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On the existence and uniqueness of diffusion
processes with Wentzell's boundary conditions
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1. Introduction.

It is well-known that a diffusion process on a domain D in R¢ (or more
generally, a d-dimensional manifold) with smooth boundary 8D is determined by
a pair of analytical data (4, L) where 4 is a second order differential operator
of elliptic type (possiblyde generate) and L is a Wentzell’s boundary condition.
The problem of constructing diffusion process for given (4, L) has been discussed
by many authors: Cf. e. g. Sato~Ueno [6], Bony—Courrége—Priouret [3] and Taira
[8] for analytical construction, Ikeda—Watanabe [5] and El Karoui [4] for con-
struction by the method of stochastic differential equations (SDE’s), and Stroock—
Varadhan [7] and Anderson [1], [2] for construction by the method of martingale
problems. Also, a direct construction of path functions was discussed in Watanabe
[10] and Tkeda-Watanabe [5] by using the notion of Poisson point process of
Brownian excursions. This method can cover more general cases than the method
of SDE but the problem to show that it is actually an (4, L)-diffusion, more
specifically, it is actually a unique solution of SDE, remains unanswered.

The purpose of the present paper is to answer this problem. For this, we
start with any solution of SDE and then show that it coincides with the process
constructed by the method of Poisson point process of Brownian excursions just
mentioned. This shows that any solution of SDE is given as a well-determined
functional of a Poisson point process of Brownian excursions and some auxiliary
Brownian motions: Consequently, we can conclude that the solution of SDE is
unique and hence (4, L)-diffusion is unique. Also, we can conclude at the same
time that the process constructed by the method of Poisson point process of
Brownian excursions is actually this unique (4, L)-diffusion process. In this way,
we can show the unique existence of (4, L)-diffusions in the case when the
coefficient of the reflection may degenerate on some part of the boundary: So
far in the probabilistic construction by the methods of SDE and the martingale
problem, this coefficient is usually assumed to be positive everywhere on the
boundary.
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2. (A, L)-diffusions as solutions of stochastic differential equations
(SDE’s).

Let D=(Ré)*={x=(x1, ..., x8) ; x>0}, b={xED; x¢>0} and 0D={xe D; x¢=0}.
Suppose we are given a second-order differential operator 4 on D:

Af(x):% :‘3 au(x)a—j;gx—](x)-l-'éb’(x) af (x)

=1 oxt

and Wentzell’s boundary condition:
14t . 0% al.. .a af
Lf () =5 3 w3505 ()4 S0 )5 (3) + () D ) = p () A7 o)

where aii(x) and bi(x) i, j=1, ..., d are bounded Borel-measurable functions on
D such that aii(x)=a%i(x), 33¢,_,aii(x)£i¢7=0 for all £eRd and ai(x), Bi(x) i, j=1,
..., d=1, p(x) and p(x) are bounded Borel-measurable functions on dD such that
ail(x)=adi(x), 32¢7Laii(x)€i67=>0 for all EeR!, p(x)=>0 and p(x)=>0.

Definition 2.1. By an (4, L)-process starting at x€D, we mean a D-valued
continuous (#;)-adapted process X(¢) defined on a probability space (2, #, P)
with a filtration (#;) such that X(0)=x and, for every f€Ci(D) (:=the class of
twice continuously differentiable functions on D with bounded derivatives), it
holds that

FX(0) = f(x)=an (F)-martingale+ [ (4F) (X())ds-+ (L) (X(5)) do(s)

where ¢(t) is an (#;)-adapted continuous non-decreasing process with ¢(0)=0
such that

(@.1) SilaD(X(J))dgp(s)=go(t) for all £=0, a.s.
and
(2.9) SzIaD(X(s))ds=Sip(X(s))dgo(s) for all =0, a.s.

