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pseudo-differential operators
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§1. Introduction.

Let R™ denote the n-dimensional Euclidean space. Let m, p and d be real
numbers with 0<p, §<1. If a smooth function p(x, &) on R7xRy satisfies

(1.1) |0802p (%, &) I<Cap(1+]g]) e +218)

for any multi-indices @ and 8, then we say that p(x, &) belongs to Hoérmander’s
class S (see, for example, [5]). For p(x, §) in S); we define the pseudo-
differential operator p(X, D.) by

(1.2) P(X, D.Julx) =(2m)" [t (x, i(E)ds,

where #(&) denotes the Fourier transform of u(x), that is, #(§) =Se‘f"fu(x)dx and

we denote p(X, D,)eL};. The function p(x, &) is called the symbol of the operator
p(X, D). In [4], Hérmander proved that if all of the operators in L ; are

L2(R™)-bounded then mgmin{O, %(p—&)}, by giving counter examples. When

01, Calder6én and Vaillancourt in [1] showed that mgmin{O, %(p—a)} implies

the L?(R™)-boundedness of the operators in L7;. Moreover, when p=4d<1, there
are many generalized theorems to the case of non-regular symbols (see, for
example, [3], [7] and [12]). On the other hand, when =1, Chin-Hung-Ching
in [2] proved that S}, does not always define L?(R™)-bounded operators, and
Rodino in [11] proved that the operator in L,{"""/% is not always L*(R")-
bounded, by constructing the counter examples.

In the present paper we give also an example of symbols which is in §, ¢ -#72
but define operators unbounded in L*(R"), and we show that the decreasing
order n(1—p)/2 of symbols is critical in a sense (see [6]). Our example is similar
to the example constructed by Chin-Hung-Ching in the case p=1, and therefore
a little different from the one of Rodino in [I1].
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In Section 2 we give an L?(R™)-boundedness theorem and in Section 3 we
construct an example of symbols to show that the theorem in Section 2 is critical.
§2. L?boundedness theorem.

Let | fll.: denote the norm of LER™). We use (&>=(1+|£[*)¥2. Let S denote
the set of Schwartz rapidly decreasing functions in R®. We assume that the
symbols in the present paper are at least measurable in R}XRj. Then the
following lemma is shown in [10].

Lemma 2.1. We assume that a symbol p(x, &) satisfies that the support of p(x, &)
is contained in {&; |&€|< R} and

(2.1) 98p(x, 1IN for Jal<e=] g |+1.
Then the operator p(X, D.) is L}(R")-bounded and we have
(2.2) 1p(X, DYull=<CN{lul..  for uin S,
where the constant C is independent of p(x, £).
Theorem 2.2. Let 0<<p<1. Suppose that a symbol p(x, &) satisfies that
(2.3) [6gp(x, &) IS N -Pirlei((Ed)  for |a|<k,

where w(t) is a non-negative and non-decreasing function on [0, o) and satisfies

(2.4) (0l 41— Mr3<on.

Then the operator p(X, D.) is L}(R")-bounded and we have
(2.5) 1p(X, Dule<C+MNluly  for uin S,
where the constant C is independent of p(x, &).

Proof. By the assumptions and Lemma 2.1 we may assume that the symbol
p(x, &) has the support in {&: |§]=2} and satisfies

(2.3) |0g p(x, &) IS N|g|-m-eldin(|g)~t for [a|<x.

We take a smooth function f(¢) on R! such that the support is contained in the
o o0 2

interval [é—, l] and S ————f(t)zdtzl. Then since S ———f(”ﬂ)—dt=l for £€+0, we have
0 t 0 t

PX, Dyuln) = (25) " ferep(x, E)ae)de

= dt
- j 0 zjt(x, 2)Gi(x—12)dz,

where

Kiw, 2)=(2m){evep(x, | ) fleDds,
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and

Gi(x) = f(t| Dslyu(x) = (2m) " e £ (1] € 1) a(€) dé.

Since the support of p(x, %)f(l&l) is contained in {6; %Slflél, IElZQt}, we

can write

(2.6) p(X, Dx)u(x)=j’°”% Ki(x, 2)Gi(x—tz)dz

- S Vet Ki(x, 2)Gi(x—12)dz

ot Jizief!
112 gy
+So —t-Slzlztp_th(x, 2)Gy(x—t2)dz

=Tu(x) +Ilu(x).
Using the Schwarz ineuality we have

| Fu(x) 123(51’37"% Ko, 2)pde) ({4 17 Gyl 12) ),

0 lz1<tP™!

where m=—n(l—p). By assumptions and the Parseval equality we have

e, a4l 0]

<1 (5 (5 ) %

<N w(2) L =i,
0
Therefore we have

2.7) I u@scwwg&(ﬁ’zz —m%jlzlstp_lwt(x—tz) e )dx
=CgN2M§S:/2t ([ _(fleiw )z ) %

<c N2M§S:<Sl FARNG) lzde)%

lzi<eP™

=C*N* M| ulf..

