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Introduction

The theory of abelian integrals on arbitrary open Riemann surfaces has been
attempted in several ways by putting restrictions on the boundary behavior of
meromorphic functions and differentials under consideration (see references). In
this direction, Kusunoki [6] introduced the notion of canonical potentials and gave
a formulation of Riemann-Roch’s theorem and Abel’s theorem, which deal with the
class of meromorphic functions whose real parts are canonical potentials (cf. [5], [7]).
By using the notion of behavior spaces, Yoshida [21], Shiba [17] and others showed
the extended theory corresponding to various classes of meromorphic functions.
However the extended theory is yet limited in the point that the differentials used in
the argument of behavior spaces are assumed to be semiexact. Further, in contrast
with the classical theory, those classes are real vector spaces and the multiplication
of two meromorphic functions in the concerned class does not always belong to that
class. In order to improve these points we shall show in this paper a generalized
Riemann-Roch theorem by using certain new behavior spaces over the complex
number field with less restrictions. That is, we leave out the period conditions in
Shiba’s behavior spaces, which are required to make use of Riemann’s period relation
in proving the theory, and under the present conditions we are able to prove a
Riemann-Roch theorem and an Abel’s theorem without direct use of Riemann’s
period relation. To show a typical application of these theorems we introduce the
symmetric behavior space on symmetric Riemann surfaces which was considered by
Matsui [9] from a different point of view. Meromorphic functions subject to the
symmetric behavior space are not only Dirichlet bounded in a neighbourhood of the
ideal boundary by definition, but also bounded over there. Further, the concerned
class of meromorphic functions in our Riemann-Roch theorem is closed by
multiplications. At last some simple examples of meromorphic functions with
symmetric behavior will be shown.
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§1. Behavior spaces

Let R be an arbitrary open Riemann surface and I'=TI'(R) be the Hilbert space
of square integrable complex differentials whose inner product is given by

(1, 0= SSR Wy A*D, =i ggx (a1a,+b;by)dzdz,

where w;=a,dz+b,dZ, i=1, 2, and *w, = —a,idz + b,idZ is the conjugate differential
of w,, z being a local parameter. We denote by I',, the subspace of I whose elements
consist of harmonic differentials and by I',, the closure in I' of the family I't, of
differentials of C2-functions with compact supports. We introduce behavior spaces
which will play the fundamental role in the following.

Definition. A subspace I', of I', is called a behavior space if the space
*I'.={*w; weT,} is the orthogonal complement of I', in I',.

If I', is a behavior space, I',={@w; wel,} is also a behavior space, where @
denotes the complex conjugate of w.

Difinition. A meromorphic differential Y has I' -behavior if there exist a
compact set K on R and differentials we I',, wy e I, such that y =w+w, on R—K.

At first we shall construct a specific kind of meromorphic differentials with
I',-behavior. For an oriented closed curve y on R, we take a ring domain V, such
that y is a boundary component of ¥, and V, lies on the left side of y. There is a
function f, € C'(R —y) such that

1 in (a neibourhood of y) N ¥,
fy= _
’ 0 onR-V,.

Then 0,=df, is a closed differential in I'.  For a point p on R, we take a parametric
disk V(p)={z; |z| <1} about p. There are real C'-closed differentials on R—{p}
such that

) {-u%dmﬁ; on nn=%un<%}

p,n

0 on R-V(p), (n>1),
; {—%mm% on Vi,
P»”=

0

on R-V(p), (n>1).
Further for g € V;,,, there are real C!-closed differentials on R—{p} —{q} such that

— —2Z

p,q

{ dlog‘ﬁl on Vi,

0 on R-V(p),
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9p’q={ dlog\ z()‘ on Vi

0 on R-V(p).