Thus, an (A4, L)-process X(t) is always accompanied by an auxiliary increas-
ing process ¢(t). (A, L)-processes can be given equivalently as solutions of the
following stochastic differential equations (SDE’s). To formulate SDE, we first
choose arbitrarily but fix some bounded Borel-measurable functions o(x)=

(64(%));=1,.a o0 D and v(x)=(zi(x));=1,.,a-1 on 8D such that
k=1, 7 k=1, q
(2.3) éfi(x)o,{(.?c):a”(x) i, j=1, ..., d, x€D
k=
and

(2.4) kzj:lf;;(x)f:;(x)ww(x) i, j=1, ..., d—1, x€aD.
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We consider the following SDE to be satisfied by a D-valued continuous

(#))-semimartingale X(t)=(X'(t), ..., X4(¢)) together with r-dimensional con-
tinuous (#;)-martingale B(t)=(B'(t). ..., B"(t)), g¢-dimensional continuous
(#1)-martingale M(t)=(M(t), ..., M(t)) and (&;)-adapted continuous non-

decreasing process ¢(t) with ¢(0)=0 a.s.,
dXi(t) =§0£(X(t))1b(X(t))dB’°(t)+bi(X(t))115(X(t))dl

+ki‘.=lf;;(X(t))IaD(X(t))dM’“(t) +Bi(X(1)) lop(X (1)) dp (1)

(2.5)
dXd(t)=§ai(X(t))lb(X(t))dB’°(f)+b‘i(X(t))fb(X(t))dt

+p(X(1)) (X (4))de(1)
X(0)=x

with subsidiary conditions: (2.1), (2.2) and
(2.6) (B, By=0dpt, <BF, M=0 and (M¥E, Mbi=0drep(t).

Thus, ¢(¢) is an increasing process, called the local time of X(t) on the boundary,
which increases only when the process X(t) is on the boundary. B(t) is an
r-dimensional (#;)-Brownian motion and M(t) is a g¢-dimensional Brownian
motion if the time is measured by the local time ¢(¢) on the boundary. More
precisely, we give the following

Definition 2.2. By a solution X(¢) of (2.5), we mean a D-valued continuous
(#1)-semimartingale defined on a probability space (2, #, P) with a filtration
(#1) such that X(0)=x a.s. and the following is satisfied: There exist an r-di-
mensional continuous (#;)-martingale B(¢), a g-dimensional continuous (&;)-mar-
tingale M(t) and a continuous (#;)-adapted non-decreasing process ¢(t) satisfying
(2.1), (2.2) and (2.6), and stochastic differentials of this system of semimartingales
(X(t), B(t), M(t), ¢(t)) satisfy the relation (2.5).

By standard representation theorems of martingales, it is not difficult to show
the following (cf. [5])

Proposition 2.1. If X(t) is a soltion to the SDE (2.5), then X(t) is an (4,L)-
process. Conversely, if X(t) is an (A, L)-process, then (enlarging (2, #, P) and (&) in
the sense of [5], Def. 11-7.1 if necessary) X(t) is a solution to the above SDE (2.5).

We say that the uniqueness holds for (A,L)-processes or solutions of SDE (2.5) if,
for each fixed x€D, the law on G([0, «©)—D) of any (4, L)-process X(t) or any
solution X(t) of (2.5) such that X(0)=x a.s. is unquie. It is well-known that if,
for every x&€D, an (A, L)-process starting at x exists and furthermore, the
uniqueness holds, then this system of (4, L)-processes defines a diffusion process
(i.e. strong Markov continuous process) on D. It is called the (A4,L)-diffusion
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process. Thus, to show the unique existence of (4, L)-diffusion process is equivalent
to show the unique existence of solutions of SDE (2.5).

3. Existence and uniqueness of SDE (2.5).

It is proved in [5] that, if o{(x), bi(x) are Lipschitz continuous on D and
ti(x), Bi(x), p(x) are Lipschitz continuous on 8D and if

(3.1) add(x) =§1¢12(x)a‘,’,'(x)>0 for all x€3D
and
(3.2) nf p(x)>0,

then a solution X(¢) to SDE (2.5) exists for every initial point x€dD and
furthermore, the uniqueness of solutions holds. The main result of this paper is
to weaken the condition (3.2) to the following one:

(3.3) inf [n(x)+p(x)]>0.
x€0D
Namely, we have

Theorem 3.1. Ifoi(x) and bi(x) are bounded Lipschitz continuous on D and ti(x),
Bi(x), p(x) are bounded Lipschitz continuous on 0D and if, furthermore, (3.1) and (3.3)
are satisfied, then the existence and uniqueness of solutions to SDE (2.5) hold.

Corollary. For a given (A,L), if we can choose oi(x) and ti(x) such that (2.3),
(2.4) and all the conditions in Theorem 3.1 are satisfied, then the (A,L)-diffusion exists
uniquely.

Remark 3.1. The condition (3.3) is known as a transversality condition. This
implies that everywhere on the boundary, there occurs either reflection or sojourn.

