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Micro-local energy method of
Mizohata and hypoellipticity

By

Toshihiko HosHIRO

§0. Introduction
In the present paper, we are mainly concerned with partial hypoellipticity
(with respect to the x-variables) of the equation (in Rd*?)

(0.1) % talx, Doyu=f,

where a(x, D,) is a second order partial differential operator (in R4 with coeffi-
cients of class C=) satisfying the following conditions.

(A.1) There exists a constant C such that
Blax Dolr+ 3 faw(s, Dol
< C(Re(a(x, Dy)v, v)+|v|?), Vves(Rd).
(A.2) For any >0, there exists a constant Ce such that
llog<D>olP<e Re(alx, Do), 0)+Cellolt, Voe s (RA).

Here we use standard notations: a{}(x, §)=0;(—1id,)*a(x, &), and log{D,>=log
(2—4,)"2. | || and || |- stand for the norms in L?*(Rd4) and H-!(Rd) (the So-
bolev space of order —1) respectively.

Our main purpose is:

Theorem 1. Assume that second order differential operator a(x, D) satisfies the
conditions (A.l) and (A.2).  Suppose that usC([0, 8]; 2%(U)) and f<C([0, d];
24(U)) satisfy the eguation (0.1) in (0, 6) X U, where 6>>0 and U is an open set of RC.
Let (x,, €°) be a point of UX(Rd~0). Then, if (x,, )& WF(f(-, t)) for 014, it
Sollows that (x,, &) & WF(u(-, t)) for 0<t <4.

Since au(x)= f(x) implies 0u/dt+au= f (where u and f are independent of ¢),
Theorem 1 yields the result due to Y. Morimoto [7]:

Corollary. Provided second order differential operator a(x, D,) satisfies the con-
ditions (A.1) and (A.2), then it follows that a(x, D,) is hypoelliptic in Re.

Our argument can be applied without modification to the proof of the follow-
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2 Toshihiko Hoshiro
ing Morimoto’s theorem:

Theorem 2. (Y. Morimoto [8]). Let a(x, D) be a differential operator of order m
with coefficients of class C=(Rd). Assume that for any >0, there exists a constant Cs such
that

(A.3) | (10g<l),¢>)"'vllz+0<lh§I ., (og<Dy)!**#1agi (x, Dx)olf-iu

<ella(x, Dx)v|*+Ce|2|?, Vo (RY).
Then, a(x, D) is hypoelliptic. Moreover we have WF(au)=WF(u) for all ue2’(R4).

Let us now explain the conditions (A.1) and (A.2). To the operators of the
form a(x, Dy)=3%_ X} Xjlor=3%_ X%, where Xj, j=1,..., k are C= real vector
fields generating a Lie algebra of rank d at every point, Theorem 1 is applicable.
In fact, the condition (A.1) is satisfied by the operators of the form 3_, X%+ X, (X},
j=0,..., k are real vector fields of class C~), and, provided Xj,..., X, satisfy
the condition on Lie algebra, the operators of the form a(x, D,)=3}_X}X;
(or=33%_,X?%) have

(A”.2) <D v|E < const. (Re(a(x, Dy)v, v)+|v|?), Voes (Rd)

for some o, 0<o<1. (See L.Hoérmander [1] chap. 22.2.) Theorem 1 is also
applicable to the infinitely degenerate elliptic operators (they are our main targets).
For example, the operator

ar(x, D,)=D?+x2D? +exp(—1/|x,|")D?,

satisfies (A.l) and (A.2), if £ is a non-negative integer and 0<r<ﬁ. (See Y.

Morimoto [7] proposition 4.)

On the other hand, it is remarkable that the condition (A.2) is necessary
for hypoellipticity of the operators of the form a(x, D,)=D%+b(x’, D,), where
b(x’, D,) is a formally selfadjoint differential operator of second order satisfying
(b(x’, D)o, v) = —const. ||v|2, Voe¥(Rd-1). (From this fact, we can show that the
operator a;(x, Dx) with k=0 is not hypoelliptic in any neighborhood of the
origin 0 R4, if y=1. See Y. Morimoto [7] or T. Hoshiro [2].)

We rely heavily on the works [4] and [5] by S.Mizohata, who initiated the
micro-local energy method for the characterizations of the analytic and the Gevrey
wave front sets. We remark that our method is quite elementary. In fact, we
make use of basic calculus of pseudo-differential operators.

