
J .  M ath . Kyoto U n iv . ( JM KYAZ)
28-1 (1988) 91-110

Logarithmic transformations on elliptic
fiber spaces
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Yoshio FUJIM OTO

Introduction.

In  [6], Kodaira introduced the notion of logarithmic transformations and showed
that any elliptic surface possessing multiple singular fibers can be reduced to an
elliptic surface free from multiple fibers by means of logarithm ic transformations. In
this paper, we will generalize this logarithmic transformations on an elliptic thre-
efold.

T h e  difficulty is that we cannot perform logarithmic transformations along
arbitrary divisors on the base space. So the following problem is fundamental.

P ro b le m . Given an elliptic threefold f : X S over S  and a divisor C  on
S , define "logarithmic transformations along C " and give necessary and sufficient
conditions to perform logarithmic transformations along C.

Such a n  attem pt was first done by Perrson [8] and  later developed by
Nishiguchi [7], Ueno [9] and the present author. They used logarithmic trans-
formations to construct strange non-Kahler degeneration of surfaces. In [3], the
author found the simpler method to construct them.

In  §1, we shall review the theory o f logarithmic transformations on an elliptic
surface. In  §2, we shall define logarithmic transformations along divisors and
give partial answers to the above problem . In  §3, as an application of theorem
(2.1), we shall construct examples of non-Kdhler degenerations of elliptic surfaces.

In  §4, we shall consider logarithmic transformations in the case where the
divisors have only normal crossings. And we shall construct an elliptic threefold
which has a multiple fiber of type m /„ and a singular fiber of type / : along the
divisor which are crossing normally.
The author wishes to express his sincere thanks to Professor K .  Ueno and Pro-
fessor A. Fujiki for useful advices and to the referee for many useful suggestions.

Notation and convention.

By an elliptic fiber space f :  V W, we mean that f  is a  proper surjective
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92 Yoshio Fujimoto

morphism of a complex manifold V  to a complex manifold W, where each fiber
is connected and the general fibers are smooth elliptic curves. In particular, when
W is a surface and V  is a  three dimensional complex manifold, we say that V  is
an  elliptic threefold over W. Here, "surface" means a  two dimensional (not
necessarily compact) complex manifold.

For a compact complex manifold X , we use the following notation.

b i( X ) : the i—th Betti number of X.

tc(X ) :  the Kodaira dimension of X.

K x : the canonical bundle of X.

.13 ,,(X ) =dim, 11° (X , 0(mK x )).

Nw w : the normal bundle o f V  in W, where V  is a submanifold of W

hP'q=dinicl-P(X, f 2 )

q(X )=dim ,11 1 (X , Ox )

e=exp (27r,„/—/m)

If D  is a divisor on X , we set

[D ]:  the line bundle on X  determined by D

[D] * : the dual bundle o f [D]

(D , D ) :  the self-intersection number of D

§ L  Logarithm ic transformations.

In  this section, we review the theory o f logarithmic transformations on an
elliptic surface by Kodaira. (c.f. [7], [8])

L etf:S  -->  C be an elliptic surface. Assume that f  is smooth on f - i( U), where
U is a neighborhood of the point a E C with a local coordinate r. Each fiber is
a smooth elliptic curve and we can normalize periods o f each fiber in the form
(1, w(r)), where w: U { EC; Im (z)>0} is a holomorphic mapping. Define
an automorphism g(k , 1) of Ux C by

g(k, 1) : UX C U x C

(r, C)>— > (r, C+kco(r)+1)

Put G=<g(k , 1); (k , 1)E V >  and X = UX C/G. Then X  is smooth and by a natural
morphism ç1 : X  --> U , ( r,  C) r, X  is an elliptic surface over U. Here, by the
symbol (r, [C]), we denote the point on X  corresponding to a point (r, C) e Ux C.
We infer readily that f  :S  If-1(m U  and 0 : X - - >U  are isomorphic as elliptic
fiber spaces over U . Take the m-sheeted covering U of U :  Cl= fIti< e n
u={11-1<s}, r=tm .
Define an analytic automorphism (k , 1) of (Ix C by
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(1) (k, I ) :  (t, C) (t, C- kw(tm)+1)

and put g=  x  C /q (k ,  I ) ; (k , l) e

Next, define an automorphism g  of X-  as follows.

g : — >

(t, [C]) (em t, [C 1 I in])

Put 17 .----21<g>. There is a natural holomorphic mapping

h :  Y U

t ,  [c]] rn ,

where we denote the point on Y corresponding to a point ( t, [C]) e zt-  by the
symbol [t, [C]]. Y is an elliptic surface over U.
Since h* (r) =[mE], where E  is a divisor on Y defined by t=0 , Y  has a multiple
fiber of type ml, at the origin. By (1) ; there is an isomorphism A  defined by

: Y  I h- -1 (U*) XI 
w

1 (U*), where U* = U {a} .

[ I ,  [c]] (1 . ,  [ c 'LT1)
Now we patch together S I f  - 1 (CI {a)) and Y I U  by the isomorphism A , and obtain
a new elliptic surface S * over C .  By our construction, the elliptic surface S * — >
C has a multiple fiber of type m/0 a t ae C , and S*ICI {a} is isomorphic to S
{a} . We write S* := L a (S ) and call L a the logarithmic transformation.

