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Introduction. The generalization of Abel’s theorem to open Riemann surfaces
in the form analogous to the classical one has been studied by many authors (for
recent references, Maitani [4], Sainouchi [6], [7], Watanabe [8]). In this paper, we
define a class # (.#,) of meromorphic functions on an arbitrary open Riemann
surface (for the definition of .# (#,), see section 2) and give a necessary and sufficient
condition for the existence of a meromorphic function of .# (.#,) which has the
given divisor. It has a similar formulation to classical Abel’s theorem, but we do
not assume the finiteness of divisor. In the last section, for certain class of Riemann
surfaces with a metric condition, we give some sufficient conditions in order that a
meromorphic function should belong to the prescribed class.

1. We shall consider an arbitrary open Riemann surface R and denote its
genus by g (0<g<+0). Let {Q,} (n=1,2,...) be a canonical exhaution of R,
then there exists a canonical homology basis {4;, B} (i=1, 2,..., k(n),...) with
respect to {Q,} such that {4;, B;} (i=1, 2,..., k(n)) for a canonical homology basis
of @, (mod 0Q,). Let 2 be a class of an enumerable number of semiexact holomor-

phic differentials dw; (i=1, 2,...) on R such thatg dw;=0d;; (Kronecker’s 6) and set
A
S dw;=B;;=¢;;+it;; (&, 155 real).  Also a class of the square integrable semiexact
B
hojlomorphic differentials having the same property as above is denoted by 2,.

The class 2 (2,) always exists on an arbitrary open Riemann surface, but does not
be determined uniquely for given canonical homology basis.

2. Let .# be a class of meromorphic functions on R such that each function f
belonging to .# has the following two properties: (1) there exists an integer n, such
that for all n (Zn,)

[ ,dlogr=0  (i=1,2,m),
¥n

where {9 are the components of dQ, and do not contain the zeros and poles of f.

Communicated by Prof. Kusunoki Oct. 27, 1984.



66 Yoshikazu Sainouchi

@) fim S wid log f=0,
o2,

n—»o

where dw;e 2 and w;= Sp dw;=w,p) with a fixed point p, € R.
If 2 is replaced bypog0 in (2), we use #, in place of .#. We note that
S o w;d log f (n=n,) do not depend on the choice of branches of w; and the number
0.

of zeros of fin @, is equal to that of poles of f.
Now let 6=]]a,;/I1b; be a divisor on Rand §,=a,---a;,/b,* by, its restriction

to Q,, where we assume 09, does not contain a; and b; (i=1, 2,..., I(n)). Also let
1(n)

us denote by 7; a singular 1-chain in @, such that dy;=b;—a; and set c(n)= ). 7;.
i=1

Proposition 1. The necessary and sufficient condition for the existence of single
valued meromorphic function f of # (M) whose divisor is exactly & is that the
conditions

k(n)

©) lim {Sc(n) dw;— (my— 3 njBij)} =0

n—o Jj=1
hold for all differentials dw;e 9 (2,), where m; and n; are integers.

Proof. Take a simply connected region U; containing a; and b; and set
1(n)

U= U U,. Since the square integrable analytic and anti-analytic differentials are
i=1

mutua_lly orthogonal, we have
(dw;, *dlog f)q,-u=0.

On the other hand, by the Green’s formula we have

(n)
@ (@w, *dT0gNa,-v= 2 (| aw| diogs

J=1 \J4; Bj

—S dlogfg dw,) —S wdlog .

Aj By 0(R,-U)

Set S d log f=2rnin; and SB d log f=2nim; (n;, m;; integers), then the right
4j i

hand side of (4) becomes to

k(n)
2ni Y (6,;m;—n;B;;) — S wid log f+ S wd log f
=1 29 o

k(n)

—2mi(m,— S n,.B,.,.)—S wd log f+S widlog f.
Jj=1 02, oU

By the calculation of residue we have

(n)
S widlogf=2ni S (wia,)—wi(b))= —2ni S dw,.
ou Jj=1 c(n)

Hence we obtain
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5 [ dwimni= "8 n By = - 5 dl
(%) . Wi—my— 2 n;bij) =~ 5 San,. w;d log f.

Jj=1

Therefore by (2) we have the desired result (3).

Conversely, let dp be a meromorphic differential which has a simple pole of
residue 1 (—1) at a; (b)) (i=1, 2,...), respectively and add to d¢ an appropriate
holomorphic differential, then we can get the meromorphic differential dys such that

S W =2min,, S dy=2nim,; and S dy=0.
Ay Bj

G
In >

Set Yy=[dy and f=expy, then f is a single valued meromorphic function with

given divisor andS o d1logf=0. Hence if (3) is satisfied, it follows from (5) that

limS wid log f=07." Thus f belongs to .# and the proof of proposition is com-
n”

n—-+o

pleted.

