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On the contraction of the Teichmiiller metrics
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Introduction and main results

The universal Teichmiiller space T (1) can be represented as a quotient
space of QS by the Maobius group PSL (2,R), where QS is the group of all
quasi-symmetric homeomorphisms of a circle. But @S contains another topo-
logical subgroup, which is much larger than PSL (2, R), the subgroup S of sym-
metric homeomorphisms. S can be defined as the closure with respect to the
quasi-symmetric topology of the group of real analytic homeomorphisms of the
circle. Recently, Gardiner-Sullivan showed that @QSmodS also have a natural
complex Banach manifold structure and a natural quotient metric d, which we
also call the Teichmiiller metric on @SmodS, coming from the Teichmiiller met-
ricd on T(1).

Since the manifold QSmodS is also universal in a sense (cf. [3], and also
see [4]), it is important to investigate where and how extent the quotient map
T contracts the metrics.

We recall some definitions. First, in T (1), the Teichmiiller metric can be
described by using extremal quasiconformal mappings. Fix a normalized
quasiconformal mapping f of the unit disk D onto itself. And denote by s the
complex dilatation of f. Set

k= el =ess.sup |ps(2)]
zeD

and

ko(f) =inf k, |
g
where g moves all quasiconformal mappings of D with the same boundary
value as f.
We say that f is extremal (in T (1) -sense) if ks =Fko(f). Recall that the
Teichmiller distance d ([f], [g]), from a point [g] to another point [f] in
T (1), is equal to
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1
%lo 1+ko(gof™) .

1—ko(gof™)
Similarly, denote

E,=inf ess.sup lp,(2)] .
U zelU
where U moves all neighborhoods of @D in D. (Thus %, is called the bound-
ary dilatation of f.) And set

Eo (f) - lIlf Eg
4

where g moves all quasiconformal mappings of D with the same boundary
value as f. :

We say that f is extremal in QSmodS-sense if ko (f) =%, Recall that the
Teichmiller distance d (r[f],m[g]), from a point 7 [f] to another point 7 [g] in
QSmodS, is equal to

1, 1+ (gof™)
2 (0] .

1—Ro(gof™)

Now the principle of Teichmiiller contraction ([2]) concerns a curve C,
=[] | 1<} or nCu= Im (] | t|<1, where gye=tu/ |l with a given
Beltrami coefficient g. Such curves are called Beltrami lines. It is known
that such a curve is a geodesic if g is extremal [11]. Moreover, for extremal
pin T (1) - or @SmodS-sense, the natural mapping I, from the open interval
(—1, 1) with the Poincaré metric onto C, or @C, with the Teichmiiller metric
is an isometry.

Teichmiiller contraction says that, if the mapping I, fails to preserve dis-
tance between two points, then it is strictly contracting at all pairs of points
on the same Beltrami line and within a specified distance from the two given
points. See the next section. This property of the mapping I, is called a
coiling property by Sullivan [17].

Relating to these phenomena, it is interesting to discuss the following

Problem. For what kind of points [f] € T (1), does the distance O to
[f] really contract under the projection 7?

This problem has been investigated implicitly by many authors. As Gar-
diner and Sullivan pointed in [2] and [3] that, Strebel's frame mapping
theorem (Theorem A below) implies the following

Proposition 1. Let [f1€T (1) and suppose that d (0, ([f])) <d (0,[f]).
Then [f] contains a Teichmiiller mapping of finite type.

On the other hand, even in the case that the point corresponds to a Teich-
miiller mapping of finite type, whether the distance contracts or not is a very
delicate problem, and remains unsettled. At least, we know the following
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Reich’s example (cf. [12],[14]). In 2= lw=u+iv | 0<v<u®, 0<u
<Al, where a>1, 0<A <oo. Suppose that w=h (z) maps D conformally
onto £, and define ¢ on D, by

u(z)dz/dz=tdw/dw

with a fixed positive t<1. Then f with the complex dilatation ¢ is a Teich-
miller mapping of finite type. On the other hand, d (0.7 ([f])) =d (0,[f]).

a+l

In fact, set g,(z) =n%*'¢™% on 2, and define @, by
0n(2)d22=g, (w) dw?