Theorem (1.1) . (Kodaira [5]) Let f  S  — > C  be an elliptic surface and assume
that S  has multiple fibers o f multiplicity m i at Pi e C (i= 1, r.) i.e. f *[Pi]=[m iE ]
where E i is  a  reduced divisor f  - 1 (P i ).
(1) Then S  can be obtained from  th e basic member B  — > C by tw istin g and successive

logarithmic transformations, that is,
S = LpiLp,.-Lp,.(13'2), where BI is obtained by twisting B C by >2 EH' (C , 0 (4 )

(2) ( The canonical bundle formula)
The canonical bundle o f S  has the following form.

Ks = f *(K c—  f )+E(m i-1)[E i ],  where f  is  a  divisor on C with deg (f )= —X(0s).

Let f : V W be an elliptic fiber space.
Put E : = {w e WI f  is not smooth over f  --1 (w )} and let F  be an irreducible com
ponent of E with dim F-=dim W-1. For a general point x  of F , there exists a
curve Z  in  W such that Z  meets F transversally and f  - 1 (Z) - 0 Z  is non-singular.
Then f  - 4 (x ) is a singular fiber of the elliptic surface f :  V i z  ---> Z  and the multi
plicity of f  - '(x ) is independent of the choice of Z  and x . S o the multiplicity o f th e
multiple fibers along F  are well-defined.
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§ 2 . Logarithmic tr a n s fo r m a t io n s  along a  divisor.

We first state our main theorem in this section.

Theorem (2.1.) L et S  b e  an  arbitrary surface (not n ecessarily compact) and C  a
compact smooth curve on S  such that its tubular neighborhood is analytically isomorphic to a
neighborhood of the zero section of  N15. L e t  m  be an  arb itra ry in teger w h ich  d iv id es the
self-intersection n u m b er  (C .C ). W h en  E  ,  0 ( E ) )  i s  g i v e n  ( E  i s  a  sm ooth elliptic
curve), there ex ists an ellip tic threefold  X  over S  which satisfies the follow ing conditions.

(1) X Is  c ( S  X  E ) ''I s

(2) X has multiple fibers of m ultip licity m  along C .

If we put 72=0 in theorem (2.1), we get the following corollary.

Corollary (2.2). U nder the sa in e conditions as in th eorem  (2.1), th ere ex ists an
ellip tic threefold  X  over S  which satisfies the follow ing conditions.

(1) X is C )  x  E ,  w h e r e  E  i s  a smooth elliptic curve.

(2) X has multiple fib er s  of  multiplicity in along C .

Corollary (2.3.) I f  C i s  a compact smooth curve on S  such that (C .C)<4—  4g (g
i s  the genu s of the curve C), theorem  (2.1) holds automatically.

P roof of  Corollary (2.3). By Grauert [4], if I/ 1 (C , Oc C)0 c Arg 1) =0 for every i>0,
the tubular neighborhood of C is analytically somorphic to the neighborhood of
the zero section of N cis, where e c  is  the sheaf o f germs of holomorphic vector
fields. In particular, when (C.C)<4— 4g, this is the case. q.e.d.

To prove theorem (2.1), we need the following lemma.

Lem m a (2.4.) W e assume th e sam e conditions as in theorem  (2.1). Then there
exists a line bundle L  on C  w h ich  is a m-th root of  Nms.

P roof o f theorem  (2.1) By assumption, we can identify the neighborhood of the
zero section of N c i s  with the tubular neighborhood of C and we call it U . Take
an open covering {Ui}iEz o f U with local coordinate (zi, Ci) such that Ui n C is
defined by Ci=0, and Ci is a fiber coordinate of Ncis. Then { ( z i ,  w i) ; wr=Ci}
is an m-sheeted cyclic covering of U1 ramified only along Cn U . Now take a line
bundle L  as in lemma (2.4). The transition functioin of N c is  (resp. L) is expressed
by If i i}  (resp. {gii}) and 72E IP (U , 0(E)) expressed by a cocycle 172iil with respect
to  the covering {Ui} o f  U .  As f  i i =  ,  C= w", and C i = f i i Ci ,  it follows from
lemma (2.4) that w i = g i i w i and U  i  i s  well patched.
Then i7 U is an m-sheeted cyclic covering of U  branched along C.

(zi, w i ) (zi, w;')
Next, identify (z i , wi, [72i]) E U1x E w ith  (z i, w i, [j]) e  I ix E if and only if
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(1)

iz i=

wir= giiwi

E i] = L'2 i+  27r,/ l1 °g (gii) k E Z, (k , m)

We can easily see that (1) is well-defined. By patching LIi x E 's  in  this way, we
obtain an elliptic threefold M  over U.

Define giEAut(M ti7,) as follows.

(2) gi : M M

((zi, wi, ((z i, enzwi, ki -Fk/mD)

gi is compatible with the above patching and defines gE Aut(M).
Put M =M /, g ,. The group <g> acts on M  freely and properly discontinuously.

Hence M  is smooth. There is a natural holomorphic map

M  U

((ii, w i, [77 ])) 1 -4  ((zi, w n ) ,

where we denote the point of M  corresponding to a point ((zi, wi, [i])) E  M1-6,
by ((zi, wi, [ri])). By this morphism, M  is an elliptic threefold over U.

W e have 0*[C ] [mE2] as divisors on M , where E 2 is the support of 0 -1 (C),
so M  has multiple fibers of multiplicity m along C.
By (1) and (2), there is an isomorphism

A : M ax . [U/C) X E]v

((z i, wi, k ip ) (zi, w ,  P u i  2 irv— r
k log(wi)1)

In fact, by (1) an d(2), we have

[vi 27r : /
c
 1   log(wi)1=[yi i  2 i r v

ic
 1  log(w,)

By patching M  lu x  and [(S /C)x E ]n by the above isomorphism A , we obtain an
elliptic threefold X  over S , which satisfies the properties (1) (2).

q.e.d.

