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Hypoellipticity for some infinitely degenerate
elliptic operators of second order

By

Tatsushi MORIOKA

§ 1. Introduction and results

We are  mainly concerned with the hypoellipticity of degenerate elliptic operators
in  IV  o f th e  form

(1.1) L=D7+ f(t)..0.-Fg(x)D

satisfying

(1.2) f (0 )= g (0 )= 0 , f(t)>O , g (x )>0 f o r  t * O ,  x *0, respectively.

Throughout this paper, t h e  coefficients of d ifferentia l operators a r e  assum ed  to  be
functions o f th e  c la ss  C .

Before t h e  sta tem ent o f  re su lts , le t  u s  explain our m o tiv a tio n . Concerning the
following operator

L3=D i+D I-kg(x )N ,

w here w e assume xg'(x)._0 in addition to (1.2), Kusuoka and  S trook  [4 ] have  shown
th a t  L 1 is hypoelliptic  if  a n d  only if

(1.3) lim  x log g(x)1=0.s-0

W e rem ark that (1.3) allows th e  infinite degeneracy o f  g(x) a t  x = 0 .  F or example,

L2=1)7+Dld-e- 1-6

is hypoelliptic if  an d  only if i <1. A s  a  generalization o f  L 2 ,  Morimoto [6] has con-
sidered the  following operator

L3=D +tlkD +e  X I

w here k is  a  non-negative  in teger. In  [6 ]  i t  w a s  p ro v e d  th a t  L 3 is  h y p o e llip t ic  if
a  < 1/(k  +1). See  a lso  p a g e  2  o f  [2 ] .  However in case of k 1 , w e  c a n  n o t  s e e  th a t
a < 1 /(k  + 1 ) is  n ecessa ry  f o r  L 3 to  b e  h y p o e llip tic . T h e  above result concerning L 3

comes from the  fo llo w in g  fac t. L e t P be a  differential operator o f  th e  form
d

P = ak,(x)D x k p x , in R d ,
k ,1 =1
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w here a  m atrix  (a k i )  is non-negative definite for each xER d . Morimoto [6] has shown
t h a t  P  i s  hypoelliptic in  Q (open subset o f  R d) i f  P  satisfies th e  following estimate:
fo r any  s> 0 and  fo r any  compact subset K  o f  Q there  exists a  constan t C  such that

(1.4) I I ( l o g  A)ull 2 sRe(Pu, u)d-ClluIr f o r  u E  CVO .

A lso [6 ] has show n that (1.4) is necessary fo r  P  to be hypoelliptic if P  can be written
in  the  following form

(1.5) P=D;14-b(x', D x ,) in R ,

where b(x', D x
, )  is  a  formally selfadjoint operator of second order satisfying

(1.6) (b(x', D r
, )v, v)_>_-const.110 2f o r  vECV(R d - 1 ).

L , satisfies (1.4) if  and  o n ly  i f  a<1/(k + 1 ) . S e e  Proposition 4  i n  [6]. In  c a se  o f
k= 0 , L , can  be  w ritten  in  th e  form  (1.5) a n d  satisfies (1.6). S o  w e  see  th a t a< 1  is
necessary fo r  L , to  b e  hypoelliptic. However in case of k 1, L 3 c a n  n o t b e  w ritte n
in  the  form  (1.5). Therefore, our inform ation about the hypoellipticity o f  L ,  is  n o t
com ple te . S o  w e  consider t h e  operator (1.1) generalizing L 3 . O ur first resu lt is  the
following theorem.

Theorem  1. L et L  be the operator (1.1) satisf y ing (1.2). A ssume moreover that

(1.7) lirnIt log f(t)1=0 ,t_.0

(1.8) lim I x log g(x)1=0.x-o
T hen L  is  hypoelliptic.

Theorem  1 shows th a t  L 3 i s  hypoelliptic i f  a < 1  f o r  a n y  positive  in teger k. If
w e  assum e t f ' ( t ) : 0  in  a d d itio n  t o  (1.2), (1.7) is necessary fo r  L  to  b e  hypoelliptic.
Indeed, le t P  be an  operator w hich w e obtain from  L  b y  the change of variables x =
ço(z), w here W satisfies gD/(z)=g(g9(z)) a n d  q)(0)=1. A pplying Theorem  3  i n  [ 6 ] ,  we
see  tha t P  satisfies (1.4) fo r  ‘2= {(t, z, y): z>0}. The condition (1.7) follows from (1.4).