The rest of this paper is devoted to the proof of Theorem 3.1.
The existence of solutions can be verified in several ways: By the transfor-
mations of solutions (cf. [5], Chap IV §7), we can reduce the problem to the

case o4(x)=0u, k=1, ..., r, and bd(x)=0. If we set p,(x) =,u(x)+—}l—, x€0D, n=1,2,

..., then we know that solution X"(t) exists for (s, b, 7, B, tn, p) together with
auxiliary processes (B"(t), M™(t), ¢"(t)). We can easily show that X"(t)=(X"(t),
B"(t), M™(t), ¢™(¢)), n=1,2, -+ are tight and a limiting process ¥ (¢)=(X(¢),
B(t), M(t), ¢(t)) in the sense of probability law satisfies (2.1), (2.2), (2.5) and
(2.6).

In [5] and [10], we gave a direct construction of D-valued continuous process
from a Poisson point process of Brownian excursions. If we apply the results of
[12] (cf. [11]), we can show that this process is a solution to SDE (2.5). Thus,
this is another way to obtain the existence of solutions. We recall this construc-
tion here because it play an important role in the proof of uniqueness given
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below.
As we remarked above, we may and do assume that

(3.4) oi(x)=b1s, k=1, ..., r, and bd(x)=0.
Let
w7 ={weC([0, ©)—[0, ©)xR™1); w(0)=0 and s (w)& (0, =) such
that w'(¢)>0 if t€(0, o(w)) and w'(£)=0 if {=0(w)}

and n* be the r-dimensional Brownian positive excursion law, i.e., o-finite measure
on (', #(#7)) given as in [5] p.215. On the measure space (#7, n*), we
consider the following “SDE” (cf. [9], [10])

Xi=wi+ B[ ol (X k() + (b (X ) ds
k=1J0 0

Xi=cw'(t)

where ¢>0 is a given constant and (x', ..., x¢7!, 0)€dD. The solution X(¢)
=X°(t, x, w), t=0, x=(x1, ..., 2471, 0)€dD, wew", is a well-determined n*-me-
asurable functional such that for all x€4D and almost all wew?’, (n*), i+—X(t)eD
is continuous, X(0)=x and X(tAc(w))=X(1). Define &*(¢)=0(¢, x, w), t==0,
x€0D, wew’, by

X0O(tfp(x)?, x, w) f p(x)>0

(3.5) ?(t, x, w)={
x if p(x)=0.

Then @0*(¢/\¢*(w))=0%(¢) where ¢*(w)=p(x)%s(w). Now the construction of the

D-valued continuous process X which should be the (A4, L)-diffusion process will

be carried out as follows: Firstly, we take a sufficiently big probability space

(2, #, P) with a filtration (#;) on which we can realize the following objects:
i) A filtration (%;) on £ such thet ¢;,Cc &, for every t{=0 and an r-dimensional
(¢)-Brownian motion B(t).

ii) A stationary (&;)-Poisson point process p[t] on %’ with the characteristic
measure n*, i.e., a Poisson point process of r-dimensional positive Brownian
excursions.

ili) A g-dimensional (#;)-Brownian motion (B(t)).

Let x&D be given and let x(¢) be the solution to the SDE

dxi(t)=I§'la;(x(t))d1§k(t)+bi(x(:))d¢ i=1, ..., d—1

(3.6) dxd(1)=dB\(1)

x(0)=ux.
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Set o®=inf {/: x¢(¢)=0} and &=x(s"). Note that ¢° and §&EdD are #,-measurable
random variables. Next, we consider the following SDE on 9D of the jump-type

£ =6+ B[ Al (B + [ Fe)ds
+SZ+SWL¢i(5(5_)’ w) Lo(wy<1) Np(a'sdw)

t+ ) .
+j'0 SW;W(E(’_), w) 1 (o(wy=1) N p (dsdw) i=1, ..., d—1

£4(1)=0
where
3.7 é(x, w)=0(¢*(w), x, W) —x=X*""(¢(w), x, w)—x€dD
and

B =s(0) + et [0 (000, 5, )t [ wur<un® (du)
(3.8)

—,u(x)SW;U;o{(X""‘)(t, x, w)) (/z’wi(t)]l@(w)zl)rL+ (dw).