Rem ark (2.5.) In  corollary (2.2), if  (C.C) *0 , by theorem (11.9) in Kodaira
[6] iii, b 1( Y) is odd. Hence the elliptic surface Y over C  is non-Kahler. Conse-
quently, if C  is a  rational curve (resp. a  smooth elliptic curve,) Y  is a Hopf
surface. (resp. a Kodaira surface.) (cf. Kodaira [5]) In particular, X  is not in the
class c ' in  the sense of  Fuji/ci [1]. That is, X  cannot be bimeromorphic to any
compact Kahler manifold.

Rem ark (2.6.) As pointed out by the referee, the above theorem also holds
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for the case where there exists a holomorphic retraction a : U C. This can be
easily checked by rewriting the proof without coordinates.

Definition (2.7.) In the proof of theorem (2.1), we patch M  lu x  and ((SIC)
X E)v by the isomorphism A, and obtain an elliptic threefold X — S .  We call
this process a logarithmic transformation along C.

Theorem (2 .8) L et f:  X be an elliptic threefold over S . (S is not necessarily
compact.) Assume that X  has multiple fibers o f  multiplicity m  along C, where C is a compact
smooth curve on S. Then
(1) we have the following exact sequence.

rri (SIC) ZIm O.

Moreover, i f  we p u t (C.C)=d, we have mid.
(2) The elliptic threefold X  can be obtained by performing logarithmic transformations along

C to an elliptic bundle over S.

P r o o f .  Take a sufficiently fine open covering { Ux } x of S and C is locally defined
by Ox = 0 .  Put E = Supp (f - 1 (C ) ) , f  (U x ) =- U Ux „, and E  is locally defined by

Sb,”}
As we have f *[C]=- [mE] , we can take an m-sheeted cyclic covering 1 of X defined
by 1.= U{ =f  *95x = (sbx ,) 7 2 } , where {Cx }  is a  fiber coordinate of the line bundle
[E]. Take the normalization 1* of Î. Clearly 1* X is an m-sheeted unramified
covering of X.
By our construction, the number of the connected components o f each fiber of

--> S  is m outside C. So take the Stein factorization of
1 *  - - *  S, X - *  - - >  S.

\

From our construction, it is clear that g S  is an m-sheeted cyclic covering
ramified only along C and g is irreducible.
Therefore we have the following exact sequence.

r i (S/C) --> Z/m --> O.

Combining this with the following lemma (2.9), we can find an m-sheeted cyclic
covering of the tubular neighborhood of C branched along C.
The arguments of Kodaira [6], p. 571, 572 implies the theorem.

Lem m a (2.9.) (Wavrik [11]) Let M W  be an k-sheeted cyclic covering o f  W
branched along C . Then we can find a  line bundle F  on  W  so  th a t, o v er  a  suitably fine
covering {V } o f  W , M  may be identified with the submanifold o f F defined by the equations
V-=ç6i, where ei is  the fiber coordinate o f F over V , and  Oi =0  is  the equation o f C in V .

q.e.d.

Corollary (2.10) L et f: X  ----> P2 b e  an ellip tic th reefo ld  over P 2 w i th  constant
moduli. Assume that f  is smooth over f - ' (13 2 1C), and X  has multiple fibers o f multiplicity
m along C, where C is  a  smooth curve o f degree d  in  P2.
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Then we have n i d . In  pa rticu la r , th ere is no elliptic threefold that has multiple fibers along
a  lin e in  P 2 .

P r o o f .  This follows from theorem (2.8) and the fact that 71 (P 2 /C):_-_-Z/d.

Corollary (2 .11.) L et C  b e  a  sm ooth  curve o f  d eg ree  d ( ._ 2 )  i n  P 2 . Then any
tubular neighborhood of C is not isom orphic to that o f th e z ero  section  o f N C I P ' •

P r o o f .  Assume the contrary. We have (C.C)=d 2 , so from theorem (2.1), there
exists an elliptic threefold over 13 '  that has multiple fibers of multiplicity d2 along
C. But corollary (2.10) implies d i d.
This contradicts d>  2.

q.e.d.

§ 3 .  Degeneration o f elliptic surfaces.

Let f :  X A  be a surjective, proper m orphism  from  a  three dimensional
complex manifold X  to the unit disc {te  C ; I ti < 1 1 . Assume that each fiber
is connected and f  is of maximal rank on f  - '( A * ),  where A* -= A / 0 . We call f :
X  A  a  degenera tion  of surfa ces, X t:-= f - l(t ), t e A * ,  the general fiber, and the
divisor X 0 on X defined by f = 0  the singular fiber. We decompose X 0 into irreducible
components and put X 0 -=E r iS i. By Iitaka  [5 ], we have x(Xt)=K(Xt , )  for any t,

tie A * . The following conjecture is well-known.

Conjecture. /c(Si) tc(X t )  for all i, t E A * .

By U eno [12], the conjecture holds when X  is bim erom orphic to a  Kahler
manifold, and when x(St)>. 1, it holds if we do not assume that f  is a W-morphism.
On the other hand, it does not necessarily hold i f  we consider the non-Kahler
degenerations. (See Nishiguchi [9].)