Let us continue ou r a rg u m e n t. Hoshiro [3] has considered th e  following operator

(1.9) L = f(t)D1d-g(t)D. ,

w here f(0)=g(0)=0 an d  f (t), g(t)>0 fo r t t - 0 .  In  [3 ] it  w a s  sh o w n  th a t  th e  hypoel-
lipticity o f  L  is decided by th e  combination of the vanishing order o f  f ( t )  and  g (t) at
t= 0 .  See Theorem  1 and  2  in  [3]. So we next consider

(1.10) L=D7H-f(t)Ind-g(t, x)Dr,

generalizing (1.1) and  (1.9). W e assume th a t g(t, x) 0 and

(1.11)f (0)=0,f  ( t ) >  0 f o r  t#0.

Our second resu lt is  th e  following theorem.

Theorem 2 .  L et L  be the operator (1.10) satisf y ing (1.11) an d  th e  f ollow ing con-
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ditions.
(A l)  T h e re  e x is ts  a f unction G (t) such that g (t, x )..G (t), tG i(t).0  and

I-0 G(t)lt log f (t)=0

(A .2 )  L  is  hypoelliptic in i(t, x, (t, x) (0, 0)1.
T hen L  is  hypoelliptic.

Theorem 2  has th e  following corollary, which yields Theorem 2  in  Hoshiro [3].

Corollary 3. Let L  be an operator of the form

L=D7+ f(t)DI-Fg(t)h(x)Di;

f(0 ), g (0 )=h(0 )=0

f(t), g(t), h (x)>0 fo r  t -1 -0 ,  x ( )

t f ' (t), tg'(t)a.0

lim A/g(t)1 t log f (t)1 =0{ t_.0
limA/f (Olt log g(t)1=0

satisfying

(1.12)

and

(1.13)

lim  x log h(x)1=0 .

Then L  is  hypoelliptic.

Proof  of Corollary  3. In  v iew  o f  Theorem 2 , it  su ff ic e s  to  sh o w  th a t  (A.1) and
(A .2) a r e  sa tis f ie d . (A .1) follow s from  (1.13). W e see  tha t (A.2) is also satisfied by
Theorem 3  in  [3 ] and  Corollary 2  in  [6]. Q. E. D.

L e t u s consider the  following examples.

E xam ple  1 . L et a, o  be  c o n s ta n ts . Theorem  1 show s that

is  hypoelliptic i f  a< 1  and 6 < 1 . In case of L  is  n o t hypoelliptic fo r any 6>0.

E xam p le  2 . L e t  a  and ô  b e  constants and h be a  positive in teger. C oro lla ry  3
shows that

L.---Ln-Ft2kD;+e- --1x1-6Dt

is  hypoelliptic i f  a < k ± 1  and  0 < 1 . I f  cr k +1 and  6= 0 , L  i s  n o t  hypoelliptic. Cf.
Example 1 in  [3].

Example 3. L et co, a and  3  be  positive  constan ts. Corollary 3 show s that

I X 1 - 5 D 1

is  hypoelliptic if  6<1.
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T he p lan  o f th is paper is  a s  fo llo w s . In section 2, we prepare basic facts to prove
Theorem  1 an d  2 . In  sec tio n  3  an d  4 , w e explain our m icrolocal energy m ethod and
complete the  proof o f  Theorem  1. T h e  proof o f  T heorem  2  w ill be  g iven  in section
5. Finally in  section 6, w e prove the propositions in section 3.

Acknowledgements. T h e  author would like to express his gratitude to Professors
N . Iw asaki and  Y. Morimoto fo r  helpful encouragements.

§  2 . Preliminaries

W e begin this section by preparing the following Sobolev spaces which are necessary
fo r th e  proof o f  Theorem  1 and 2.

Definition. W e denote by Hk' <k, 1, j<° ° )  th e  space o f  a l l  distributions
u S'(1? 3 )  satisfying

ffi I 17) 2<r > 2 k 07>2 )drded Y)< co ,

w here i i  is  Fourier transfo rm  o f  u  a n d  < 7 . > , ( 1 ± r 2 ) 1 1 2 .
 M o r e o v e r ,  vE H "—  means

th a t v E li k . "  fo r any j .

Rem ark. H k . "  is  a  H ilbert space w ith th e  following inner product:

(u, V)Hk,(,) 77)0(r7 )<T>2k<>21<72>2.'dzdedri.