We can show as in [9], [10] that Bi(x) is bounded, Lipschitz continuous and also
that

[ i oty | B> @) = (. w) P (dw)<const. |x—yP"

Hence the solution £(¢) exists uniquely as a well-determined functional of &, B(t)
and p[t]. Thirdly, define an (%;)-adapted right-continuous increasing process
A(t) by

A(y=o+ (5" () Nodsde) + ' p(e()) ds.

By virtue of the assumption (3.3), we can show ([10]) that ¢ > A(?) is strictly
increasing and lim;;. A(t)=oco with probability one. For every t>=0, there exists
a unique s=>0 such that A(s—)<t<<A(s). If s=0, i.e., 0<t<<o?, then we define
X(1) to be the solution x(t) to SDE (3.6). If s>0 and A(s—)<A(s), then this
implies that s&Dp and we set X(¢)=0(t—A(s—), &(s—), p[s]). If s=>0 and A(s—)
=A(s), then &(s)=&(s—) and we set X(t)=&(s)=&(s—). In this way, a D-valued
process X(¢) is constructed and it is not difficult to show (cf. [12]) that ¢ +—

A:(t)ED is continuous a.s. And X(t) is a well-determined functional of E(t),
B(1), plt]:
(3.9) X=x(B, B, p).

We are now going to show the uniqueness of solutions of SDE (2.5). For

this, we start with any solution X of (2.5) and then construct (by enlarging (£,
F, P) if necessary) B, B, p as above such that X is given by (3.9). Since the
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joint law of (B, B, p) is unique as mutually independent Brownian motions and
a Poisson point process, this clearly implies the uniqueness of solutions.
So let X(¢) be a solution to SDE (2.5). By the assumption (3.4), we have

(3.10) Xd(1) =xd+SzIb(X(s))dB1(s) +Szy(X(s))d¢(s).

Let e(t)=SZIb(X(s))ds and e '(¢) be the right continuous inverse of ¢ +— e(t)

defined on (0, ¢(c0)). Let Ei(t)=S:_l(n15(X(s))dBi(s) i=1, ..., 7. Then it is well-

known ([5]) that E(t)=(§(t))05[<e(oo) is a part of r-dimensional Brownian motion
(B(t))o<t<». From (3.10), we have

(3.11) ity =xt+ B +1(1) 1[0, o(w))
where Xd(t)=Xd(¢-1(1)) and 16 =S:-l(t);t(X(S))ng(S). Clearly, X4(t) is continuous

in ¢ and hence [(t) is continuous. Also [(t) increases only when X(t)=0. From
this we can conclude that (3.11) is a part of Skorohod equation: X4(t) and I(¢) can

be extended continuously on [0, o), Xd(#)=0, {(t) is non-decreasing, Szl(fd(s)=0)

dl(s)=1(t) and (3.11) holds for every t&[0, o). It is known that [(¢)=lims 10%

S;I(o,e)()?d(s))ds, and lim, 1 <J(t) =0 a.s. (cf. [5]). Let o®=inf {t; X4(£)=0}. If [-1(¢)
is the right-continuous inverse of ¢ +—> {(¢), then [-}(0)=g°. Set
(3.12) Dp={1>0; I"() > (t-)}
and
B(s+I'(t=)—B((1=))  0s<[(6)—I(t—)=": a(p[1])
B(I-(1)) - B(I(t-)) s=a(p[1]).
Then p[t]ew’,, t€Dp and it defines a stationary Poisson point process with
characteristic measure n* (cf. [5]). We have Ke(t)={ u(X(s)do(s) and

(3.13)  pltl(s)=

S;IaD(X(J))a's=t—e(t)=Szp(X(s))a'go(s). Hence it is easy to conclude from (3.3)

that lim;; «p(t)=o a.s. Also we can easily deduce that ¢’=inf {¢; ¢(¢)>0}.

Let A(t) be the right-continuous inverse of ¢ > ¢(¢). Then, with probability
one, A(0+)=0° ¢+ A(t) is strictly increasing and lim,;.A4(t)=co. We now
define point processes ¢, and ¢, on G([0, ) —» R") and G([0, o) — D), respec-
tively, by

Dg,=Dg,={t€(0, ); A(t—)<A(1)}
and for tEDq,Zqu,
B(A(t—)+5)—B(A(t—))  O<s<A(l)—A(i—)
%[t](s):{
BA(t)) — BA(1—)) AL —A(t-),
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X(A(t—)+ 0<s<<A(t)—A(t—
qzm(s):{ (A(t=)+s) (H)—A(t-)

X(A(2)) sS>A()—A(t—).