In  this section, we will give another counter examples to the above conjecture
by means of logarithmic transformations defined in §2.

Example (3.1.) There exists a degeneration of elliptic surfaces 0 : X —  C,
(that is, there exists a proper surjective morphism from a three dimensional com-
pact complex manifold X  to a curve C ) which satisfies the following conditions.
(1) X*-=0 - 1 (C/0) CIO is isomorphic to S x (CIO), where S is an elliptic surface

with x =  co and 0  is a point on C.
(2) The singular fiber of 0  over the point 0  has the following fo rm . X 0 = Z 0 +

2 E Z i+ E Z i,  where Z , is an elliptic surface with v = 0 ,  or 1, and Z 's  and Z s

are H opf surfaces.
Construction.
S tep  1. Let C be an arbitrary smooth curve and let E  be a  smooth elliptic

curve with the period (1 , r), Tm  ( r ) > 0 .  For any element *OETP(13 1 ,  0 (E )) we
put S-----(P'><E)v. That is, S is obtained by twisting 13 ')<E — ›P 1 b y  72= {720}.  By
K odaira  [5 ], [6 ], if *  is an element of finite (resp. infinite) order of 1--P(P1 , 0(E)),
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then S  is an elliptic ruled surface. (resp. Hopf surface)
Clearly K (S. )  = 0 .

Step 2. Next, by a natural projection p : C C , P 1 x C  is a  In-bundle
over C. Take any fiber of p  (say, f )  and n points on f .  (say, p i , p a ,••• pn ) We blow
up Pl x C at the points p i (i= 1, n).
And we obtain exceptional curves of the first kind Ei(i=1, n).
Secondly, take an arbitrary point Q i on  each E i, again blow up at each
( i= 1 , 2,...., n ) , and we obtain exceptional curves of the first kind Ai.
(i= 1 , 2,...., n ) . Finally we thus obtain a new surface Y.
i.e. Y-= Q q ,Q q ,. • • Q q , Q p,Q p,• • • Q p, (Pi X C ) . (See Figure 1.)
Here we denote by (resp , É i) the strict transform of f  (resp, E t).

Step 3. Now, we shall try to perform logarithmic transformations along each

P'

0

b low  up  a t P I

take one po int (4, a t the

excep tiona l cu rve  of the

f irs t  k in d  E,

aga in  b low  up  at (4,

E,

E 2

E n

Pn

) ( -
Q

Q2
•  -  - —*

Qn

        

Figure 1.
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1, 2 „  n) on Y. r2e1/ 1 (13 ',  0 (E )) can be naurally textended to an element

)7E H '(S , 0 (E ))  by taking p u ll-b a c k . Each Ei is  a  smooth rational curve with

(Ri) 2 = —2, so the assumptions of corollary (2.3) are satisfied. Therefore, by corollary
(2.3), there exists an elliptic threefold g : X  Y over Y which satisfies the fol-
lowing properties.

(1) X  (( y /i,/.../ ) ,{(Y/E i l.••/E.) X E} E I-P(Y , 0(E))
(2) X  has multiple fibers o f multiplicity 2  along

g  Step 4. By the natural m orphism  X > C , we consider X  as a  fiber
space over the curve C .  Put 0.=pog.
W e have S = (1)1 ><E ) , i ie l-P (P i,  0 (E ))  in step I.
And from (1) in  step 3 , it follows that

X 14,
-n(cto) .- ,'S X (C/O)

where f  --=0- 1 (o), 0E C.
Therefore the general fiber X ( t 0 )  o f 0  is isomorphic to S  and w e have

K(Xt)=K(S) -= —  co for t+ 0 .
On the other hand, the singular fiber X , can be written as

X,=-Z 0 + 2 E Z i+ E .Z i,

where Z ,  (rcsp. z i , 2i ) is an elliptic surface over Presp. Ei ,
On Y, the curve j - intersects each Ei transversally and in view o f (2) in  Step

3 , the elliptic surface Z ,  over has multiple fibers of multiplicity 2 at each
P i(i =1, n).
Therefore by the canonical bundle formula in theorem (1.1), the Kodaira dimension
of Z ,  can be calculated as follows.
I f  n > 4 , K(Z 0 ) = 1.
I f  n = 4 , we have K(Z 0 ) =0.
By remark (2.5), the elliptic surface Z i  over A i(i= 1, 2,...., n) is a  H opr surface.

R em a rk  (3 .2). In Step 2 , it does not matter how many tim es we blow u p .  In
this respect, we can construct infinitely many examples like this.

E xa m p le  (3.4).
(1) Let E 1 , E 2  be any smooth elliptic curves, When )7E 1/ 1 (E 2 ,  0(E 1) )  is given

arbitrarily, we tw ist an elliptic surface E i  x E2 E 2 by 71= { riii} and get a
new elliptic surface S . i.e. S = (E l ><E 2)n. By K o d a ira  [7 ], [8 ], i f  )7 is o f finite
(resp. infinite) order in  I-P(E 2 ,  0(E 1) ) ,  S  is an abelian surface. (resp. a Kodaira
surface.) The same method as in example (3 .1 ) can be applied to this situation.
Then an elliptic surface with K =0  degenerates into an elliptic surface with x=1.

(2) Similarly we can easily construct examples such that a  hyperelliptic surface
degenerates into an elliptic surface with K =1.

(3) In  th e  same w ay, we get a  degeneration of an elliptic K 3  surface or an
Enriques surface.
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§ 4 .  Some examples.