3. When dlog f is the distinguished harmonic differential, a single valued
meromorphic function f is defined to be quasi rational (Ahlfors-Sario [1]).

Proposition 2. The quasi rational function belongs to class #,.
Proof. Since a distinguished harmonic differential is semiexact outside a suffi-
ciently large regular region, the property (1) is clear. Also we can put

dlog f=wpy,+w,.,+1,

where @y, € s ®eo €., NI and 7 is zero in each component of R—Q, for a
large n. Since Iy, L*I';,, and I',, LT, we have

(dlogf-r, *d—W,) = (Wpm + Deos *N) =0.
While d log f— 7 is exact, so if we set dh=d logf—1, then

(dlogf—1, *dw))=lim (dh, *dw)q,,

=—1imS hdwi=limS widh=1im$ widlog f.
n-o Jon, n—=o JoR, n—o JoR,

Thus the quasi rational function has the property (2).

A quasi rational function has the same finite number of zeros as poles and dlog
fis exact in R—Q, for a sufficiently large n, and so there exists an integer k such that

ny= XAjdlogf=0 G>k).

Corollary. Let =a,---a,/b,:--b, be the divisor of a quasi rational function,
then

k
S dWi=mi— Z n]BU for all dwie 90,
c Jj=1
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1
where c is a finite cahin Y y; (0y;=b;—a;).
Jj=1

Let 2, be the set of square integrable analytic differentials ¢ such that the
real part of ¢ has the I',-behavior, where I'y,,=I', =TI, (Kusunoki [3], Yoshida
[91). Now we denote by .#, the class of meromorphic function f such that f satisfies
(1) in section 2 and

limIm g dlogf=0,
n—o 002,
where & =d(p)= SP 0 (pe 2).
pPo

Proposition 3. The necessary and sufficient condition for the existence of a
meromorphic function f such that f belongs to #, and its divisor is exactly é is
that the conditions

lim Re S @ 4,=integer
c(n)

n—»o0

lim Re S @p,=integer
n—+o c(n)

hold for the differentials ¢4, @p, (€ 2,), where ¢, and @y, are the fundamental
differentials associated to the homology basis A; and B, respectively.

The proof is obtained easily by the same way as in section 2 and so we shall omit it.
Also let &, be the class of meromorphic function f such that Re log f has I',-behavior,
then &, .#,.

4. We take mutually disjoint annuli D{ (i=1,..., m,) each of which includes
exactly one contour of 0Q,. Let D,= U D{) and assume that D, (n=1,...) are
i=1
disjoint each other. If, in the definition of .# (.4,), (2) is replaced by the following

(2'), then we shall use .#' (#) in place of # (#4,): (2') there exists a canonical
exhaustion {Q,.} such that

n’'—w JoR

aQ’l' CD"' and lim S , Wid ]0gf= 0,

where the sequence {Q2,.} is the subsequence of {Q,} and depends of f and dw,;e 2
(2o)-
By the same way as in the proof of proposition 1, we have

Proposition 4. The necessary and sufficient condition for the existence of a
single valued meromorphic function f such that f belongs to 4’ (Mp) and its
divisor is exactly 6 is that the condition

k(n’)

3) lim {Scm dw,—(m,—

n’—0

j 1B} =0
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holds for each differential dw;e 9 (2,), where the support of 6 is contained in
R—UD,.

Now let v{¥ be the harmonic modulus of D). If

(6) ¥ min v{) = oo,

n L3

then the Riemann’s period relation holds for any two differentials (e I'j,,) and so the
class 9, is determined uniquely by the canonical homology basis and B;;= S dw;=
B

S dw;=Bj; (dw;, dw; € 2,), and for each n the matrix (Im B;;); ;-;,2, .. 18 pjositive
Bi

definite (Sainouchi [5], Kobori-Sainouchi [2]).

Proposition 5. Let 3 min v be divergent and f be a meromorphic function
on R such that f satisfies (1) and
Q) ldlogfllup, <+,
then f belongs to .4 and so
k(n’)

lim {S dw;—(m;—
c(n’)

n’'—o

njBU)} =0

Jj=1

for each differential dw;e 2,.

Proof. 1f 3 min v{) =0, then there exists a canonical exhaustion {Q,.} such

that (2") holds for dv;,-(e 9,) and f satisfying (7), and so we obtain the desired result
by use of proposition 4.