W e say  tha t a  d istribution u  is locally o f  th e  class H k. 1') a t  (t o , xo , y o )  i f  there
exists a function Ø C  w ith  0 = 1  in a neighborhood o f (t o , x o , y o )  such  that çbu Hk•

I f  u  is  a  distribution and  (to , xo, Y0)eR 3 ,  there  exists three  real num bers (k, 1, .i)
s u c h  th a t  u c l -P . 1 -) a t  (t o , xo , y o ). L e t  L  be th e  operator stated in  T h e o re m  1 . If
uEH k.'-' a n d  L uE C" a t  (to, xo, Yo), we h a v e  u EHk+2 . ' 2 ' 1 '  a t  (t o , xo , yo). In  case
of t 0 = x 0 = 0 , th e  above fact is show n in the following w ay. L et Ø 1 EC`,7 be  a  function
w ith  0 ,= 1  in  a  neighborhood of (0, 0, y o ) such that 95 1 it E H 0 ' . '  and O1 L u cC 7 .  Choose
0(t, x, y)=X(t)(p(x, y )  so  th a t 0 0 , ,  i.e ., 0 i = 1  in  a  neighborhood of the support of ¢.
Here X and (,/, are equal to  1  in  neighborhoods o f  t= 0  a n d  (x , y)= (0 , y o ) ,  respectively.
T hen  th e  right hand side o f  th e  equation

Di(Ou) ,  [Di, X(t)]Ou +0 Lu —0( f (t)D.-k g(x)Dt)u

is  o f  th e  c la ss  H " - 2 - 7 - 2 . In  f a c t ,  th e  s e c o n d  a n d  th ird  te rm s  b e lo n g  to  C 7 ;  and
1-1", 1 - 2 •2 - 2 ,  respec tive ly . T h e  first one is  of the class CT, because of the hypoellipticity
o f  L  in  { t# 0 1 .  H ence w e see that g5u H 0 +2 .' - 2 -' - 2 . Repeating these argum ents, we
see  that u  is locally  o f  th e  class H " - " . / - " ' ' - "  fo r any  positive integer d.

In  the case w here  LuEC -  a t  (0 , 0 , y o), th e  p a r t ia l  F ourie r transfo rm  o f  u  at
(0, 0, y o ) ,  i.e.,

g tx o u )-(t ; E, 72)=(27c)le"rX0iter, e ,  n )ch-

is  o f  th e  c la ss  C V -1 , 1 ) w ith  respect to  t  fo r alm ost every (E, )2).
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R em ark. T h e  hypoellipticity o f  L  in  w, x)#(o, 0)1 has been shown in [6 ], under
the  assumptions (1.7) and  (1.8). So w e m ay assume to= x 0 =0.

Now th e  proof o f  Theorem  1 is reduced to  th e  following proposition.

Proposition 2.1. L et L  be the operator (1.1) satisfy ing (1.2), (1.7) and (1 .8). Assume
that LuEC°' at (0, 0, y o ). T hen w e have the following two claims.

(i) I f  u cH ° . i ' l  at  (0, 0, y o ) ,  then u H 0 ," - ' 1 2 .i - 2  a t  (0, 0, y o ).
(ii) I f at  (0, 0, y o ) ,  then uEH°'°. -  a t  (0, 0, 370).

From  the  above proposition and the previous argum ents, w e  h a v e  u E H " ''- ' at
(0, 0, y o )  fo r any  (k, 1, j )  i f  L U E C " at (0, 0, y o ). Hence uE C. ° at (0, 0, y o ). T h e  proof
of Proposition 2.1 w ill be  g iven  in section 3 and 4.

§ 3. Microlocal energy method (1)

In  th is  section , w e  p rove  Proposition 2.1-( i) . L e t u s  prepare the microlocal energy
of d istribu tions u se d  in  se c tio n  4  o f  [ 3 ] ,  afte r som e re finem en ts. The use of the
method here is slightly different from that in  [ 3 ] .  Choose first a  sequence WN c  CVR)
(N=1, 2, •••) w ith  WN = 1  i n  ix  : and FN  =O  i n  {x : ( 0 < r ' < r < l )
satisfying

ID1-̀ WNI_C,(CN)P f o r  itt _N,

w here C , an d  C  are  constants independent o f  N .  Our microlocalizers fa ,,(e) , p „ (x , y)}
a re  defined in  such a  w ay that

a ( e ) N ( - -1)-ETN n ( In  + 1), Rn(x , y)=WN„(x)griv n (y -y0 ),

w here N„ , = [log n ]+ 1. O ur microlocal energy is

S;If, = n + i I l q q a  V i (DASn(q) 14 )112H0, 0, n t, c.51( R 3 )

w ith  q q =nP(M log n) - " -  RI. H e r e  a  V' , -- alia„ and  P n ( , ) =DpDgy2,8„ w ith  q=--(q i, (12). We
have now th e  following propositions w hose proofs w ill be given in section 6.