Hypoellipticity of a(x, D) under the conditions (A.1) and (A.2) (or under
the condition (A.3)) was recently studied by Y.Morimoto, related to the work
by S.Kusuoka - D. Strook [3]. He has obtained the corollary to Theorem 1 and
also Theorem 2 in [7] and [8] respectively. Essentially, our results are not new.
However, we believe that our method is one of the most direct way to arrive at

the results.
The plan of this paper is as follows: In §l, we explain our method. The
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proof of Theorem 1 will be given in §2. In §3, we will prove the propositions
stated in §1. Finally in §4, we will prove Theorem 2.

Acknowledgments. The author is deeply indebted to Professors S. Mizohata,
W. Mastumoto and N. Shimakura for helpful encouragements.

§1. Preliminaries.

In this section, we introduce some notations and techniques which are necessary
for the proofs of Theorems. Let us first define a sequence of cut-off functions
(micro-localizers) {an(€), Bn(x)}n=1, of size r,>>0. It is well known that there exists
a sequence ¢neCy(RY), N=1, 2,..., having the following properties:

(C-1) ¢ has its support in {y; [y|<r.}, and is equal to 1 in {; 1y|=<7e/2}.
(C-2) For any positive integer K,,

185w < Cra(GN)'?),

|pI=N and |v| < K,,

where C and Cy, are constants independent of N.
(For the construction of ¢, see S. Mizohata [5].)

Now we define
(L 1) No=[logn] +1, a,,(e)=¢N,,<—f;——eo) and Ba(x) =, (x—50).

Note: Let us notice that the support of a,(£) is contained in {§; |£—n&®|<nr,},
in other words, since r, is small, the support of a,(&) is contained in a small conic
neighborhood of £°. We remark that, in the following arguments, we are mainly
concerned with the investigations when 7 is large. So we may regard N, as logn.
Also we remark that, in our method, (C-2) is very important because we have
a9 (&) < Cu(CN ) #1249 for | 1< Ny 9| S Ky and | Bucos (%) | Ca(CN Q)11 for
|g|< Ny, |pI< K,, which enable us to do the quantitative analysis. (a*”=0f""an,

Bacorw= (—iax)“'”ﬂ".)
Let us put, for ueg’(R4),

S¥(u)= (8 X .
M= 3 16.a2(D)buolx)ul
(1.2)
with ¢}, ,=M-1s+an!(logn)~1s+4],

S¥(u) could be called a micro-local energy of u in a neighborhood of (x,, n£°).
Now, we have the following propositions on the relation between the wave front
sets and behavior of S¥(x) as n—oco, whose proofs will be given in §3.

Proposition 1. Let u be a distribution and suppose (x,, £°) & WF(u). Then we
have, if ry is small:
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For any positive number s, there exists a M >0 such that
(1.3) {

S u)=0(n"?) as n—oo.

Note: In general, ¢,=0O(n %) means that there exists a constant B such that
|¢n| < Bn-k, when n is large.
The converse is also true. We can state in the following form:

Proposition 2. Put:

S¥u)= 3 Iea (D)pu(ul’.

If $M(u) satisfies (1.8), then (x,, &%) & WF(u).

Note: It follows from Proposition 1 and 2 that (x,, £°) & WF(u) is equivalent
to (1.3) because S¥(u)<S¥(u). Also notice that S¥(u) <S8V (u) if M=M'.

Let us notice the following fact. In the definition (1.2), if we take M suffi-
ciently large, the values of |} aBuoull, (p, ¢) satisfying |p+g|=N,, are so
small that we can neglect them, when n is large. More precisely,

Lemma 1. Let u be a distribution. For any positive number s, if we choose M
sufficiently large, then

$¥w= 3 1162 (D)buolx)ul

ql=Nq
=0(n"%) as n>=.

In the sequel, we call a term (or sum of terms) negligible if it satisfies the
same property as S,,M(u) in Lemma 1. By the same argument as in Proof of Lemma
1, we can show that the sum of |¢} a$”B.oul? with respect to (p, ¢q) satisfying
Nu—n,<|p+q|< Na, ny being any fixed positive integer independent of n, is also
negligible.