In  this section, we consider an elliptic threefold which has multiple fibers
along simple normal crossing divisors. First, we work in a local situation. We
consider generalized logarithmic transformations on the polydisc.

P r o p o s i t io n  (4.1.) F or an  arbitrary integer ,1 2, let (ml , m 2 ...... mx )  be a À-tuple
of positive integers with mi f o r  all i. and assum e that any  tw o  o f  them are relatively
prim e. Put D i= {zE  C  : zi I < } , i=  1 , 2,..., A. Then there exists an elliptic fiber space X
over D := D 1 X D2 X • • • X D x  which satisfies the following conditions.
(1) X114x4x.-sv4,:" - - ' M xD Px•••x .D txE ,

where {z iE C : CI<  z < s }  and E  is a  smooth elliptic curve with the period (1, r),
Im  (r)>0.

(2) X has multiple fibers o f  multiplicity mi  along { zi=-- 0} f o r  each i.
Moreover, f: X D  is flat.

Proof. L e t  '15 i-ItiŒ C; <e l f '"il -->  D i= Iz iE e ; I Zi I < 6 1tll

t1t

be an mi -sheeted cyclic covering of D i .  (1 < i 2 )
Put A:----45 i x i i 2 x • • x h x . Then from the assumption,

i5=Ax15,x•••x13, > D=D 1 xD 2 X•••XDx

( t i ,  t2 ,.. . ,  tx) ( t r ,  t r , tz , )

is the m1m2 .••mx-sheeted cyclic covering of D , and we have

G al (f)/D) -Zim i C)Z/m2 C)--C)Z/mx .

Now, let us consider an analytic automorphism g  of f ix E  defined by

g : b i X.152 X • • • x & X E - -  L i Xr -b 2 X•••x& XE

(t„ t2, ..... ,  tx, [c]).........(em,t„ ,..............[C+ ...................1),m,m2•••m,

where em ,  is a  primitive mi -th root of unity.

Put X :=. -Dx Egg> • The automorphism g  acts on xE  freely and properly dis-
continuously, so X is smooth. There is a  natural holomorphic map

f  : X D=DixD2x•••xDx

(t 1 , 1 2 ,..., t x , [C]) ( tr., tr  1Z1),

where by (t i , t 2 ,..., [C]) we denote the point of X  corresponding to a  point

(t 1, t 2 ,..., t x ,  [c]) E./5 x E .  By this morphism, X  is an elliptic fiber space over D.
Clearly X  has multiple fibers of multiplicity mi a long  { z = 0 } .  T h e r e  is  an
isomorphism
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A ,D IK ><D tx — x D rx E

(t1, t2,..., [ci)( t r , t x ,  [c 22ri7i 1  1og(ti)1)

where ai(1 Z  are defined as follows.
By the assumption, there exists a i e Z(1 < i< À )  such that
(*) mod mi for each
Take such a s  and fix them.

q.e.d.

Next, we shall give a generalization of proposition (4.1).

P r o p o s i t io n  (4.2.) Let 2 > 2  b e an arbitrary positive integer and le t (m i , m 2 ,..., in k )
b e a  1-tuple o f p ositive in tegers w ith  mi>2 f o r  a ll i ,  and assume tha t an3) two o f them are
relatively prim e. Put Di= {zi E C ; I zi I < e}  i =  1 , 2 , and take A affine l in e s  (say, li, 1
i < A) on D 1 X D2, where the arrangement of lin es is arb itrary. T hen there ex ists an elliptic
threefold X  over D =D 1 X D 2 w h ich  sa tis fies the fo l low in g  conditions.
(H ere line denotes the divisor defined by linear form s.)

(1) X } 5 ,1 (D / l i ) x E ,  where E  i s  a smooth elliptic curve.
t-i

(2) X  has multiple fib er s  o f multiplicity m i a long ea ch  li.
M oreover, if th e lin es are in  a general position, (that i s ,  i f  th ey  h a ve no multiple points
o f  multiplicity more than tw o,) X D  is flat.

P r o o f .  W e may assume that 11 ,  12 are defined by z 1 = 0 , z 2 -=0, respectively.
Besides D 1 and D s ,  we take (2-2) discs.
(say, D s ={ z ,Œ C ; Z 1  <e }  , D x = { z x e C ; z x l<s}  .

By proposition (4.1), there exists an elliptic threefold Y  over HD i  which satisfies

the following conditions.
(1) Ylar , r4.-xot ,D ;K xD Px•••xD PxE
(2) Y has multiple fibers of multiplicity mi along z i = 0  for each i.
Now, let 1:s(3 i 2 ) be defined by f ( z i , z 2) = 0  respectively.
Define a subm anifold V  of D I X D2 X " • X D x  by

{z3 = f a (z i, z2),..., zx=fx(zi, z 2)}.

By a  natural projection onto D i  xD 2 ,  V  is isomorphic to D :=D i  X D2 . We
restrict the elliptic fiber space Y D, X D2 x • • • X D x  over V, and by projecting
over D I X D2, we finally obtain an elliptic threefold Y Iv  over D I X D 2 . If the lines
are in a general position, Y Iv  is smooth. However, if  they have multiple points
of multiplicity more than two, Y Iv  has one-dimensional singularities along a fiber.
So, take a non-singular model X  o f Y Iv, then X  — 4 D I x D2 is the desired elliptic
threefold.