Then we can see that {@, is a degenerating Hamilton sequence for p. Hence
by Theorem B below, we conclude the assetion.

In this paper we will give a condition under which the projection is really
a contraction. And using Gardiner's results (Principle of Teichmiller
contraction), we also give an estimate of contraction.

For this purpose, let B be the set of all functions ¢ that are holomorphic
on D and satisfy that

loh= [ [ olazay <o

and let C(B) denote the infimum of the set of all CE€ (0,00] such that

(1) ff|q0|dxdy<Cff|Rego|dxdy ,

for every ¢ €B with Im¢ (0) =0. Clearly, C(B) >1.

Remark. G. H. Hardy and J. E. Littlewood [6] proved that C(B) <o,

and M. Ortel and W. Smith [13] gave a simple proof that C (B) <2042. The
better estimate due to S. Axler [1] is that C(B) <7.

Next for every 6 such that % <6 <% + arcsin <m) (<n),

Zo denotes the subset of T (1) consisting of elements [f] which correspond

to Teichmiiller mappings of finite type whose complex dilatations g= g, satisfy
the following condition:

There is a positive <1 such that ¢(z) =0 or

Ere | <ol

for every z with p<|z|<1.
Theorem 1. For every element [f] belonging to Z , With % <0<%+

. 1 .
arcsm(ZC(B) _1>, il follows that
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d 0,7 ([f]))<a(0,[f]) .

Corollary (on contraction) . Under the same circumstance as in
Theorem 1, we set A=d (0, ([f1))/d (0.[f]) and k=|lu/llo. Fizx k' <1 and let f*
be the quasiconformal mapping of D onto itself such that pp= (t/k) tty for every t €
[0k). Then (A<1 and) and there exists A’ <1 depending only on k, ¥, and A
such that

d (0.7 ([1])) <Adp(0.t) .
Jor every t with 0<t<Fk', wheve dp denoles the Poincaré metric on the unit disk.
Finally, it is very interesting to solve the following problem.

Problem. Can the equivalence class of an arbitrary extremal quasi-
conformal mapping in @SmodS-sense contain an extremal mapping of Teich-
miller type? And if so, what kind of order condition does the corresponding
quadratic differential satisfy? (Also, see [9].)

Acknowledgement. The authors would like to thank to Professor
Hiromi Ohtaka for his invaluable comments.

1. Preliminaries and known results

We start with the following frame mapping theorem due to K. Strebel
[16]. Let h be an orientation-preserving homeomorphism of 0D onto itself
which admits a quasiconformal extension & into an interior neighborhood.
Such a mapping % is called a frame mapping or more accurately an interior
frame mapping associated with 4. The infimum of the maximal dilatations of
all frame mappings associated with & is called the (interior) dilatation of the
homeomorphism A.

Theorem A (Frame mapping theorem). Let h be an orientation pre-
serving homeomorphism of 0D onto itself which admils a quasiconformal extension
into D.  Suppose that the dilatation of h is smaller than the maximal dilatation K
of an extremal mapping fo for the boundary value h.

Then every Hamilton sequence {@al for the complex dilatation s, of fo con-
verges in L'-norm to a uniquely determined holomorphic differvential @o with ||q00||1
=1. Consequently, the complex dilatation s, has the form k0¢0/|q00| with ko= (K,
—1)/(Ko+1).

Here note that, for every [f] €T (1), the dilatation of flsp is nothing but
ko (f). Hence Theorem A implies Proposition 1.

Next the following Theorem is due to F. P. Gardiner [2], which plays a
fundamental role in this paper.
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Theorem B. (The Hamilton-Reich-Strebel condition for extremal-
ity in @SmodS). For every [flET 1), ky=ko(f) if and only if

Reff(pnﬂfd.rdy‘:Ef )

where the supremum is taken over all degenerating sequences 1@nl for py in By.

sup limsup
{on} n—oo

Here B,= {p €EB | ||g0||1= 1} and a degenerating sequence means that it
converges to zero uniformly on compact subsets of D.