Let (9, 0) be any one of (6,, 8,), (6, 8,.) and (6, 0,,), where §,=0. The 0+*6
has a compact support and belongs to I'. By the orthogonal decomposition I'=
[ A*T +T,4*,,, write 0+*6=w+1+wo+*1,, wel,, T€*,, W, o€,
Then 0—w—wo=1t+*1,—*0 is closed and coclosed in R—{p}—{q}. Hence
¢=0—w—w, is harmonic on R—{p}—{q}. Note that

d+i*p=0—w—wo+i(f+*1—10)
= —w+i*t—(wo + i)+ 0+ i,
where —w+i*tel,, wy+itgel,, and 0+ if has a compact support. This shows

that the meromorphic differential ¢ + i*¢ has I' ,-behavior. Thus we have a holomor-
phic differential with I',-behavior ¥, , and meromorphic differentials w1th r,-

behavior ¥, .(,.,..) whose singurarity 1S =5+ 1 ,,H dz at p< L dz at p and — (q)
at q>. We call these fundamental dlfferentlals with I .-behavior.

Proposition 1. If a meromorphic differential  has a I',-behavior, then there
exist a finite number of fundamental differentials ¥, v, Vp nx> Vp,.pix and complex

numbers cj, Cip, Ci Such that y=3 ey + T ol pnxt 2 Cialp; pis

Proof. Since ¥ has I',-behavior, there exist a compact regular region G and
differentials we I', and w, € I',, such that y =w+w, on R—G. There are a finite
number of poles of ¥ and we denote the support by p;,..., p,. Remarking that

S V= S w+wy=0,
oG G
we can choose ¢;, and c;; such that
‘p - z ci,n‘ppg,n,x— z 4 ',k‘//m,pk.x = l/’,

is a holomorphic differential. Clearly y' has a I'.-behavior and we write Y'=
o +w,on R—G, w'el,, wyel,, Further we can choose {c;} such that y'—aw’—
wo— X ¢;df,, =0, is exact on G and belongs to I,,, where the sum about y; is taken
over a homology basis of G. Let df, =w;+71;+@;0, @;€l, T;€*I, wjo€ T,
From ' =i*y’, we have

o' +wy+ 0o+ Y @+ 0—i*T))
=i*(@' +wo+00)+ X ic;(*o;+*w; o +ity)
and this vanishes. Thus y'=3 c,(t;+i*t)=3 ¢, , and
U=ty s+ 2 Cialpunxt 2 €kl p i

Remark. If the local parameters about {p;} which define the fundamental
differentials are designated, the representation of ¥ is unique.
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Lemma 1. Let G be a disjoint union of parametric closed disks {G;} which do
not accumulate in R. Let a Jordan curve y not meet G. If a meromorphic dif-
ferential Y is written as y=w+wy, wel,, wyel,, on R—G, then

Sy¢= B gac L2

where d¥ =y on 0G and Y, =y, ; denotes the fundamental differential with I -
behavior. Further, if ¥ is a single valued meromorphic function on every G, then

Sy W= ~2ni ¥ Res ¥y,
Proof. Note that
0=, *¥ )r-c=(0+w,, )R — (0 + w,, *V )6
where Y, =7+i*7, 1=df,~0,~ 0, e*I',, w,el',, w,,€l,,. We have
(0+wg, *P)r=(0+ g, *T+it)g=(0+ Wy, *T)g
=(w+wy, *df,—*w,—*w, o)r

=(w+ wy, *df))r

[ fw+ey
(R=v)

(.

On the other hand, remarking that Sa ¥,=0, we have
G
@+oo, *F)o=— |{_dor+wou,

- Sac ¥,

where dW=w, dWy=w, on G and W+ W,=¥. Thus the statement follows.

§2. A Riemann Roch type theorem

Let {V;} be a family of parametric disks (V;n V,=%, j+# k) which do not ac-
cumulate in R, andset V=UV;. Let 6=0,/6,=q;"qu/p1--p.(U{q:} N U{p;}=0)
be a finite or an infinite divisor whose support is in V. We consider the following
vector spaces over C of meromorphic functions and meromorphic differentials.
M(1/5,; I'.)={F; F is a multi-valued meromorphic functions on R whose divisor is

multiple of 1/6, and dF =w+w, on R—V, wel,, wy e T,,}.
S(6; IT'){fe M(1/5,; I,); fis single valued and the divisor of f is multiple of &}.
D(1/6,; T')={¥; ¢ is a meromorphic differential with I',-behavior and the divisor
of ¥ is multiple of 1/6,}.
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D(1/6; T')={y e D(1/é,; T',); The divisor of ¥ is multiple of 1/5}.