(1) By (1) in proposition (4.1), X  is trivial over D/ U /i.i=1
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(2) By (2) in proposition (4.1), X D  has multiple fibers of multiplicity ml, m2,
m a , • • • ,  nix along zi = 0 , z 2 =0,

13 = I f 3(Z1, z2) =0}

/x= {fx(zi, z2) =0} respectively.

q.e.d.

Rem aek (4.3.) If X —  D  is flat, the relative canonical bundle is given as

follows. K  XI 1 ) E i ,  where f*[4 ]= [m iEd.

R e m a r k  (4.4.) Proposition (4 .2) is still true i f  w e  replace lines by any
divisors with normal crossings as is clear from the proof.

Proposition (4.5.) L e t D 1 ,  D 2  b e  d i s c s ,  D 1 = tx eC ; lx l< e} , ty eC ;
lyI < s } .  Let in, n_>_2 be arbitrary integers. Then there exists an elliptic threefold X over
D i x D 2 ,  which has regular fibers over M` x DP , multiple fibers of  multiplicity m along x=0
and those of multiplicity  n along y=0 . M oreover, if m and n are relatively prime, f :  X

D I X D 2  is flat. O therwise it is not flat.

P r o o f  (1) I f m and n are relatively prime, the assertion follows from Pro-
position (4.1)

(2) Next, we consider the case when m=n.
Define an automorphism g  of C 2 by g  : (zi, z3) 1—> (enzzi, e 1 z2) .  Then, C2 /<g> has
a  cyclic quotient singularity o f type  (m , m -1 )  at the origin, and C2 /<g> is
isomorphic to ((zu, x, y) E C 3 ; win —xy=0} The minimal resolution of this singularity
is given as follows.
Let Ui(O i m -1 )  be in copies of C2 with coordinates (ui , v i )  respectively.

We construct a complex manifold U =U U i by patching U's in the following way.

(uz , y1)= (u0- 1 , uko) on uo n
(u o, 0 2 )—  (u ,14 , vn  on U1 n U 2

(113, V I) = , 14112) on U 2  n U 3

is a minimal resolution of C2 /<g> with (n i-1 ) exceptional curves defined by
vo =v z =0, uz.= U2 =0 , .........

(I) (w , x ,y )=(uov o, vo)

=--(uivi, u' 5  u?vi)

=(7,15,v2 , uk13,)

= ( 4 3 1)3 ,  zer - ^v7 - 3
., 1114)
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= Vnt-1, _1) if in is even

u„,_1, u:=1v_ 1)  if m is odd

Now, put U= [wm = xy} . By the natural holomorphic mapping

U —> Di X D2, (w, x, y) 1— * (x, y),

U is an m-sheeted cyclic covering of D i x 1) 2 branching along {x=01 and {y=0}.
Let E  be a smooth elliptic curve with the period (1, r) Im (r)>0 and define an
automorphism of U x E  as follows.

g :U x E  - - >  U x E

(w, x , y, [c]) (em u), x, y ,  [C+ 11m])

U has a cyclic quotient singularity at the origin, and the minimal resolution CI
of U is given above.

By an easy calculation, g  can be extended to an automorphism g *  o f  'OXE
in the following way.

(2) g*  : CIXE ( ix E
to

(uo , vo, [c]) (emu°, ro, [C-1-1 /m]) on U 0 x E

(uo , v i , [c]) (e,„'uo, eLvi, [C-F 1/m]) on U o X E

(uo , y2, [c])1— (4„u2 , e,7,2v2, [C+1/m]) on U 2 X E

(2,13 , v3, [C]) 1—* (eVu3 , eLv 3 , [C+1 /m]) on U 3 X E

if m is even, (u, i , [C]) (emu.-1, am-i, [C+ 1/mi)
on Um _ X E

if m is odd, (u,n _i , [C]) (um-i, [C+ 1 im])
<g*> acts on C/xE freely and properly discontinuously, so the quotient space X :=

x El<g*> is smooth. Then we have the following commutative diagram.

g *  acts
(ix  E >X =0 x E l<

projection
g* acts

U 1<g*>
minimal resolution

g  acts U X D2

By the natural holomorphic mapping f : X  — › D 1 X D2, X is an elliptic threefold
over D i  xD o . Let E l (resp. E o ) denote the divisor on X  defined by u 0 =0 (resp.

*>



the proper transform  of x=0

u„, =0 (or v,„_,-=0)

u 0

the proper transform  of y=0
v, =o
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um ...1 = 0  or vm - 1 = 0 )  and S i , Sz, ..... , Sm-i denote the divisors on X  defined by vo=
v =0, u i  u 2 = 0, .....  respectively.
Then S u p p  (f  - 1 (0)) = S 1 US 2 U. • • US17,_ 1 , so f : X Di X D2 is not flat at the origin.
From (1),

( f*x )= m E 1 -1- (m — 1), S 1 +  (m -2)S 2 + • • • ±S 1

( i * 1 + 2 S  2 + • • ( m - 1 ) S  m _i d-mE 2

( f*(xy))=7//(Ei+E2+ "g■S i)

L e t { x i= 0 }  ( re sp . ty i= 0 1 )  be the local defining equation o f th e y-axis (resp. x-
axis) with the origin deleted. Then we have (f*  xi) = mD (re sp . (f* y i)= m D ) as
the divisor on X.
In  this sense, X ---> D i  X  D2 has multiple fibers of multiplicity in along the x-axis
and the y-axis. g*  acts on (m -1 )  exceptional curves and accordingly we g c t (m -1 )
rational curves, 61, 02,•••• (-%m-1. And
in  (2 ) , put 240 = 0 , v0 -=v1 = 0 ,• • • .  Each S i  is an elliptic surface over 6 1 ,  and has
multiple fibers at the two points where 01 intersects e; t _i and 6 , i .  (See Figure 2.)