Let jt=-7A<t)-

Lemma 3.1. (1) q[t] is an (F1)-adapted point process on ", of the class (QL)
(cf. [5]) with the compensator N, (dsdw)=p(X(A(s)))dsn* (dw).

(2) By enlarging (2, #, P) and (F:) if necessary, there exists an (F;)-stationary

Poisson point process p on W’ with the characteristic measure n* such that qi[t] is given

by
i+
(3.14) Na,((0, t]XE) =j0 f yile(Eucxcacio) Np(dsdu)

Eeg(v?)
and qp[t] is given by
(3.15) N0, AXE)={"{  1s(@40= () N5(dsc)

Ec#(C([0, «)— D))
where O*(w)=0( -, x, w) is defined by (3.5) and ©,: W', —> w7, U {0} is defined by

cw( «[c?) if >0
(ra0)( )={ .

0 if ¢=0.
Here O denotes the path defined by 0(t)=0€R" for all t=0.

Proof. As for the proof of (1), we consider the point process p defined by
(3.12) and (3.13). We know that it is a stationary Poisson point process on %

with the characteristic measure n*(dw), i.e., the compensator N p(dsdw) =dsn* (dw).
If A(s—)<A(s), then, on the interval (A(s—), A(s)), ¢(x) is flat and since

Lp(X(u))du=p(X(u))de(u), de(u)=du on this interval. Also, since 10! =S:_l(py(X(s))
dg(s), di(x)=0 on the interval (e(A(s—)), e(A(s))=e(A(s—))+A(s)—A(s—)). It is
also clear that, if [-}(s—)<I-!(s), then dg(e(«))=0 on the interval (I-1(s—=),
[1(5)). From this we can conclude that A(s—)<A(s) if and only if (=) <I(t)
where t=f(e(A(s)))=j‘:;z(X(A(0)))d0 and that the intervals (e(4(s—)), e(A4(s))) and
(I-(t—), T-1(t)) coincide. This shows that s€Dy, if and only if t=S:,u(X(A(u)))du
€Dy and ¢i[s]=p[t]. In other words, ¢; is obtained from p by the time change
5 — t=Szy(X(A(0)))d0. Now the assertion of (1) follows at once from the general

theory of time change.
To prove (3.14), define a % -valued point process g; by

i+
N ((0, t]XE) =S° S W;IE(T,‘(X(A(S—)))“w)I {ncxcas->0} Na,(dsdw)
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Ecz(w).
Then it is easy to see that its compensator is given by
JVqJ(dtdw) =TI xcayy>odint (dw).

Take an (#;)-stationary Poisson point process g, on %7 with the compensator n*

defined on a probability space (2, #, P) with a filtration (#). We form the
canonical extension

.@=Q><g, .9’7\'=.?><.g—', I3=P><P, %=§txét
of (2, #, P) and (&) and, on this extension, we define a Poisson point process

p on ¥, by
1+
N3((0, {]XE)=Ng,((0, t]XE) +S° y  Jiscxcacs= =0 Ls(w) N (dsdiw).

It is easy to see ([5]) that f is (#;)-stationary Poisson point process on #’ with
the characteristic measure n* and (3.14) holds. Finally, (3.15) is intuitively
obvious and can be proved rigorously as in [9]. Q.E.D.

Now it is easy to deduce from (2.2) that

Aty =oo+(""( (&(s=)) 0 (w) Na(dsdw) + [ p(e(s))ds

where &(t)=X(A(1)). Set M(A(t))=B(t). By (2.6), B(t) is a g¢-dimensional
(3? ¢)-Brownian motion and finally, we can show, in exactly the same way as in
[9], that

£i(t)=4(0) +kéSzri(e(s))d§k(s) +S:Bi(€(8))ds
+S :+S W:W(e(‘ -), w) o<1 N5(dsdw)

i+ X .
+So j  FE6=), 0 o> Np(dsdw)  i=1, ..., d—1

where ¢i(x, w) and Bi(x) are the same as given by (3.7) and (3.8). Note that
£(0)=X(o") is ZF-measurable and hence is independent of (B, §). Now we can
conclude that X is obtained by (3.9) from (B, B,§) where B is any r-dimensional
Brownian motion independent of (B, ) such that (B(¢))o<t<s coincides with

(B(#))ost<s. This completes the proof of the uniqueness of solutions of SDE
(2.5).
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