Proposition 3.1. L e t  u E H " . ' '  a t  (0, 0, y o )  f o r  som e I, j .  T hen there ex ists a
function X(OECT, w ith X=1 in  a neighborhood o f  0 and a positiv e constant M o such that

S711(1,m(Xu)=--0 (n - 2 1 ) f o r  m--L-J, A /  Itlo •

Proposition 3.2. Let at  (0, 0, y o ). I f  there ex ists a  function X(t) C°,°,
w ith X=1 in  a neighborhood o f  0  and a positive con san t M  such that

, n ,(Xu) -= 0 (n - ") ,

then f o r any  l' < l w e hav e u E H ° . ' ' '  at  (0, 0, yo).

R em ark. In  general, 0„,, --- 0 ( n ' )  m eans that there  exists a  co n stan t B  such that
lOn B n ' ,  w hen  n  is  large.



378 Tatsushi Morioka

Roughly speaking, these two propositions im ply that the  decreasing (or increasing)
o rd e r o f  th e  microlocal energy „,(Xu) indicates th e  regularity o f  u  w ith  respect to
x-variable a t  (0, 0, y o).

L et us now  begin th e  proof of Proposition 2.1-( i ). T h e  hypoellipticity o f  L  in
{t#01 enables u s  to  k n ow  tha t the  right hand side o f  th e  equation

OL(X u)=O[Di, X (t)]u ±X OLu

is  o f  th e  class Cc,;' i f  L u e C -  a t  (0, 0, y o) , w here X(t)-a--- C °  a n d  0 (x , y )ee",' have their
supports in small neighborhoods o f t=0  and  (x , y )=(0, y o) ,  respec tive ly . S o  w e have

(3.1) O L v =h,

w here v =X u and  hE C7,s.
Assume th a t p+ qj S N ,, and  r>0  is chosen sufficiently sm all so that p„ 0 .  Let

u s  operate ce`Pienco )  to  th e  both sides of (3.1), namely,

(3.2) a V” „ (oL v =aV ) i c o ll.

T h e  asymptotic expansion gives

(3.3) (Lvn,p,q, V n p q ) o = bk

with
E (-0'(1)1) l ( L i r V  rz, p.q+(p,o), V n,

2

b 2 = 2 (g (X )D  On, p,q+(0,1),Vn,p,q)m

bo = — (g(x )v , p .Q-F(0,2), 1) 71,7),(1)771.,

b4=--(rn,p(ign( q )DV), V n,

b5= .--(hn ,

where
7)„,,, 0 =aV ) Pncov, h„, 0„,=a;P 3 n( o )h , L o= Di+ f ( t)D ,

L t;' ) = 2 f ( t ) D , ', r,,p-=[ct;,P ) (D ), g(x )1,

(a, b) m =(a, b) 11 0,0,m ,

W e are  going to  estim ate th e  each term s o n  th e  right hand side o f (3.3).

Lemma 3.3. For any s >0  there exists a constant N o which is independent of  (p, q)
such that

(log n)2 11v., p, q Vn_S- e(Lovn,p, o , v„,p,0)m f o r  n -N 0 ,

where 11*II means 11'11110,0,m.

Proof of  Lemma 3.3. From  (1.7), it fo llow s tha t fo r a n y  s>0 there  exists a  con-

stant N o such  that
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(3.4) (log I )2 so(t)12dt.-E61ço'(t)12dt-Fe9(t)lço(t) 2 dt)

for q)c- C (-1 , 1 ),  e  I  N o. S e e  Proposition 3.1 in [3]. Taking

o(t) v, p,q(t ; 72)= a V ) (e)(Pn(q)v) - (t ; 7)),

multiplying the both sides of (3.4) by <72>'"' and integrating with respect to 72), we
have the desired estimate. Q. E. D.