Figure 2.

( 3 )  W e treat the case when m  and n ( ._ 2 )  are arbitrary integers.
Let d  be the greatest common divisor of m  and n , and put m=m' d, n=n' d, where
in ' and n ' are relatively prim e. Let

151= isE C Di= {xeC; lxj <e} ,

A =  { te C ; 1 ti< 6 1/79 D 2 = 1 .y e C ; I.YKEI, y=0"

be an on'-sheeted covering of D I an d  an  n '-shee ted  covering o f D , respectively.
Then 15 1 x  Di x D2 t )  1 — > (S W , i n ' ) is  an  m 'n '-shee ted  cyclic covering
with the G alois g ro u p  Z/m'QZ/12 1 .

Now, put U= {wd=st} . By the natural m orph ism  U A  X A .  (w, s, t)
( s , t ) , U  is a d-sheeted cyclic covering of 151 X A branching along s=0 and t=0.



(u1, [C]) ( u l, (± v 1 ,  [...])p en,

( u2 , [...])
\ p

(u2, y2 ,[C])

on U i XE

ou U 2 x E
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Define an automorphism g  fo  U xE  as follows.

g : U X E - - , UxE

(w, s, t, [C]) (pw, e m s ,  e t ,  [C + 772/71
1 /d 1)

Here, p=exp
( -  )

n e n ' d
and from the assumption, there exists a prim itive ne-th

(resp. n'-th) root o f unity en ,  (resp. en ,)  such that pd=e n v en v .
The m inimal resolution 11- o f  U  is given in  (2). g  can be extended to an

automorphism g *  o f &X E as follows.

g* : (u o , v o , [a]) en,vo, [C+1Inz'n'd]) on  Uo xE

if d  is even, (ud_ i , vd _i , [C ]) - -  ( —P u d _i , e.,,,vd _i ,  H .] )  O n  U d _i xEen ,/

if d  is odd, (ud-i, rd-i, [C]) ---> (envud-i, 2 —
v d - 1 5  [...])en,

g *  acts on  O xE  freely and properly discontinuously, so the quotient space X  is
smooth. There is a  following diagram.

g *  acts
CI X E X

projection

g acts•;:.
U ----* (71 1<e>

Iminimal
resolution I

U —>U1<g>'- ---4D ix D 2

By the natural morphism f :  X  --> D I X D2, X is an elliptic threefold over D I x D2
which has the desired properties. q.e.d.

R e m a e k  (4.6.) The relative canonical bundle is given as follows.
m-i

In case (2), we have I GI Do< D :
-

-
--
->

'
 (M - 1 ) [  E Si +E i  +Ed,--1

d-1
In case (3), we have K 1 1 =  — 1) E 1+  (n— 1)E2 + —n')} S i .

, where we use the same notation as in case (2). In  both cases, we have

x o
=

 f  *
(m -1 n-1 )x+ y



, 147 < g  * >

g  acts
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Proposition (4.7.) L et C 1 , C2 be smooth curves on S  crossing normally. Assume that
there ex ist line bundles on  S  such that [C i ]:-_-LP'n, [C 2 ]-_-_-LPn. Then there exists an
elliptic threefold X  over S  which has multiple fibers of multiplicity  m  (resp. n) along C 1

(resp. C2).

P ro o f  Let d  be the greatest common divisor o f m  and n , and put m=m' d,
n=n' d, where m' and n ' are relatively prime. We have [zz' C i + m' C 2]= (LIL2)®"1‘  d

So there exists the m'n'd-sheeted cyclic covering o f S , branching along C 1 (resp .
C2 )  with multiplicity in  (resp . n ). So the problem can be reduced to the local
case, and proposition (4 .5 ) implies proposition (4.7).

N ow , we shall perform logarithmic transformations along a  divisor with
singularities.

Example (4.8.) Let D i = {xE C ; ix i < 6}, D2 =  {Y E C ;  IY1<6} be discs, and
let E  be a smooth elliptic curve. Let M  := {e= — (x 3 + y 2)}  be a six-sheeted cyclic
covering of D I  x D 2  branching along C--= {(x, y) E D 1  X D2 ; y 2 + x3 =0} .
Define an automorphism g  of M x E  as follows.

g : M x E M x E

(x, y , z, [C]) (x, y, e6z, [C +1/6])

M  has a simple elliptic singularity at the origin and the minimal resolution A-4
of M  is given as follows.
Let 00 be the infinite point on the elliptic curve X 3 + 17 2 4- 1 =O.
Take the line bundle [— co], the dual bundle of [ox'], and let M  be obtained by
contracting the zero section of it. Then we have (x, y , z)=.(t 2 X , t'Y , t), where
t  is a fiber coordinate o f [ — C O ]. g e A u t  (M x E )  can be extended to an autom-
orphism g* of /1-2/ x E  as below.