When deg 6,#0, two elements F; and F, of M(1/6,; I') is identified if and only if
F,—F, is a constant. The M(1/6,; I',) is independent of the choice of V whenever
it contains the support of J,,.

Theorem 1. (Riemann-Roch type)

- M(1/6,5 ) _ 4. D(1/84; Ty)
dim S(6: ) dim D(/6:T)

If 6, is a finite divisor, then

. . . D(1/64;T,
dim S(3; I')=deg &, + 1 —min (deg 3,, 1)—dim F((#Sq;—fx)l'

Proof. As we have no period conditions as in Shiba [17], we need a slightly
different argument. In place of the bilinear relation we shall use inner products with
the same role as the bilinear relations. Now we consider the bilinear form

.

h(F, Y)=2ri Y Res Fy,

which is defined on the product space M(1/8,; I',)x D(1/6,; I',). Although F is
multi-valued, Res Fy is well defined. For Fe M(1/5,; I',) there exist differentials

p
wel, and woéfeo such that dF=w+w, on R—V. By Proposition 1 we can
write

V=3 c¥,:+ 2 ci¥nzt 2 il gigez
further write that on R— V' (V' = V' U {a simply connected region having the poles})
=T, +i*T, 1,€*l,,

Vonz=0int00,m 6in€l, and oo;,€l,,

Vayaz=0jx+00,j0 0jx€l, and oq; €T,
Set

d=73 c7, + *1)+ 2 ¢ l(Gint 00,1+ 2 €06+ 00,50
on R then ¢=y on R—V’. We have

0=(dF, *'p)R—V’
=(w+ o, *@)r-y-

= ((D, Z E‘,'*T)')R - (60 + o, *$)V'

=Se | o+ wo @w=otan TIf wel<iawiiel)

- Ecygde+ { P
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Thus 27 ¥ Res Fy=— 3 c, S dF, and
Y

h(F, ¥)=2mi ¥ Res Fy= — 3" cyS dF—27i Y Res Fy.

Since 3" and Y are finite sums, h(F, y) has a finite value. For fe S(; I',) and
Y — 4
Y eD(1/o,; T,), itis clear that S df=0 for any cycle y and that 3 Res fyy=0. There-
fore S(6; I',) is contained in thye right kernel of h(-,-). Conversgiy let Fe M(1/5,;
I,) satisfies that h(F, y)=0 for any Y e D(1/d,; T',). Since ¥, e D(1/5,; T,), S dF=
—h(F, y,)=0. Thus F is single valued. If degd,=0, F belongs to S((YS; r).
Let degd,>1. For Y, ,.eD(1/6,; T,),
O0=h(F, Y4,.z)=—2miRes Fy, , ;
qi
and for ¥, , € D(1/6,; T,),

0=h(F, Yy,q.,2) = —2ni(F(g,) — F(q.)).

It follows that F— F(q,) € S(6; I',) and the right kernel of h(-,-) is spaned by S(6; I',)
and constants. The D(1/8; I',) is contained in the left kernel of h(-,-), because
h(F, )= Res Fy =0 for y € D(1/5; I',) and Fe M(1/,; I',). Let y e D(1/5,; T,)
satisfy that pih(F, Y)=0 for any FeM(/5,;T,). Take ¥,,.eM(1/s,;T,)
(AY,,nx=Vp,nx)- Then

0= h( 'ij,n,x’ lp) = Rfs qlp,,n,x.//’
Jj

and Y e D(1/6; I',). This shows that D(1/8; I',) is the left kernel of h(-,-). The
first statement follows. When 6, is a finite divisor pj*---py~, M(1/5,; I',) is spaned
by {¥,,ux ¥ pkx=Wpkx J=1,....,n, 1<k<pu;} and a constant 1. From the
convention dim M(1/5,; I',)=degé,+1—min(degd,, 1). Thus the second state-
ment follows.