Proof of Lemma 1. First, we take a {€C§ so that {(x)=1 in {x; [x—x,|
<r,}. (Therefore g,ccf.) Then, for some k, we have {ucH-k. Let us now
recall that, for ¢(x, §) S5, the semi-norm of ¢(x, &) in S;f is defined in such a

way that

lc|i™= max sup|c(x, &)|[<E>~+x.
Lot pl=t

From the condition (C-2) and fact that K-'n<JTF|¢[f < K+n for é€supp[a?], it
follows that the semi-norms (in Sif) of symbols o(c} a’B.p), (p, ¢) satistying
|p+q|< Ny, are estimated by nk-C’(2C/M)'**4, where C (resp. M) is the same
constant as in (C-2) (resp. (1.2)). Therefore, the values of

[l 65, 42S” (D) Buca> (%) <D D |z 2y

(p, q) satisfying |p-+¢q|< N,, are also estimated by nk-C""(2C/M)'#*7\,
To see these estimates, observe that
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(1.4) |0(a$Bacor) 1§ S const. 1aP[(7 ] Buco [P
Zconst. n*~1#(CN,) P (CNy)'9,

where const.s are independent of n, p and ¢ (we take K,=l in (C-2)). We
choose [=d+2 in order to apply (1.4) to the values of |c} @ Bua{Dx>k o512
(#, g) satisfying [p+q|= Nn.

On the other hand, the number of terms with (p, ¢) satisfying |p+q|=Na
cannot exceed (2d)¥». Therefore we have

SMu)= 3T (¢} aPBucolDadD >R ul?

|p+q1=Nn

SCi 5 16 RoD s

q|=Nn
< Cpenk (2C] M)2Nne (2d)Vr,
where Cj, j=1, 2, are constants independent of x.
Now, for the given positive number s, we choose M in such a way that

(2C/M)-yod < e *-k. Then the last inequality is estimated by const.-n2* when n
is large (recall that N,=logn).

Note: There are several choices of micro-local energy forms related to the
criterion of the wave front sets (see S. Mizohara [4]). The reader might feel that
our form S$¥(u) looks like strange because, in spite of the analysis in (C*-class,
the sum on |p+¢| is taken up to N,=logn (which becomes large with n). How-
ever in our arguments, the choice, together with the choice of ¢}, and the con-
dition (C-2), is essential in view of the assumption (A.2).

§2. Proof of Theorem 1.

Let us admit Proposition 1 and 2 for the moment. Our assumption for f(x, t)
is:
Given any positive number s, there exist positive consiants M=M and A=A
such that
2.1)
SY(SfCs ) = An>
Sor t; 0=t<0 and n; large.
Under this assumption (for the given s), we are gcing to prove:
For any 7(0<5<0), there exists a B=B(y, s) such that
(2.2) SY(u(-, t))<Bn»
Sor t; n=<t<0 and n; large.

We show this by the method of S. Mizohata [5]. Since the proof is long, we
devide it into three steps.
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(Step 1.) First, we operate a$”’(D)Bnw(x), (p, ¢q) satisfying |p+q|< Ny, to the
both sides of the equation (0.1). Then

Ogup,a=—aPBupya(x, Dy)u+ fp,q,

where we denote upq=aBnqyu and fpq=a$Bnw, f-
Therefore we have

d
(203) 7” up,q||2=2Re(—a,(,”)ﬂ,,ma(x, Dx)u-i-fﬁ,q, up,q)=
=2Re{—‘((l(x, Dx)”i’.‘h uﬁ,?)
+|.,|z=}-1<a(V)(x’ Dx)uk,q-w; uIJ.Q) ’_“‘El(a(u)(x) Dx)uﬁﬂhq: up,q)

(=1

ey vip!
—(rp,a(x, Deyu, upq)+(fpa, upq)}

(aE;)) (x: -Dx) Up+p,a+vs uﬂ.?)