For a convenience, we assume that g (x ) _ 1 .  Let K  be an arbitrary positive con-
stant. Then we have

(3.5)b ,  =21(g(x)D y v„, p , q+(0, 1 , V , , p ,q) pyl

n ) 2(g (x )D  „ , p , q+Co, D  y V n ,P ,q + co ,o ),a + K (lo g  n)2 y,,

1
K - '(log n) - 2 ( Lv„, p.(1- 1 - ,0 . - , V  ,,, , q -1- ( 0 , 1 ) ) / a +

T T
p ,q,

 V , ,
 p ,O n t

(3.6) I /41 = I (g(x)v7,, p ,q+(o, 2 ) )  y IL, p, 07,1.1

- '(log n) - 2 117),t,p, q +(0,2) A + K  ( lo g  n)2117)„,

, 1- '(log n)-4(Lv„, P, q+(0, 2 ) ,  V  q . ,q + (o ,2 ))m , - 1- q ,  Vu ,

From the Parseval's formula we have

( L v ,, 0 ) ,  V,,  p , q)

(t)1 1' - ' 114 , p,q+(y , 0)(t Y))V;;, p , q(t e , )7 ) 0 7 > 2 " t d td e d 1 )

(t)2 I  71.17 0)(t ; )7)12<l)>2"` dtded

f (t)V1v;;,„,,(t ; e, 72)1'02>'"  dtded)7 1
1-

\ 1  T'(log n) 2 v ( LV7i, p,q+(v, C ) ,  V12, p,q+( , , 0 ) )  +  8  ( I - , V71,1,,q, V72,, p ,g)nt •

Therefore,

(3.7) 1511 < K  ' ( l o g  n ) - " ( L v „ ,  
q+ ( v . o ) ,  V  n. 0))-at

v=1, 2

1
— (Lv , )
4 , p , q, te, p,q 7IL.

We estimate n, and b, in the following way :

(3.8) b4 - .K (7- n,p(P.coinv)U„ - kK

(3.9)l b , K  Il h  P A L + K Iv ,, ma, .
From (3.5)-(3.9), we have
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(3.10) 1
— (Lv„ V77 r )

E  (log n) - 2 I'l(Lv„,,, q ,,,,
1,1=1.2

+2K - 1 11vn,p,q11L+KIIrn,p(18.( q )D0114,

L et us now  observe th a t  c7) 2 (log n) - L1. I=11417 Ic , , .  From  (3.10) w e see that

1
W  n ,p ,q ) n t2

E w„,„,q,)„,±K14,h„.p.,11;„
I.1=1.2

+2K - 2 1Iw n,p, q (1 ± K I lq q r.,p(Pncopfi v)11,

w here W  p , q
=

e 4 e n , p , q •

Lemma 3 .4 .  I f  we choose M  sufficiently large , then

E lic7
7',0-„,p(P.„ ( o Nv)0„ , 0(n - ' 2).

Proof  o f  Lem m a 3.4. W riting the  symbol by the  oscillatory integral together with
th e  fa c t th a t (1—r)n <(1--Er)n fo r e suppa„, w e see that

Ilr < I .p In,p11110,t,m 0, . const. r.

const. aV+' ) IY:Ig(!)(x)Ig:

const.(CN,)Pn - P- t _i ,

w h ere  l a l p  denotes th e  seminorm in  Sf,„, i.e.,

IaIi > = max sup

See also page 58 o f  [5]. Therefore,

u ,(Is l7(q ) D V )r , Ho. 1. m.„„, 0, 7413 n (q )0 D IV I I  f i l l ,  1, m

const. I r„, p p  /37 1 ( q ) l l o p t o

< c o n s t . ( C  N O P - H q l

Thus we have

„cis „(q ) D;2,01 1 . const.(2C M - 1 )" -Hgl

In  case of 2CM - 1 < 1, w e have

E 11q0-„, p(P „(q) N V ) c o n s t .  n - 2 1 - 2  E(2CM') 21 +2 r2 '=0(n - ' ) .
P gN „ P•q

Q. E. D.

L e t u s  sum  up th e  both sides o f  (3.11) w ith  respec t t o  (p, q )  satisfying p+ lql
N 2 - 2 .  From  (3.11) and  Lemma 3.4 w e see that

(3.11)
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(3.12) 1
„2h+2K-',S,f,„,v+O(n-21-2),

where
wi7y= E  (Lw„.„,,, p,q)m •

1) +1 4 1 ‘N

To establish (3.12), we used

( Lu it)2,n,q)m=0(n-21-2)p ,q
N 2 -27)-1-141 N „

fo r sufficiently la rg e  M . C f . Lemma 1 in  [2 ] .  T h e  first te rm  on  the  right hand side
o f  (3.12) is absorbed into th e  left hand  side  by  tak ing  K  sufficiently la r g e .  Since hE
C'o° , S ,,,h = 0 (n - 2 1 2 ). T h u s w e  have

1
(3.13) w71_<2K-1s;y.,,„v+O(n-21-2).

