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§1. Introduction.

Let A(x,D) be a matrix of pseudo-differential operator of order p in the form
(L.1) A(x, Dy=H(x, D)4*+B(x, D), «x€R!,

where H(x, &) is mXm homogeneous matrix of degree 0 in £(|¢|=1) and smooth
in x and &. B(x, §) belongs to the class $?%, 0< p,<p, modulo smoothing operators.
Here, the symbol of A belongs to S}, (see for example, H. Kumano-go [2]) and
coincides with |¢]| for |£§]|=1 and p is a positive number.

The purpose of this paper is to show that the condition
(1.2) Sup Re 2;(x, £)<0, Igvism

ser, EeSIE—l

is necessary and sufficient in order that there exist positive constants a, 4 and S
such that the estimate

(1.3) [(AI—A(x, D))U(x)l|=a(|2l—B) I Ui+l Ull, for vUeH?, V2, Re 2=§,

holds.
Here U(x) is m-vector, [. [, [ |5 denote L? and H?-norm respectively. 2;(x, §),
(t=1, 2,...m) are the roots of the characteristic equation

det (AI—H(x, £))=0.

Note that the sufficiency was proved in [1] by using a partition of unity of
the unit sphere S}! and a partition of unity in R, as in Mizohata [3]. Therefore,
we need only to show the necessity of the condition (1.2).

In this article we shall use the method of micro-localization of pseudo-differe-
ntial operators which was developed by Mizohata [4] and [5]. In §2. we give
the definition of micro-localizer and state our result. In §3. we give the proofs
of the proposition 2.1 and lemma 2.1.
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§2. Statement of the result.

In this section we give the definitions of the micro-localizer a,(D) B(x) and
state our propositions and lemmas.
The following definitions are duc to Mizohata [4] and [5].

Definition 2.1.
Let (xo, £)ER!X R0 and [£°|=1. Let a(§)eCy,
0<a(e) <1, =1 on {§, [6—£°1<r2} and=0 on {§ |§—E8°| =1}, re<]. Put

1 w(E)=a(3),
We note that
i) an(é) has its support in {§ |§—nfe}|<nr}, and=1
2.2) J on{g, 1§—ng’| Snr.f2).
lii) lag”(§)| < cqw/n'!,  for p=0.
Next, B(x)eCy, =1 on {x, |[x—x|<r/2},
and=0 on {x, |x—xo|=7}.

Notice that 7, is usually chosen small and we call it the size of micro-localizer.

Assume that the condition (1.2) is violated, namely for any given ¢(>>0) small,

there exist (%, &), £&°(€R!, |&°|=1) and one of the characteristic roots, say A;(x°,
&), such that

(2.3) Re a1(x,, 8% = —e.
Let ¢=t(c1, czy..., ¢m) be an eigen-vector corresponding to ; (xo, &),
then
o al
(2.4) H(x,, E"){ }=21(xo, 60){ }, j321|¢:j|2=1.
Cn Cm
Now, consider the scquence
C1
(2.5) Un<x>=an<D>ﬁ(x>¢<x{ }
Cm

where a,(D)B(x) is the micro-localizer which was defined above and Pn(x) is
defined as follows;
let ¢(&) be a function with support in |§]|<1, and

W(e) tdé=1. Then putting  ¢n(6) =(E—nE"),
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we define
Fn(x) = F ()] = (2m) o780 () d
= (2m) 1ot (e —ngo) dg=emreod (),
where
(2.6) §(x) = (2m) 1 [eirtg(e)e.

Hereafter according to U, defined by (1.5), we take 2 in (1.3) defined by
(2.7) An=PBot+en?+2A1(x0, £°)nP.
Let us notice that it holds
Re 2, = B, >0.
(1.3), (2.5) and (2.7) imply
(1.3) (2l = A(x, DYUn(IZ b Un(x)llp,  n=1, 2,...