—9Re3,
ji=1
where N, is a large integer whose definition will be given later (see (2.4)).
(Step 2.) Now, we have the following:

Lemma 2. (i) The terms 1p,q(x, Do)u, (p, q) satisfying |p+q|<= N, are negligible,
that is, if we take N, sufficiently large, then

n , D 2—=0(n-2% .
Iﬁ”‘E‘.gNnH%,qu,q(x Rulf=0(n"*) as n—ooco

Here, ¢,(t)=0(n"*) means that there exists a constant B such that |¢,(t)|< Bnk, for t;
0<t<4 and n; large.
(i1) For every positive number L,

|I;|< L-'(logn)~? const. I%I{Re(a(x, D) tp,atvs Up,a+v)

+ tp,q 4|} +L(logn)® | up,qlf?,
and

|I3| < L*n2(logn) =% const. ll2__}1{Re(a(x, D) tpspgs Uptuna)

g 40|} +L(logn)? || up,ql,

where const.s are independent of L, n, p and q.
(iii) For every positive number L,

| 1| L const. > n?@-1*D(log n) 4 X
2= |v+ul=No

X {Re(a(x: -Dx)uﬁ+n.q+w up+u.q+ll)+“ Uptuatr|?}

+L(logn)®|lup.ql
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where const. is independent of L, n, p and q.

Proof of Lemma 2. (i) Take a function {€C§(R?) satisfying {(x)=1 in
{x; |x—%0|=7,}. Then, B,ccl and there exists a positive number k such that
Cu(+, t)eH-k(R) for t; 0=t <4.

Let us observe the followings. From the condition (C-2) and the fact that
K-'n<|1+[¢]f =<K n for £Esupp [«$], it follows that the semi-norms of ¢} 74
(x, Dy) in Si5=™, (p, q) satisfying |p+¢|< Ny, are estimated by n=* C’(2C/M)?*<,

Therefore the values of

l¢5,arp,a(%; D)<DxdbllLes Lo,
(p, q) satisfying p+q|< Ny, are also estimated by n=°C’/(2C/M)!**4), provided
(2.4) s+1-N,< -k

To see these estimates, observe that (cf. S. Mozohata [4] page 58)

7l
,

Sconst. 3 (@@ Bun ] a3 110
[v+p|=No+1

<const. n=s"12I(CN,)\p+al,

where const.s are constants independent of n, p and q.

So, let us take N, in such a way that the inequality (2.4) holds. Then we
have (notice that, in (2.3), # may be replaced by {u, because a(x, D,) is a
differential operator and g,c c{)

> es roa(x, De)ul?
Iﬁ+ql§Nn” Pa Pq( E] x) “

= " D D>k Dx -k 2
Ip+q|2§Nn“ cp,qrp.Q(x) x)( x> < > Cu “

<c 1c” DIKD.SEE,. ..
o 1lP+qlE§N,,l(;‘o’qrﬁ’q(x’ x)( x> ”L-)L

g 022 (QC/M)zlpwln—zs
Pq
< Czn—ZS’

provided M satisfies 2d(2C/M)2<(1/2. (Observe that the number of the terms with
(p, q) satisfying |[p+¢|=j cannot exceed (2d)i.)

(ii) Let us show the second inequality, because the proof of the first one is similar.
First, it is clear that

|[3|= L-*d(logn) - Elll gty g |+ L(log n)® (| up,q|.

Let us take a function ¢Cy so that ¢(p)=1 in {y; [|=<r}, and define
@n(8) =¢(%—E°). Then, since a,C C&, and the commutator[&,, a,] is bounded

in OPS},, we have
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Il @custs+u0 P =l @@ (D) tep+ 1o |
=2/ a(Ds)acwtp+umal*+Crll<Dedtip ol
= Con®{IKD> agwttp v [P+l tp 4o [}

where Cj, j=1, 2, are constants independent of n, p and gq.
Now, in view of (A.l), the latter inequality of (ii) is proved.
(iii) It follows from a{€S8%3"! that

LIS L logn) # const. | 1 IKDY gL (10gn) unal?
< -1 -2 . 221w L 2 2,
< L-‘(logn)~* const 2§|u+§l§Non | psqsslP+Llogn)? | up,qll

where const.s are independent of L, n, p and gq.
Now, in view of (A.2), the assertion of (iii) is proved. (Observe that K-'n<

VI+[éF <K :n for éesupp [a$?].)

(Step 3.) Let us now observe that ¢} (logn)'=M ¢} ,,, for |v|=1, ¢} n(logn)~?
=M c;,,, for |pl=1, and ¢} (logn)-2n2-VI< M»*elg;, o, for [v4p|=2 (when n
is large). Therefore, it follows from (2.3) and Lemma 2 that

d
(2.5) i Nehaupal?