By Poincare's inequality,

p , q U) 71, p t t 1 W n  p , q ( h

holds fo r some constant 6>0 . Therefore, 147 1;f _. 3S,„,v. By taking K  sufficiently large,
w e obtain from  (3.13)

S';',1,„,v=0(n - " - 2 ).

In  v iew  of Proposition 3.2, the proof is completed.

§ 4. M icrolocal energy method (2)

In  th is  section  w e  p ro v e  Proposition 2.1-(ii). H e re  w e  r e ly  o n  t h e  microlocal
energy  m ethod  aga in . B ut our argum ent in th is  section is not so  delicate  a s  previous
o n e .  Indeed, th e  microlocal energy prepared here  is quite  s im p le . L e t gr C `;(R ) be
a  function satisfying W=1 in  {1x 1._‹r'} and ¶---0 in  {1.2c1 . r }, w here  w e assume that
0 < r '< r< 1 . O ur microlocalizers i a 2 ( 2), 19(y)} a re  defined in  such a  w ay that

a „()7)=T Vi — 1)+W  ( 2 + 1 ), P(Y )=T (Y — y0).

O ur microlocal energy is

SN =  E  Ilq2aV ) (D 9 )(Pcou)111. 2 ,
p N

u  S'(1-V)

w ith  c , = n " ) ( P- q) . W e have now  th e  following proposition.

Proposition 4 .1 . L e t  u c H " ' i  at  (0, 0, y o) f or som e j  and  N  b e  an arbitrary  in-
teger. T h e n  u c H " . -  a t  (0, 0, y o) if  a n d  only  i f  there ex ists a function X(t, x)ECW
w ith X=1 in  a  neighborhood o f (t, x ) , (0, 0) such  that SN,,,(Xu) is rapidly  decreasing as

e.,
SN.„(Xu)=0(n - " )

fo r  any  s>0.
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T h e  proof of Proposition 4.1 can be g iven by th e  sam e argum ent as in section 6.
See also page 111 of [5].

L et us now  begin th e  p ro o f  o f  P roposition  2 .1 -(ii) . T he  hypoellip tic ity  o f L  in
{(t, x) (0, 0){ enables u s  to  know  tha t th e  right hand side o f  th e  equation

OL(X 1X274)=0[M, X1]X2u +Of (t)[ M, X21X{u±X {X2OLu

i s  o f  t h e  class C`o" i f  Lu e 's  at (0, 0, y o). H e r e  X 1(t) C ,  X2(x)ECI  and  (p(y) Cec°,
have their supports in small neighborhoods o f  t= 0 , x = 0  a n d  y = y „ , respectively. So
w e  have

(4.1) OLv=h,

where v=X 1X2u  and
Assume that r>0 is chosen sufficiently  sm all so that 1(3 tp. Let us operate cr{,P) 15( , )

to  th e  both sides of (4.1), namely,

(4.2) a {r i3 (
„) Lv-=a{!' ) P,,,h.

T h e  asymptotic expansion gives

(4.3) (L v„,,,,, v„ ,,,,)=—  E
v= 1,2

w here v„,p, o =a ) P ( o v, ti n . p . o .=a{l' )
13( o h a n d  L(')=2g(x )D t - '. Therefore,

(4.4) (Lv„,,,, o , 1)„, n. 0 5  E  1 (L ( ' ) VN,p, q + v, V n ,p ,q )1 + K  h p A ll 2 + K

w here K  is  an  arb itrary  positive constant.
W e are  going to  estim ate th e  f ir s t  te rm  o n  t h e  r ig h t h an d  s id e  o f  (4 .4 ) . F ro m

the Parseval's form ula, w e  have

I (L ( ' ) v,,, p,, + „  V „,p,q)152 g(x )1 721 ' 1 v ,i,,q +,( t , x :  72).v.n,q(t, x; 77)Idtdxdr)

; .72)1 2 cltd.xd77

41 .Ç.Ç g(x)elv;i,p, q(t, x ; O 2 dtdxch2,

where ; 7)) denotes the partial Fourier transform  of v„,p ., with respect to  y.
Since z,, p, o (t, X; 7))=a;,P ) (7))(p ( o v) (t, x ; I)) and (1—r)n_<.1721 (1 ± r )n  fo r  )2Esuppa„,
w e have

1
(4.5) I(L('){)„ Un, 7), 01 54(1 — r) - '12 - 2 '(Lti”.»,q+ , , vn,p,q+v)+T(Lv,,,p. q ,1),,p, q).