On the other hand, we can show that the estimate (1.3)’ fails to hold, by
taking e=b/4.
Now we consider

(2.8) (And — H (x5, §°) A7) Uy (x)

5
= (An— A1 (%0, $°)A1’)a,,(D)[3(x)gz,,(x)‘: }

Cm

Then, we state

Lemma 2.1. Put /1,,=190+%n1’+21(x0, ENnP, then we have
|(And—H (xo, €°)47) Un(#)|
b -
< (280+ g0+ orn?) 1 B(x)F (),
where ¢ is a positive constant independent of n and r,.
(see §3. for the proof). Next we consider

Cy
(2.9) (H(x, D)—H(x,, Go))A"an(D)ﬁ(x)fzn(x){ }

Cm

Now we micro-localize the symbol H(x, §). In order to make this article self-con-
tained, we explain it with proofs (see [5]). First, we define a C=—function %(x),
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x€R! as follows;

x forjx—x|Z 1y
(2.10) E(x)={

X for|x—x0| =2r, (constant map).

If 7o < |x—2x0 | < 2r0, then|Z(x)—xo|< 27,
Similarly, let & —> £(¢) be a C=—mapping satisfying

- o f0r|f—$ol§70
(2.11) §(&)=
§ for|¢—£°|=2r,, (constant map).
If 1y <|§—&| <2r0, then|E(§)—&0|< 2r,.
Putting
En(€) =nE(&/n),

we localize H(x, §) in the following way
(2.12) Hatoe(, §)=H(%(x), &(€)).
By using (2.10) and (2.11), we see easily that

1) Huoelx, &)=H(x, &) for|x—xo|<ry and|§—néy| = nry

2)  Ha,00(x0, &)=H(x% n§) for|x—x,|=2ry and|&—ng®|=2nr,.

3) |entry of (Han,i0c(x, §) —H(x,, n€°))| < const 7,

where const. is independent of r, and n.

With these preparations (2.9) becomes

c1
(2.9)/ (Hmioc(x, D)—H(xo, 5°))A”an(D)ﬁ(x)<7Jn(x)[ }

Cm

C1
+H(x, D)—Hp,ioe(x, D))A"an(D)ﬂ(x)sz(x){ }

Cm

Before we state our propositions, we introduce a convenient terminology.

Definition. We say a sequence of operators a,(x, D), is negligible if for any
large L, [la(x, D)|lcer, 1y is estimated by Cin~t when n—co.

Proposition 2.1

(1

(H(x, D)—H p,10¢(x, D))Al’an(D),B(x)gzn(x){ } is negligible.

Cm
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(see §3 for the proof).
Next, by virtue of sharp Garding inequality, we have

Proposition 2.2 Let p>0, then we obtain

(1
(H s, D) —H(xo €°))Af’an(D)ﬁ(x)<Z(x){ t\h

Cm
< o -ran?|| B(x) $(x)|+5nP~/2| B(x) ()1,
where ¢’ and ¢ are positive constants independent of o and n.

€1

For B(x, D)an(D) ﬁ(x)g'zvn(x){ } by virtue of Calderén-Vaillancourt theorem,

Cm

we get

Lemma 2.2 Let B(x, &) €81, 0= polp, then we obtain

C1
I1B(x, D)an(mﬁ(x)f’/?(x){ ]ngconn. nl| B(x)$(x)],

Cm

where const. is independent of n and ro.

From these Lemmas and Propositions, we obtain
(2.13) |(2a—A(x, D)) Un(#)I< (5/2+const. ro)n? | B(x)$(x);

if n is large, where const. is independent of n and r,.
On the other hand, we consider

| Ul = (Sl <APan(D)BGIFx)es )
={Ayan(D) (%) fn ()],
where  {Mu(€)=(1+]&[2)2a(8).
Since (1+|£[2)#2=|¢|P = (1—ro)Pn?, for §Esupp(aa(§)),
we obtain
1<AY 2t (D) B(x) G (¥)| = (1—70) Pn? | an( D) B () $ ()]
Now, by commuting a,(D) with f(x), we get
(2.14) an(D)B(x)P(x) =B(x)an(D)h(x)

+, 3 P Bola(D)Fale) Hrals, D3 ()
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Here an(D)gn(x) =¢n(x), since ay(€)=1 for §esupp(¢a(é)).