Now recall that, to characterize the complex dilatation of an extremal
quasiconformal mapping, the following fundamental theorem due to R. Hamil-
ton [5], E. Reich, and K. Strebel [15] is very useful.

Theorem C. A Beltrami coefficient ( is extvemal if and only if one of the
following statements holds:
1) There exist @ € By and k€ [0,1) such that £=*k¢ /|| for almost every-
where on D.
2) There is a degenerating sequence 1¢n in By such that

[ [ onazay| =l

Finally we cite the following Principle of Teichmiiller contraction due F.
P. Gardiner [2], it gives the motivation of this research.

lim
Nn—oo

Principle of Teichmiiller contraction. Assume |ulle=1, 0<ky <k,
<1, and d (0, [/*']) <Ad, (0ky) or (0,7 ([f*1])) <Aidp (0.ky) with some A; <1,
where and in the sequel, f* is the quasiconformal mapping of D onlo itself such that
Ur=ktt for every positive k<1. Then there exists a A, <1 depending only on ki.ks,
and Ay such that

d0,[%]) <2Audp (0k) or d(0,7([¥])) <Aud, (0k)

respectively, for all k with 0<Ek<k,.

2. Proofs of main results.

Our proof of Theorem 1 also give a general criterion for extremality of
quasiconformal mappings. Such a criterion is interesting in itself, and has
been investigated by many mathematicians. For example, see the works made
by M. Ortel and W. Smith [13], X. Z. Huang [8], K. Strebel [16], Z. Li [10],
etc.

To state the result, we set
Sk [01,02] = fre” | OSTSk, 51St392} y

where 0<k< o0 and 0<6,<6§,<27. Then we have the following
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Theorem 2. Let & be a bounded measurable function on D with |kll.="F

<1 and %<0<%+arcsin<m). Suppose that theve exists k' <k and 0

<o <1, such that k (z) €S*¥[—6,6] U S¥ [0.2r — 6] for almost every z€ D\
{2 <ol. Then kis an extremal dilatation if and only if there exists ¢ € By such

that
.
@

for almost everywhere on D.

Theorem 2 can be shown by the same way as in [8]. Namely, Theorem 2
follows by Theorem C and the following Lemma, which is also the key for the
proof of Theorem 1.

Lemma. Let k be a bounded measurable function on D with ||ﬁf||w= 1, and

fix 6 with g< 0<%+arcsin<m>. Suppose that theve exists k' <1 and 0

<p <1 such that k (z) €S'[— 6,6] US¥ [0.2r — 6] for almost every z € D\
lzl<pl.
Then for every degenerating sequence @l it follows that

f fD Qnkdxdy

Proof of Lemma. We may assume that, for each #,

<1

limsup

n—oo

¢(0) =0 and fj;go,,lcdxdy>0.

Choose 6; so that
/2<60<6:< 7T/2+arcsin(2—CTBl—)_—l> )

Set
Qu=12€D | @ulz) ES[612n— 0111 |
and
M= z€D | k(2) €S'[-0.0] .
Then, for every zE£2,N M, we have
Re@uk <|@n (2) £ (2)|cos (61— 0) <|@n (2) |cos (6:—6) .

Hence, for each n, we obtain

f j;) Qnkdxdy
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:Refj;\gngon/cdxdy +Refj;nnM¢n/cdxdy+Refj;”wgo,,xdxdy
Sfj;\gn|§0n|dxdy+cos(ﬁl—ﬁ)fﬁ)nwlcpnldxdy+k fj;ﬁ\‘u|(pn|dxdy