Therefore,

1
(4.6) (Lvii, " ,  v., n .q)54(1 — r) - i  E  n- '(Lv„,p, q + „  V n .  p . q+,)

2

+ K l i h n , p , q 1 1 2+ K p , q 1 1 2

L et us now  observe th a t  c',̀ „n - "I 2 » = 6 ; , „ , .  From  (4.6) we see that
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(4.7) —
1

( Lw.n Lu„ . p . q ) ‹4 (1 — r) - 4 n - 1  E n ,p ,q + v )2 :=1 ,2

+ 1 0 c 0 „ ,p , q 112 + K - i llia..p.q11 2

w here  w7,,,,,=CjioVn,p, q •
Now we use  the  following fact. F o r  a n y  s> 0  th e re  e x is ts  a  l a r g e  num ber N

such that

(4.8) E ( LW W 71,13, 0
= 0 (

7 1 -2 ' ) .
N -2 s p + q s N

L et s> 0 be an  a rb itra l num ber. W e choose  N  s o  th a t  (4.8) holds. Sum m ing up
the both sides o f (4.7) w ith  respect to  (p, q ) satisfying p d -q _ N - 2, w e  have

1(4.9) --2-WN, 7, 4(1 —r) - 4 77- 1 WN, .+KSN, „It d-K

where
W N E  (Lw,, p ,q , W  ,i,p ,q ) •

p+qpN

T h e  first term  o n  th e  righ t hand  side  o f  (4.8) is  a b so rb e d  in to  t h e  le f t  h a n d  side.
Since hE C ", w e see  th a t SN ,„h = 0 (n - 2 1 ). Therefore,

1(4.10) — W v L< K 'S v  „v+ O (n - " ) .

B y Poincaré's inequality, W N ,„_ 3SN ,,,v holds fo r  som e constant 3 > 0 . T aking  K  suf-
ficiently large, w e obtain from  (4.10) that

SN,70)=0(71 - 2 8 ) .

In  view  of Proposition 4.1, th e  proof is completed.

§ 5 . Proof of Theorem 2

T h e  proof o f  Theorem 2  is a lso  reduced to  Proposition 2.1. W e can  p rove  P ro -
position 2 .1-(ii) i n  t h e  s a m e  w a y  a s  in  se c tio n  4. H e re  w e  sh a ll p ro v e  ( i). Our
argum ent in  th is  section is  q u ite  a n a lo g o u s  to  th a t in  sec tion  3. S o  w e  n eed  o n ly
slight modification. Recall th e  equation (3.3) and replace g (x ) w ith  g ( t ,  x ) .  Then we
have

5

( Lv, z p  q ,  V n ,p , q )m ,=  E bk

b,= —  E ( - 1 Y ( v ! ) - 1 ( L ) ' ) v..p .q+0 ,0 ), V n ,p ,q )m
,= 1 ,2

b2 =2 (g (t, x )D y vn.p.4+(0,1), Vn,p,0771,

b3=—(g(t, X )V n ,p ,q + (o ,  2 ) ,  V n ,p ,q )m ,

n (p .n( q )D;v), V „ ,

br, = ( h p , p , q ,  V  n, p ,q )m

(5.1)

with
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where
L = D id - f (t )D ± g (t , r„ ,= [ce ,P )(D .„ ), g (t, x )].

W e m ay estim ate b1 , b, and  b, in  th e  sam e  w ay  a s  i n  section 3 . S ee  (3.7)-(3.9).
To estim ate b, and  th, w e prepare the  following lemma.

Lemma 5.1. L e t  G (t )  b e  th e  function w hich w e stated in  Theorem 2. T hen f or
any  e > 0  there ex ists a  constant N o w hich is independent o f  (p, q ) such that

(log 0 2 ( G ( t ) V n , p , q ,  V n ,p ,4 )0 5 = < E (L 0 1) 71, p , 0 ,  V n ,p ,q )m f o r  n N o .

Proof  o f  Lemma 5.1 From  (A.1), i t  f o llo w s  th a t  f o r  a n y  e >0 th e re  e x is ts  a
constant Aro such  that

(5.2) (log I el) 2 G(t) yo(t)1 2 c/t 6 0  ço/(t) 2 dtd- e9 ( t )  w(t) Vdt)

fo r wE C(-1, 1), ICI N O . S e e  Proposition 3.1 i n  [3 ] .  T a k in g  (p(t) = v ;, p ,,(t ; $,
w e obtain the  desired estimate. Q .E.D .