Now remembering classical Weierstrass points, we define the following.

Definition. An positive integer n is called a I', gap value at p if S <# ; I‘x>=
S <p—,,1q ; I', ), otherwise n is called a I', non gap value at p. A point pe R is called
a I', Weierstrass point if all positive integers not exceeding the genus g(< o0) of R
are I', gap values at p.

By Theorem 1 n is a I', gap value at p if and only if D(p"; I',)#D(p"~!; T)).
By usual argument we have

Proposition 2. There exists a family of linealy independent holomorphic
differentials /,..., Y, with the I -behavior such that the order p; of zero of Y, at p
satisfy '

O<py <p,<---<u,
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Then the integers p;+ 1, po+1,..., p,+1 are whole I', gap values at p.

§3. An Abel type theorem

Let 6, and 9, be finite or infinite divisors on R whose supports have no inter-
section and are contained in V; /2<V,.,1 /2={z,-; |z;] < —;—} cI/}). Assume that the

restrictions to each V,,,, of 8,, 8, have the same degree. Write them as p;;**pin
and q; ,--q;,, Where p,; (resp. g;;) may coincide with p;, (resp. q;,) for j#k. In
our assertion of Abel’s theorem we need an assumption that there exists a closed
C!-differential 6 in R— U (p;, U q;,;) such that

[ d > log (zi_zi(pi,j))/(zi_zi(qi,j)) on Vi

0 on R-V
and (0, Og-yv, ,,,<©-

Theorem 2. (Abel type) The following two conditions are equivalent.
(1) There exists a single valued meromorphic function f such that (i) the divisor
of f is 8, (ii) dlogf=w+w, on R—V for some we I, wo€l,,.
(2) Let C be a chain in V such that 0C=¥(p; ;—4.,j)- ThenS Y, 5 is an integer
c

for every Jordan curve y not meet V.

Proof. Let f be a meromorphic function in (1). Then we have

[ Vis=T Res ¥, dlogs (A%, e=¥,,0)

21 : ZS ¥, zdlogf (absolutely convergent)
T Jevy 7

-1
=5 % Savilogf .

Therefore, by Lemma 1,

SC Yy x= 2;1. gyd log f= 21_nSyd arg f

and this is an integer. Let show the converse. By the assumption 6 —i*6 belongs
to . From the orthogonal decomposition we can write 0 —i*0=w+1, we ', +T,,,
te*I,+*I,,. Then y=0—w=1+i*0 is closed and coclosed, hence is harmonic
in R—U(p,;Uq;;).- The ¢=(y+i*y)/2 is a meromorphic differential which ¢ =
(—w+i*1)/2 on R—V. Hence by Lemma 1

1 —1
e ) 6= 2 B, W @2=9)

= 2—;:1_ Z SaV; 'PY,fd’ (dllly,:?:lpy,x)

13
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; Res ¥, ;¢

l/Iy,i

Cc

Il
—

and by condition (2) ZLmS ¢ is an integer for every Jordan curve y. Thus f(p)=
exp Sp ¢ is a single valued meromorphic function and f satisfies (i) and (ii), because
dlogf=¢ and ¢ = —w+i*r on R—V.

Remark. The f is uniquely determined except for non zero multiplicative
constants. If f; is another function in (1), 6=d logf—d logf; belongs to I',+T,,.
Then (o, 6)=(0, i*6)=0 and ¢=0.

§4. Symmetric behavior spaces on symmetric Riemann surfaces

Let R be a symmetric Riemann surface i.e. there is an anticonformal mapping
J from R to R so called involution, and the composite mapping JoJ is an identity
mapping. Let V be a parametric disk and z be the local parameter. Then J(V)
is also a parametric disk and denote the local parameter by w(J: z—»w). For a
w € I',(R) there exist harmonic functions f(z) (on V) and f(w) (on J(V)) such that

[ df=f,dz+f,dz on V
df=f, dw+f,dw on J(V). -
We define J#(w) the pull back of w by J;
d(foh)=f.w,dz+f,w,dz on V
JHw)=
d(fod)=f,z, dw+f,z5dw on J(V).