Here and hereafter the constants C are not always the same at each occurence.
In a similar way we have

() p=( 1B 2 Ko, 2) Pz

2t o
x( \ t m75|z12t""|zl 2 ]G,(x—tz)ldz)
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where m=(2xk—n)(1—p). By assumptions we have
1/2 m dl l/2
§m a2 Ko, 2 pdz=caf 1m L o p(, £) 1 IEl)}

o

1 2

t

-n-p)- pr (i ¢

1/25I$l£1l t
12
<cvef w(20)2 2= 2N,
Therefore we have

1/2
(2.8) | tulf< can (] pn 217G (x—12) e )dx

|z1=tP~

cneen([, (o aisy

<covayf(fl s120ae) rde) 5
—C*N MYl

From (2.6), (2.7) and (2.8) we obtain the estimate (2.5).
Q. E. D.

Remark. (i) We note that when p=1 the estimate (2.5) has already been
proved in [8].
(ii) If we replace the condition (2.4) by

(2.4) S:w(t—t)dt=]\/11<oo,

then we can prove the L?-boundedness of the operator for 2<{p<< oo (see [9] and
[10]). We can see easily that the condition (2.4)" is stronger than (2.4).

§3. An example of pseudo-differential operators unbounded in L?(R").

Let ([~ denote the set of bounded sequences {a;}i=; and /?* denote the set of
sequences {a;}5, with 377 la;2<c0. We use these in the proof of the following

Theorem 3.1. Let 0<p<l and let w(t) be a non-negative and non-decreasing
function on R which stisfies

2
(3.1) [l gy oo
Then we can construct a symbol p(x, &), which salisfies
(3.2) 1002 p(x, §)|<Ca gLE> P2 plaH1Blg((6)1)

for any a and B, so that p(X, D,) is not bounded in L*(R™).

. =1 . ~ . .
Proof. We choose a sequence {7jk}7,%=1 Wwhich has the following properties:
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(3.3) |Fiel=J,
(34) l;ijvk'—.?'j.k' |>Cn if k#hk/,

where ¢, is a constant independent of j with 0<¢, < 1.
We take a Cg(R™ function x(§) with x(€)=1 for [£|<1/4 and %(§)=0 for

- e
|€]=1/2. We put nj,t=|9;klT=¢ 7, then we notc that

1
(3-5) lnjkl=jT"
We define p(x, &) by

. jn—l e PR
(3.6) P, =33 B ail 7 L (el msk ) HE= ),
where {a;}7, is in [=. We can sec that

{2((eal9j.617) " (E—=nj.k))} ok have disjoint supports and that
1 e 3
(3.7) 7 105l SIEN< 5 [950e

for any € in the support of X((cl 7ikl?) H(E—njk))-
Hence p(x, ) is well-defined as a C>-function on R xR;.

Moreover we have

w 11 e )
(3.8) [9ga?p(x. 5)\=§l Elajlﬂj.kl I LICA PR DL

X &=,k (3% ((enl ms0k1°) " (E=7j.k))-
Hence we have

- ju—l

(3.9) |6galp(x. &) 1<> llajllnj.kl—%(l—”mm_"w

j=lk=

X e~ (81) ((cal 7)1 (6 = 7528)) |

Here we set tj=(l+4j1_—23)‘1/2 and aj=o(t;) j=1, 2, - . Then we can see by
(3.5) and (3.7) that p(x, &) satisfies (3.2). We note that {a;};2; is bounded but
{77Y% a;}, is not in [%

Next we take ¢(x) in S such that ¢(x)#0 and the support of ¢(£) is contained
in {&; |&]|<c,/4}, and we define uy,(x) in S by

a1

~ m J A B
(310) um(f) =,2=1 Ebﬁo(é—”]")’ 7n=], 2, e ,

where {b;}72, is a sequence in [*. We note also that {$(§—7;x)} have disjoint
supports. Therefore we have

n—1

(3.11) lmlt= (22) "5 33165146 7.0) P
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=(4" 1650l li-

On the other hand, by the definition, we have

(3.12)

m jn—l
PUX. DJun() =35 3365(2m) (e plx, £)p(6—ns.4)de

I i 1

m L
=53 316,51 S10;(20) "Izl oo
=LK =

J=1k=1

X e €2 L ((enl e ) 7H(E =1k ) ) (6= i) dE

m 1

jll— ) .
2 2 ajbslng el (2m) '"Se' €=, 2B (E—pj, k) dE

Il

=(3Z"ash o).

Here we assume that p(X, D,) is L?-bounded, that is,

| p(X, Dy)ull<Cllu|c for any u in §.

Then, equalities (3.11) and (3.12) imply

(3.13)

ljglj"/z'lajbjlzéCﬁ(jgllbjlzj"*) for any m.

Now by taking b;=j"%a;, we obtain

ﬁj-l]a,-chg for any m.
=

This contradicts that {j-2a;}7, does not belong to /2.
Therefore the operator p(X, D,) is not L}(R™)-bounded.

Q. E. D.
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