Hence,

B(x)an(D)dn(x) = B(x)ghn(x) =" EB(x) (),
and its L:—norm is || B(x)¢(x)].
Taking into account that a$”’(§)¢.(§) =0, for |v| =1, we see that all terms of the
second part of the right-hand side of (2.14) are all zero. Therefore, it suffices to

consider the remainder term.
From (2.14), we have

n(x, €, n)=(N+l)S:(l—0)Nr~.a(x, &, n)de,

(2.15) rn0(x, & n)

= 3, iR fe (€4 r) oo (x-+03) oy
Put
(2.16) 1(x, & 0, 7)= | {e=ra 6+ 1) Bo(x+03)dydy,

then by integration by parts, we obtain

iyn (1 =) (@ (649) y( (B (x+07)
0 e L) 1y (k) o

Since [al (&) Zewy[nt)y for v=0

and  supp(an(§)) C{&; 16—ng®| < nry.}

we obtain
(1= dn)la? (& +9) | < et (v) [0l

where ¢! is a constant independent of n. So that,
|I(x, & 0, n)]<const.-n~N-!

where const. is independent of ¢ and n. We have the same type inequality for

0:01l(x, & 0, n):
|9:021(x, &, 0 ,n)|< const..n. ~N-1
Thus we have
[rn(x, & n)|<const.-n~¥-1
and
|030%rn(x, &, n)|<const..n~N1,

By applying Calderén-vaillancourt theorem to rnx(x, D, n), we obtain



Well-posedness of the Cauchy problem 171
(2.17) Ira(x, D, n)lcs,n < const.-n~""1,

where const. is independent of n.
Summing up the above results, we obtain

(2.18) | Un(@)1 = (1-ro)Pn?l| B(x) ()| — (negligible terms).

By taking r, small, (2.13) and (2.18) shows that the estimate (1.2) fails to hold.
Thus the proof is complete.

§3. Proofs of Lemma 2.1 and Proposition 2.1.

Here we give the proofs of lemma 2.1 and proposition 2.1 which are used

in §2.

Proof of Lemma 2.1. First, denote B(x)¢(x) by va(x), and take into account
of (2.4) and (2.3), t hen we have

(2l = H (5o, €°)A2) Un(x)
=[|(An—A1(x0, £°)AP)an(D)va()|
=(An— (0, £°)1§17)an(§) Dn ()]

Next, since 2,,=Bo+—‘[;—n/’+ll(xo, &9nb, we obtain
[(An—= a0, £)1€17)an(8) 2 (8)]

S oo+l €)1 sup (1 1§10—nglP Dl annl

- nf0 [
By using Mean-value theorem, we get

sup (| [&]P—|ng%1f |) < const.-ron?,
[E-nErl < nup

where const. depends only on p.
Hence

1(An—21(%0, &%) A4P)an(D)B(x)fn(x)]
< (Bt -Gntcorn?) laa(D) B () ()1

Since

leea(D)B(x)dn(*)I S 1| B(%) $(x) [+ (negligible),

we obtain
12— 21(xo, &%) AP)ern(D)B(x)n(x)]

= (260t +200 ) | () B



172 Ahmed El-fiky

Thus the proof is complete.

Proof of Proposition 2.1 Put
H(x, &) —H p100(x, &)=H'(x, &)

Then H'(x, §=0 for {x; |x—x|<rs} and {&; |E—ng®|<nro}.
Hence, for xesupp(8(x)), H’(x, §) vanishes. Now, considering the asympototic
expression of the commutator [H’Aba,, B(x)],

(3.1) (H'(x, D)APay(D))p(x)
= 3 w18 (x) (1 (%, D)Aban(D))+1'n(x, D, n),

Irl=N
we see that all terms of the first part of the right-hand side of (3.1) are zero
operator. So it suffice to consider the remainder term.
By using the same argument as we used in §2, together with the properties

I(H'(x, §)I§1P) = c|&le-!
and

[a() | ein 1 v =0,
We see that

1/ w(x, Dy n)| & s, o<enn?~"-1.

Thus the proof is complete.
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