(x, y , z, [C])= , (t 2 X , t 3 Y , t, [C]) (t, X , Y , [C])

g g*
(x, y, esz, [C+ 1/6]) ( 1 2X , t3

 Y , e 6 1, [C4- 1 /6] ) 1-4 (e6 t, e]. X , e2 Y , [C+  1 /6] )

g* acts on il-// x E  freely and properly discontinuously, so x :=  x  Egg> is smooth.
We have the following diagram.

g* acts
/174.- x E  -- )  SI x El <g*> = X

I projection
g* acts

ei12/
minimal
resolution

I I  
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By the natural morphism  f :  X 1—± D 1 x D 2 , X  is an elliptic threefold over D I x D2
and has multiple fibers of multiplicity 6  along C. And it is not flat at the origin.
The special fiber X 0 =-1. - 1 (0) =  [t=0] is a  hyperelliptic surface. X  is an elliptic
surface over PI and has 3  multiple fibers of multiplicity 2 , 3 , and 6  respectively.

Next, we shall construct an elliptic threefold which has a  K odaira  singular
fiber (c.f. [8 ]) and a multiple fiber of type ml o along the divisors that are crossing
normally.

Example (4.9.) Let D i = {xEC; Ix < } ,  D 2  =  { y e C ;  y l< s }  be small discs.
Let 15,- {se C; Is  < s " ), 

152= tt E C; I t I <6 1 / 2 1 be double coverings o f D I and D2
respectively. i.e. x=s 2 , y=
Let E  be a smooth elliptic curve with the period (1 , r ) , Im (r)> 0 .
We define analytic automorphisms h ,  g  of A  X./52 X E as follows.

151 X .62 X E 151 XA XE
ui

h  :(s, t, ( —s, t, [—C])

g:(s, —t, [C+ 1/2]).

Let G be thc finite group generated by h  and g ,  and form the quotient space
X  := A X A X E IG .  G acts on X  properly discontinuously but not freely. so X  is
a normal complex space with singularities, f  has four fixed loci (s, t,[C])= (0, t, 0)
(0 , t, 1/2) (0 , t, r /2 )  (0 , t, 1/2 +r/2) and gh=hg (s, t, [C]) ( — s ,  — t, [—C+1 /2 ])
has four fixed points (s , t, [C ])= (0 , 0 , 1 /4 ) (0 , 0 , 3 /4 ) (0 , 0 , 1 /4 + r/2 ) (0 , 0 , 3 /4
+r/2).
Next, we construct a resolution of X.
(1) On the neighborhoods of the four fixed locus o f h ,  blow up D i  x D o x E  at

the center of t-axis, so that the action o f f  can be extended there.

(s, t, C)=(uv, t, v)=(r' , t, u'v') where uu'= 1, v'=uv

(//, 1 , u') (s, I, C) (----  (u, I, v)

I i i

t, u') ( —s, t, —C) (u, t, —v)

Put w= v2 , tv'=v 2, then we have wi= uu '= 1 , and this is a minimal resolution
of X.

(2) At the 4  fixed points of hg= gh, in terms of local coordinate (x, t, C), hg= gh
is represented in the form

(x, —t, —C).

So X  has cyclic quotin t singularities.
Let G be the cyclic group of analytic automorphism of generated by
g  : (z 1 , z2 , ,z3 )1—>. (— —z2, —z3) .  The resolution of singularities of X can be given
as follows. Let U , i=  1, 2, 3, be 3  copies of C 3 with coordinates (w!, w ,  u4).

3
We construct a complex manifold M =  U U i by patching LI.s as follows.i=1
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k + i - 1 ,  i

w r;-1=  i te4_1

Wii - ( w f_) 2 1141- 1

Meromorphic mappings T u , : C 3 - - -> U i i=1 , 2, 3

(Z 1 , Z 2 , Z 3 ) H
Z i-1  ( z i )2 , Z i + 1 Z 3  )

Zi Zi Zi Z i

induce a meromorphic mapping T : Cs/G ----> M.
3

Put E= U { tv :=0 in U}, then E is isomorphic to P 2 and the meromorphic mapping
r =1

T  gives an isomorphism T {0} 
Therefore M  is a non-singular model of Ca/G. q.e.d.
From the above remark, we obtain a non-singular model .217  of X.
By a  natural holomorphic mapping f : D 1 x D 2 ,  i k  is an elliptic threefold
over D i x D2 . In  terms of local coordinates, f  is given by

(x, y)= (.52

, ta)={(u2w, t  2)

(1 )
(w2 , 12 )

(w l, wl(tvI) 2 )  on U,
y )  (s 2 ,  2 ( (WI) 2 1.03, te)D on U 2 (2)

((w ) 2 w3, (4 2w )on  U3

We denote by Si  and E i (1 < i  4) the exceptional divisors in  (1) and (2) res-
pectively. E i is analytically isomorphic to P 2 and is defined by to:=0. Let Z 1 and
Z 2  be the strict transform o f {s=0 } and {t=0 } respectively. Then we have, as
divisors on X,

(f*x)----2Z1+ (f*,Y )=22.2+i=1

The singular fiber X 0 over the origin (x, y )=  (o, o) can be written as

X 0 "--** 2  (s= t= 0) (w -= t= 0) + i=1

so f  : D, X  D 2 is not flat over the origin.
By the construction, f D, X  D 2 has multiple fibers o f multiplicity 2 along
the x-axis and singular fibers of type It along the y-axis. The relative canonical
bundle of f :  - - > D 1 x D 2 is as follows (c.f. [10]). (See Figure 3.)

4  7,
When m is even, we have mKi/Dr yD,=m Zi-FE—,-, Ei.,=1



where • denotes the 4 fixed points

of g

Logarithmic transformations 109

Figure 3.
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