Note that J¥(J¥w))=d(foJoJ)=df on V, =d(feJoJ)=df on J(V), and for *w=
—if.dz+if,dZ on V, = —if,dw+if,dw on J(V)

ifow, dz—if,w,dZ  on V
J*(*w)=
if;z, dw—if,zgdw on J(V).-
So we can define a linear mapping J*: I',— T, and get the following.

Lemma 2. For wel, '
JH(JH(w) =0, J*(*o)= —*]J(w).
Set
I',={w+J¥(w); weTl,},
I'={w—J*w); werl,}.

Then J¥(I')=T,, J¥I,)=TI, and *I';={*w; wel}=I, because by Lemma 2
JHw+J¥H(w)=JHw)+to, J{o—J(w)=J(w)—w and *w+*J*(0)=*0w—-J*(*w).



Riemann-Roch theorem 643
Lemma 3. For w, and w, in T’
(@1, JH@2)) =T} (@,), w,) and (JH(@y), JH(@,))= (@1, ©2).
Proof. Write w;=a{z)dz+b(z)dz on V, =ad(w)dw+ b (w)dw on J(V)(i=1, 2).

we have

(J* (0,), 0) = SS (5 ,#.dz + d,w,dz) A (—iaydz +ib,d%)
R

=1

(bya,w,+a,byw;) dz Adz,
R

(@, JH(w3)) = SSR(&Idw+Eldv‘v) A= iB,5,dw + ia,2,d7%)

|
=i SSR (d1byz5+b,a,2,) dw AdW

=iSS (d,B,w,+B,a,w,) dz A dz.
R

Thus (0,, J#(®,)) =(J*(w,), ®,) and (J¥(@,), JH(w,)) =(J*(J*(@,)), ©;) =(@;, ®).
Proposition 3. The I'; and the I', are behavior spaces such that
r+rI,=r,.
Proof 1ltis clear that I',+I',=TI',. By Lemma 3 we have
(0, +J¥(wy), w, —J¥(w,))
=(wy, 03) —(J¥H(@y), JH(@2)) — (@1, JH(@2)) +(J*(@y), @;)
=0.

This shows that I'; is orthogonal to I',. Since I',=*I';, they are behavior spaces.

Definition. A meromorphic differential  on a symmetric Riemann surface R
has the symmetric behavior if § has the I';-behavior and a meromorphic function f
has the symmetric behavior if df has the symmetric behavior.

A meromorphic function with the symmetric behavior has the following
property.

Proposition 4. Let f be a meromorphic function with the symmetric
behavior. Then f is bounded in a neighbourhood of the ideal boundary.

Proof. Since df has the symmetric behavior, there exist a compact regular
region G(G=J(G)) and C!'-differentials wel, wy,eTl,, such that df=w+w, on
R—G. The restriction w|g_g on R—G of w is exact and it can be extended to C!-
differential @ on R which is exact on R. For o' =dW’, set W =(W’'+W'oJ)/2.
By the orthogonal decomposition we can write AW=0+ @y, ®ely,, dgel,,
Since dW =J¥dW)=(J*(@®)+ @)/2+(J*(®o) + Do)/2, the & belongs to I'y N I,.
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Write @ =dS and &q+ w,=dS,, where |S,| is a Dirichlet potential. Then we can
assume that for some potential P, |Sy| < P,. Now we know d(S+S,)=df on R—G,
because d(S+S,)=dW +w, and dW =(w+J*w))/2=w on R—G. LetS,and S;,
(resp. S, and S, o) be the real part (resp. the imaginary part) of S and S, respectively.
Take constants n and m which satisfy m<S;+S;,<non G, i=1,2. Let S;An be
the greatest harmonic minorant of min(S;, n) and S;v m be the least harmonic
majorant of max(S;, m). Set h,=(S;An)vm. Since hpJ=h;, dh;el,, We
can write

min (S;, n)=S;An+P,;;,
max (S;An, m)=h;—P; ,,
where P;; and P, , are potentials. Then
S;An+P;+Py=min(S;+ Py, n+ Py)
>min (S;+S;,0, 1)

>min (S;— Py, n—Po)

=S;An+P;—P,.
Further
max {min (S;+ S; 0, n), m)} <max(S;An+P;; + Py, m)
<max(S;An, m)+P;;+ P,
=h;—P;,+P;;+P,
and also

max {min (S;+ S; 0, n), m)} >max (S; A n+P;; — P, m)
>max(S;An, m)—Py—P;
=h;—P; ,—P;;—P,.