< 2{—Re(ac, up.a, ¢ Htpa)+
+{2+3L(logn)®} || ¢y, jup,a P+

+ Lt const. M2 = (Re(aCh 4 g+ oo tunatvs Cotpgtothptumaty)
1ShinI=N

F1Ch s pyarsthotuatol?)} +negligible terms.

Let us take L sufficiently large and sum up the inequalities (2.5) with respect
to (p, ¢) satisfying |p+¢|< N,— N,. Then, the third terms on the right hand side

of (2.5) will be absorbed into the first ones, that is, we have <also observe that the
terms %llc;,qup,qllz and Re(ac}, up,q, ¢ upa), (p, q) satisfying Np— N Z[p+q|< No,

are negligible)

d ” ”
(2.6) —dZ-Sﬁ’(u(-, N —m+qZ|}§NnRe(ac,,qup,q, €y, Ub,a)
+2{2+3L(logn)*+ L const. M} S¥(u(-, t))+0(n %),
where const. is independent of M, L and n.

Furthermore, it follows from the assumption (A.2) that

@.7) 4 SHu(-, 1)) < - (logm)s¥(u-, 1) +0(n~*)
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< —L(logmS¥(u(-, 1) +0(n®),

where ¢£>0 can be chosen arbitararily small. (For any positive number ¢, the
inequality (2.7) holds when » is sufficiently large.)
Therefore we have

S¥(u(-, t)) Sexp(—(logn)t[e)S}(u(-, 0))+0(n"*)
—n-tESM (-, 0))+0(n-).

Now, the assertion of Theorem 1 is proved, because S»(u(:, 0))=0(n*) for some
k. q.e.d.

§3. Proofs of Propositions.

Proof of Proposition 1. Here, we consider the values of | ¢}, a$”Bne, ull, (#,
q) satisfying |p+q|<< N,, when (%, &)€EWF(z) and r, (size of micro-localizers) is
small.

Take a function {€Cy so that {(¥)=1 in {x;|x—x|<r}. Then we have
Bnccl (i.e. L=1 in the support of B,) and {ueH* for some k. Let us write

63,8 Bt =0}, 5P Bucar(C1)

T lENu!_16;v413'1(4+v)a(P+")(Cu)+€;,qr/py‘l(x: D) (Cu),
v o

where N, is a large integer whose definition will be given later (see (3.1)).
On the last terms of the right hand side, we have the following: By the
same argument as in the proof of Lemma 2 (i), the values of

” c;,qr;,,q(x, Dx) <Dx>;k ”1-391-37

(p, q) satisfying |p+q|<< N,, are estimated by n~Sconst.(2C/M)!?+e! (const. is inde-
pendent of n, p and ¢), provided

(3.1) k—N,—1<Z —s.
Therefore, if we take M so that (2d)(2C/M)2<1/2, then

¢ 7./ x D u 2
|b+(12|§Nn" P a P-‘I( > x)(c )"

33 6po(x, DeKDHDD*(Lu)f

Ip+al=s

< const. ¢y o poa(x, D ){Dy>k|Presie
= lp’H?anu pa 17.<I( x)< x> ”L—>L

< const. (2C| M)2e+al -2
9P

<const. n~%,

where const.s are independent of n.
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On the other terms of the right hand side, we have the following: Let us

observe that
1Bucr 0?2 () [ S 5P| Bucprn| supla ™1 ([ [Cu(e)rden,

where A,={&; |£—n&|<nro}. Therefore, it follows from the assumptions of Pro-
position 1 that, for any positive number s, there exists a constant €’ (independent
of n, p and ¢) such that the values of || Bup+na®**({u)| are estimated by n—s-l2+*!
C/(CN,)'#+dl,

Therefore, if we take M so that (24)(2C/M)%<1/2, then

DI L e Ol
=4Vn

< CIZ(QC/M)”“"‘n“zs‘z'”‘g 2Cn~2-21v
P

where C; is a constant independent of n.
Combining the above arguments, we have the assertion of Proposition I.

Proof of Proposition 2. Let {Cy be a function satisfying {ccg, (i.e.
Brn=1 in the support of {). First, we shall show that |a,(D){ul|=0(n"%) as n>=,
when S¥(u)=0(n"%) holds. Let us consider

= | 2yl @B+’ (x, Dy)Batl.