5. Next we shall consider the converse of above proposition. Here the
finiteness of divisor is assumed.

p—o i,

. : . p
Proposition 6. If '; min ) =00 and lim j2=1 n;nt;; converges and moreover
(n

1 (by )]
(8) ng Sa; dWi= e }xl-{?o j§1 njBij
for each dwi(e 2,), then there exists a single valued meromorphic function f such
that ()the divisor of f is exactiy d=a,---a;/b,---b, (ii) d log f is semiexact and its
norm is finite outside of a compact subset of R, where m; and n; are integers. The
function f is determined uniquely up to the multiplicative constant.

Proof. We use the Abelian differential dw(a;, b;) which has the following pro-
perties (i) dw(a;, b;) has two simple poles a; and b; with residue 1 and — 1, respectively
(ii) the norm of dw(a;, b)) is finite outside of an arbitrary region containing a; and
b; (iii) it is semixact outside of a suitable curve joinning a; and b; (iv) all A-periods of
dw(a;, b;) vanish. The existence of dw(a;, b;) has been proved in [5] and in the
present case it is determined uniquely.

B,-period of dw(a;, b;) is obtained by the application of period relation and we
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have
©) SB dw(a,, b)) =2ri(w(b,) —wi(a,).

Put dw'= Z dw(a;, b;) and dw, = Z n;dw;, where n; are integers in the assumption.
j=1
Then

[dwy |12 =(dw,, dwp)= 2 nn(dw;, dw;)

2p= {nh-?:o Ak,Bgcﬂ,.”<SAk dWi SBk‘d—M)J‘—_SBk dWi SAR —‘—v_l>

14 —
_i,zln,-nj(Bji Bj)=-2 Z nn;tT;;,
i,j=

ih,j=1

therefore, if lim Z m;nj;; is convergent, dw, converges to dw"(e I',) in norm

po® i,j=1

and we have

(10) S dw”—hmZnB and S dw"=n;.
By Ay

p—®© i=1

Set dw=dw’ +2nidw", then by (8), (9) and (10) we get
S dw=2rnin,
A
and
g dw=2mi 3 (wb))—wy(a,)+2nilim Y nB,
Bx = poo i=1
=27'Cimk.

Now set f=exp | dw, then f is a single valued meromorphic function on R and its
divisor is exactly 6 and d log f=dw is semiexact outside of a compact subset of R and
has a finite norm. Let g be an arbitrary meromorphic function with the same
properties as f, then by the application of period relation to the square integrable
harmonic differential d log |f/g| (€ 4. N *I';s,) We have |f/g| =constant and so f is
determined uniquely up to the multiplicative constant.

6. Finally, we shall give a sufficient condition in order that a meromorphic
function should belong to the class #’. Let w be a fixed square integrable holo-
morphic differential and set dw;=g;0 (dw;€ 2). Also we denote by u+iv (v;

0
conjugate of u) the function mapping U D, onto a strip domain; O0<u<R'= } v,
n=1
0<v<2mn, where v, is the harmonic modulus of D,

Proposition 7. Let f be a meromorphic function such that ||df ||,p, <+ and
[ satisfies (1), and set
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M{(g)= max lg,p)l, MP(UH= max [1/f(p).
peD® peD

0]
MP(gIMPAS)

If i min =00 for all j, then f belongs to A'.
n=1

Proof. let I,=[ Z Vi, Z v;] and for rel, we denote by y{ the level curve
{peR; u(p)=r} contamed m D(') In U D, we can put w=adu+ bdv and df=

f.du+f.dv, hence if we set L(r)= f S @ ldw; IS o |dlogf| and L,= min L(r),
i=1 rel,

then
1/2 1/2
(oo, 1rao)(§ temao § | 1f12dv)
mn 1/2 mn 1/2
) (S |g,12dv S o) § (S Iblzdvg o 1£ul2d0)

(i) (i) n
£2rv, max M, (g,)](\l) /1) (S IbIZdUS2 lf,,|2dv>1/2
i vy 0

L,

IIA
g

IA

By integration with respect to r € I, we have

L |:27t max M(z)(g )M(.)(l/f) j| <”w”D,.”df"D,.9

v(z

hence it follows from the assumption that lim L,=0. Consequently there exists

n—oo
a subsequence {n'} such that
Tim ]S wydlogf | < lim L,=0, g.e.d.
n’—o oR,’ n’—o

With a slight modification we can prove

Proposition 8. Letf be a meromorphtc function such that ||dlogf|,p,<+ o0

and f satisfies (1). If Zl mmM—(i)(—) = o0 for all j, then f belongs to .#'.
n= 9gj
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