T hus w e  have

162 1=21 (g (t, x )D u v„, p ,q + ( 0  I ) ,  V„ ,

n) - 2 (g (t, x)D y v„. p ,,+ (0 ,1 ), D v v. p,q+c0,1)).

+ K(log n) 2 (g(t, x)v„,,

'(logn ) - 2 (LVn.p. q +(o,i), Vn,p,q+(0,1))7n

+ K(log n) 2 (G(t)v„, p . q , V n p , q)m,

K - 1 (log n) - 2 ( Lvn, p.q +(o, 0, vn. p.q+co, 0).
1-F-8-(Lv n ,p  q ,

1b3 1=1(g(t, X)Vn,p,q+(o 2), Vn,p,Oral

71) - 2 ( G(t)Vn,p,q+CO 3 2), V n .p .q + o ,2 ))m

K(log n) 2 (G(t)v„,„, q , V n,p,q) nt

n) 4 ( Lv n ,,, q + ( 0 ,2 ) , v5 ,,, q + ( 0 ,2 ) ) .
▪ 1

p ,q , V n ,p ,O rn  •

Therefore,

1
y . 1-eVn . p , 4, U n , p , q ) „ K  1 E  (log n) 2 0 - '( Lv n . p . q + ,  v n ,p, q + , ) .

1,1=1,2

+ 101 11 n,p.61A + 2 K - 1 11V,,p,qgn+K IIVn,p(S n(q)D;V)On •

By th e  same argum ent as in  section 3, we obtain

m (
, ) ,  o ( n  - 2 1 - 2 )

Q. E. D.



Degenerate elliptic operators 385

§ 6 .  Proofs of Proposition 3.1 and 3.2

H ere w e give th e  proofs of Proposition 3.1 and  3.2.

Proof of Proposition 3.1. Let be  a  function w ith  0,=1 in  a  neighborhood
o f  (0, 0, Yo) s u c h  t h a t  Oi tt e H '''"  a n d  choose 0(t, x , y )-=X (00(x , y )  s o  t h a t  0 01.
Here X and 0 are equal to 1 in a  neighborhoods o f t=0 and  (x, y)=(0, y o), respectively.
T ak e  r>0 sufficiently small so that fi n cp. W e assum e p+Iql and  v=Xu. Then
w e  have

n jai3 n (q )v )  m M  fl 1 aMP(E)( jS ( 0 ) V ( t  E )<O m ll

const.11aV) (e)(dencovnt 77)<e>1<l)r

const.n - P (CNO P 11/37,(0011 H O, /, m

‹const.n - P(CNOP+ Ri 1100 H 0.1 ,771

const.n - n(CNn )P+Iq' .

Recall that (1 —r)n el _<(1-1-r)n fo r eEsupper n . Therefore,

n 11 q q a )p n ( o v m  const.(2CM - 1 )P+ 1(11 ,

If 2CM 1 <1, w e see that

n 2 1 SY ,,,,,(Xu)=n 2 1E Ilq q a.,,,P) i3.(q )v115const. E ( 2 C M - ' ) 2 P+2 1q1.
P+1 ,11 N

Since E (2CM - 92 P-1- 21q1<c>o, th e  proof is completed.

Proof of Proposition 3.2. L et çb(x , y)ECW  b e  a  fu n c tio n  w ith  0 = 1  in  a  neigh-
borhood o f  (0, y o )  such  that 0 13 „ .  T hen  w e  have

Ilan(0)11.=11a7,013011.511(PanPnv11.+11(0(Pnv)11.,

w here v=Xu and w= [a n , 0 ] .  B y the sam e a rg u m en t a s  in  th e  p roof o f  Lemma 3.4,
w e see that

110)(13.v)11.= 0 ( n ') .
Therefore,

Ilançbv117,,5const.11anPnvilm+O(n - 1 ).

Since S ', 70 = 0 ( n - 2 1 ) , w e have

IlanP7,0„,„-=0(n-`).

Therefore,

Ilant,bv11.,=0(n - `).

Let us observe th a t  ET,ian(e) 2 n" - l const.<e>" fo r a n y  s E R . T h is  fact can be seen
b y  n o t ic in g  th a t  t h e  num ber o f  n  s u c h  th a t  a n (e )=1  is estim ated from  below by
const. <e>. Combining th e  above argum ents, w e see that
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10v(z, e, )2)1 2 <e>, -  02>-", drdc/7),_<const. E Ha„(0011Ln2 1 ' - ' < c o
n 1

if  /' </. Q. E. D.
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