In the above inequality, we have ||a’B,u|=0(n"*"""/(logn)"”') from the hypo-
thesis. So we must consider only the last term. Let us now take a function
ZeCy so that L=1 in the support of B,. Then, for some £, EusH-*. Therefore,
by the same argument as in the proof of Lemma 2 (i), we can show that

7" (e, D) Bl =l (x, D) BaCD <Dy ~ku |
=0(n"%),

provided N, satisfies the inequality k—N,—1=<-s.
Now, we remark that, for the proof of Proposition 2, it suffices to show that,
for any positive number s,

sup |an(§)u(@)=0(n) as w>=,
from the assumption of Proposition 2. To see this, let us observe that
a6 Eu(8)|< lan( D)l
<const. ||(1+]|x[*)len(D)Cul,
where [ is a integer satisfying [>d/2. Furthermore,

(1+|x[*) an(D) ()
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= 3 (=1l ar?[(—idy) (1 +1x ) (Cu)

I =2l

= 3 (n)cnu’
lr|=2l

where we denote = (—1)"*lg!1[(—id,)“(1 +|x|?)!]L.

Thus we have

/N
lan(8)Cu(e) |<Sconst. 3 ||alCeull.

lels2l

In the last inequality, we can show that, for any positive number s, ||a{.ul=
0(n=s-'*I(logn)'*)) by the same argument as in the forepart of the proof, which
completes the proof.

§4. Appendix (Proof of Theorem 2).

The proof of Theorem 2 is quite analogeous to that of Theorem 1. We shall
show that, provided a(x, D,)u= f and a(x, D,) satisfies the condition (A.3), S¥(f)
=0(n"%) implies SV (x)=0(n"%) for any given positive number s.

Let us first operate a{”(D)Bnw(x), (p, q) satisfying [p+g|< N, to the both
sides of the equation a(x, D,)u=f. Then

— )]
a ,(,P).Bn(q)au =al? .Bn<q)f-
This implies

(—1)'
aup,q+ > a8 Up s pyqrvtra,qb=fp,q.
o<hialsN, vipg! Gllptinass f

Here we have used the same notations as in the proof of Theorem 1. Therefore
we have

(4.1) | aup,q [P

< const. au + a$u v
{ ]v+# <m “ (;b) Pt q+#“ m<lvial< _I\Jl (u) P¥p gt “

FHlrp.qu P+ fo.ql%}
=const. {J1+ Je+llrs,qullt+(fpql},

where const. means a constant independent of n, p and q.
Almost the same arguments as in the proof of Lemma 2 yield the following:

Lemma 3. (i) For any positive number s, there exists a positive integer N, such
that

Cpotpat|E=0(n"%)as n—oo.
S denrnanlt=0()

(ii) For any positive number e, there exists a constant Ce such that

leO<] +2;:l< (logn) lv+u|nlﬂv|} {el]au,+,, ll+"”2+05”up+n,q+vu },
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and

JZ_S_ > {(logn ‘"’n"“l"l}2{e||aup+u_,,+,,|lz+Ce|| uﬁ+/t,q+v“2}-
mS|vtu| SNy

Let us continue the proof of Theorem 2. Observe now that (logn)~""*#lnlele: |
=Mv+elg and, for (v, p) satisfying |v+p|=m, (logn) "nm-\*lg; < Miv+sl

Ptpsqtv
Chrimesr (When n is large). So, in view of (4.1) and Lemma 3, we have
(42)  la(,qupa)l?

< const. M2N°{€K|u§|§NJ| a(€Z+u,q+uuP+u,4+V)||2+Cé‘“ c;+p,q+vuﬂ+usq+11”2}

+negligible terms.

Let us choose ¢>0 sufficiently small and sum up the both sides of (4.2) with
respect to (p, g) satisfying |p+¢q|< N,—N,. Then, the first terms on the right
hand side of (4.2) will be absorbed into the left hand side, that is, we have (also
observe that [la(c; up,q)l? with (p, q) satisfying N,—N,<|p+g|< N, are negligible)

» upg)[F<S const. $M -29),
(4.3) (p+§§Nn||a(cMup,q)ll Zconst. S} (u)+0(n"%)

In view of the condition (A.3), it is clear that

logn)2™ SY(uw) <const. > |la(c} up,q)|?,
(logn)o™ S Seonst. | 53 la(cs )

when 7 is large. Therefore, it follows from (4.3) that
S¥(u)=0(n"*)as n—oo,

which completes the proof. q.e.d.
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