Thus we can write
max {min (S;+5S; o, n), m}=h;+S,,,
where dS; , belongs to I',,. Set h=h,+ih, and §,=8, 0+i5;,. Then
d(S+Sg)=d(h+8,) on G,

and

Id(h+8o)llr-5< d(S+So)llr-c=df | r-5 -
By the way

(d(S+So—h—18,), d(S+So)r-c
=(d(S+So—h—580), i*d(S+So))==0,
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hence
1d(S+ So)lIk-5=(d(h+55), d(S+So)r-a-
Therefore
0<ld(S+So—h—S,)|12

=[|d(S+So)I2—2(d(h+8,), d(S+So)) + [d(h+8)||?

=l d(h+8o)lI2— 1d(S+So)[1><0.
Thus d(S+S,)=d(h+5,). It follows that f is bounded on R— G.

This boundedness allows that the multiplications of meromorphic functions with
symmetric behavior have finite Dirichlet integrals in a neighbourhood of the ideal
boundary. Further, we have

Proposition 5. Let 6, and &, be finite divisors. If f,e S(6;; I'y) i=1, 2, then
f1£2€8(6162; I).

Proof. We can write
df;=dS;+dW; on R-V,

where S; are harmonic and S;oJ =S; and W, are Dirichlet potentials. The functions
S; and W, have continuous extensions S, and W, to Royden’s compactification R* of
R and W, are zero on the harmonic boundary of R* (cf. [4]). Since (S;+ W;)x
(S,+ W,) has a finite Dirichlet integral, by the Royden’s decomposition

(SI+W1) (S2+ W2)=h+P,

where h is a harmonic function and P is a Dirichlet potential. Note that h is a
solution Hg g, of generalized Dirichlet problem on R* with boundary value 3.8,
and hoJ=h. Since d(f,f,)=dh+dP on R—V, f, f, belongs to S(6,0,; I'y).

Similarly we can prove the following.

Proposition 6. Let J be a finite divisor and fe S(6; I'y). Let a complex number
o be excluded from the boundary cluster set N {f(R—R,); R, is a regular exhaustion
of R}. Then 1/(f—0a) has the symmetric behavior.

As for the I'; gap values we have, by Proposition 5, the following.

Proposition 7. Ifn is a I', non gap value at p, then for every positive integer m
the integer nm is also a I'y non gap value at p and D(p™™; I')=D(p"™~*; I')).

At last we give examples of meromorphic functions with the symmetric behavior.
Let D, ={ze C; |z| <1}, D2=é—E and D;=C—F, where E is a compact set in C
which is symmetric with respect to real axis and F is a compact proper subset in a
unit circle. Then J,(z)=2Z, J,(z)=Z and J4(z)=1/z are anticonformal mappings
on D,, D, and D, respectively. Let R, be an n sheeted full covering on D; such that
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the branch points lie on a set B; which is invariant by J; and the lift J; of J; can be
defined to give an anticonformal mapping on R;. Further provide that Oe By,
o0 € B, and oo € B; are isolated branch points of order n—1 and no accumulating
point of Bj lies out of the unit circle. A meromorphic function f;(z)=z+ 1/z has the
symmetric behavior on R;. If the genus of R, is larger than n, zero is a
I'y Weierstrass point. When E consists of slits on y=+./3x or y=0, f,(z)=z3 has
also the symmetric behavior on R,. On R; f3(z)=z is a meromorphic function with
the symmetric behavior, which is unlike f; and f, at the following point: fioJ; =
fi, faody=f, but fyoJ3#f5.  The reason why f; has the symmetric behavior is f;oJ =f;
on the boundary.
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