg,v,-,204acp(Œ)/,,,,iv+2,94(nit,,,iv+4,,),
ŒE,,,,modp2 , +"

W(ot)a0mocip 3  + 2 M
(a )00m od p3

As for the prime p j 113 ,  by [12], A/l o( , Z.-70Z r  /10) 0 0  if and only if  ord o (s)>ord o

(n2) and ord o (D(A o ))=ord o (D(o p [ ] ) ) •  When this condition is satisfied

Co (s, n, A )= 1.

For p n 4 , by Lemma 2.8 in [8] M o((;, EoZ,„ 4b') Ø  and only if ord o (s)> 2v+p
and ord o (D(o o N1))— ord o (D(A 0 )) = y + 2p for y= vo and p= p i,. When this is satisfied

Co (s, n, A  ) = ip(a(s/rqv+ " a ) ) .
zoo pmodp 0

a s l i t5 1 , '+ f im o d P

For F1 (1), we see F1 (1 )00  if and only if n= n ,, and ord o (a) is even for p I a. and if
1this is satisfied, F (1 )= f l  0 ) ( . ,,,,p ) for ao = ord o (a). Lastly, we must determine

the trace on M o . Let c be the number of unramified characters of F;1Fx such that
) 2 =  C O .  By Prop. 1.2, if n2n4 0 0, then tr T(F f )I M o = 0 and if 11,114 = o,

tr T(F f )I M o = c(— 1)9w(n 2 a) E  N(b),
(b .661 j= I

where b runs through all divisors of a prime to b. From these considerations, we
obtain
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tr W(n 3n4 )U,T(a)1S(n, co, k)

2CF (2)I D F1 3 / 2 N n = a(n / 11 1)(5 0 ) n (ruaa) H (Np —1) jj (1+ Np - 1 )
(2n)g "  p i b Pln

+  ( 1 )g
me(rn)

(n)=m 2 c
n>0

ni, k i ) H  C o (s, n, n(1.-{
s2 - 4 n < 0  i =1 Plnin2n4 Plb

x (hL(A)14)1[A :Ey]

+ b(k)(-1) 9 - 1 c0)(n,a) E  N(b)
b la

(6,b)=1

Here a(n/n,)(resp. S(n), b(k)) equals 1 if n/n, =o (resp. a  is a square, k =(2,..., 2))
1and otherwise equals zero. a o = ord o (a)for p1 a .  n is a totally positive element

in F which generates m2 c. For s, let Ws,„(x)= X2 — xX +n and L= F[X]l(P s,„(X)).
s runs through all integers of F  which satisfy the condition that ord o (s)>v o +2p o

for p I n 2 , ord o (s)>_ vo for pin,, ord o (s)>  2v  +ii o f o r  p in ,  ord o (s)._ ord o (In)
for plm , s 2 — 4n is totally negative and L does not split at p lb .  Let s; and n i be

the vi-component of s and n in F;i , and let a, 13 be the roots of X 2 —s iX +n i =0, then

a k-1 flIc —1 k - 2  
0(s i , n i , k) —  n i 2  .

a—

Put p o =ord o (D(o o M))— ord o ( D ( A ) ) .  A runs through all o-orders o f  L  which

satisfy the condition that po _.0 for p I n i and  O n 2n 3n4 m, p o =v o +p  fo r  P1 112,
p o =0 for p  n 3 , p o =v 0 +2ti o fo r p1 114 , po ord o (m) fo r plm , and A o i s  maximal
at pl b. The factors C o(s, n, A o) are given as follows;

a) For p in i ,

C o(s, n, A )= i o(vfo'P) ( (70(s —a)+ (7) (a))

52= {aeo o l Tfs ,„(a) 1:) mod pvol-2 Po}

Q'= {a e S21T ( a )  0  mod prp -F2 P0-1 1 if ord o (s 2 — 4n) 2p o + 1

1 0

f

otherwise

b) For Pln2,
X (nvg - 2 " ) 2  

C o(s, n, A ) =
G(2 0 )2 a e o p  mod p 2 v p+

ordp(i' s , (a))=3vp+2iii,

c) For pl n3 , C o(s, n, =2 o(ro;P).
d) For p in 4 ,

(T),(s — 0)2v (w.„.(x )).

X  (mr1- 2 /4 )
C o(s, n , A ) =  

G ( ) 2p ) 2 amod pl2 p
si 2 'p + mp— c140 mod p

i o (a(s 1 rcq,vP+PP — a))

aef2modavp+ap ae frm odpvp*Pp
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If c n(I(F)), then

tr W(n3 n4 )U,T(a) I S(n, co, k)=b(k)(—  og- lc o ( r t ,a )  E  N(b)
(6 N)I=1

Remark 2.2. Let p be a prime ideal o f F of degree 1 and x i the non trivial
character of o; of order 2 .  Then we see easily

a) E  i(a )G (x ) 2 = E (Np — 1 ) 1Pp((m+n)tu;ï 1) —1 —x i (a)G(Z1) 2 ,
X2 # id m nEa  mod p

b) E  i(a )G (x 2 ) 2 = E (Np — 1)tfrp (mra l; ' )  + 2  for a with x i (a)=1,
X2#id '1123a mod p

where x runs through all characters of o; which satisfies f(x)=p and x2 0 id.. Th.
1 in [9] can be deduced easily from Th. 2.1 by means of a) and b).
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