<
_fj;)\gn|(pn|dxdy+lfj;ﬂ|(pn|dxdy ,

where [=max {cos (6,—6), '} <1.
Now suppose that

limsupfj;)(pnlcdrdy=||/fl|w=l

N—oo

Then since ||(p,,||1=1, the above inequality gives that

liminfff |@uldxdy=0,
N—o0 2n

which in turn gives a contradiction.
In fact, set J= {|z|<pl,

Px=12€D | Reg,(z) <0} ,
Q»=D\P,, and G,=P,\(JU 2,). Then, since ¢»(0) =0, we have

f j; IRe@aldxdy
:an|Re¢n|dxdy+ff0n|Re<pn|drdy=2fj;n|Re(pn|d:cdy
=2 f f;nPnIReqonldxdyH f fo Regylazdy +2 f fg |Re@uldxdy
s2_[._/;|§0n|f136dy‘|‘Z_I-fankost91§0n|dacdy+ij;nlReqon|da:dy
Sfojl(pAdxdy+2|cost91|fj;n|g0n|dxdy+2an|Re¢n|dxdy
:2ff]|(0n|drdy+2|cosﬁl| [fj;|g0n|dxdy—fﬁ\ﬂ|gon|dxdy]
+2ffgn|Re§0n|dxdy .

Here since

fﬁ\Pn|<Pn|dIdyZan|Re¢n|drdy=1/2fj;|Re(pn|dxdy ,

we have
(1+|c0501|)fj;|RegDn|dxdy

Sij;chAdxdy+2|cosﬁl|fj;|tpn|dxdy+2fj;? |Re(pn|d.rdy .

Now by recalling the definition of C(B) and that |cos8|=sin (6:—7/2) in
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this case, the above inequality implies that

1+ (1—2¢(8))sin (6~ n/2)} [ fD IRe@aldxdy

Sij;|(pn|d.rdy+2fL|(pn|dxdy .

Here {1+ (1—2C(B))sin(6,—n/2)} >0,

1iminfff9|gonldxdy=o,

n—00

and, since |l is degenerating, limnwoff; |@aldxdy =0. Hence we have

liminffj;[Re(p,,ldxdy=0 .

So, by using inequality (1), we conclude that

liminffj;|g0n|dxdy=0 .

N—0oo

which contradicts the assumption that ¢,EB, for every n.
Thus we have

limsupfj;gon/cdxdy<1 ,
N—o00

which implies the assertion.

Proof of Theorem 1. Suppose that [f] € 25 Then by the above Lemma
and Theorem B, we conclude that %o (f) <ko (f).

In fact, suppose that ko (f) =ko (f). Then we have [luslle = ko (f) =% ().
Hence Theorem B implies that

Re f j;fpnﬂfdrdy| =l

where the supremum is taken over all degenerating sequences {¢,/ in B.
Then, by the diagonal argument, we can find a degenerating sequence in B,
such that

sup limsup

{ @} #1—00

iim Re [ [ gupezay=liefl .

Nn—oo

which is impossible by the above Lemma.
Thus we conclude ko (f) <ko (f), which is equivalent that d (0,7 ([f])) <
a(0,[1).

Proof of Corollary. Suppose that [f] € 25. Then Theorem 1 implies
that

d 0,7 ([f]) <d (0,[f]) =d,» (0.k) ,
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namely, that A<1.
Thus the assertion follows by Principle of Teichmiiller contraction.

3. Examples

Suppose that ¢ € B) has positive real part, namely, Re¢g (z) >0 for every z
€D. Let f be the quasiconformal mapping of D onto itself such that yu,=t¢/
|@| with positive t<1. Then by Theorem 1, we have

d (0w ([1)) <a(0,[/]) =d, (0.1).

Typical examples of such ¢ are

e~z
e—z
with real a, and positive linear combinations of them. Another examples are

1+ ¢/l¢l. and exp (zp/2]¢ll) |

where ¢ is a bounded holomorphic function on D.
Next fix @ as in Theorem 1, and set

i0 260/
@(z) = <e,,,j>

el—z
or
¢ (z) =exp(6z")

with n=>1. As before, let f be the quasiconformal mapping of D onto itself such
that ¢, =t/|@| with positive t <1. Then [f] € 2, but belongs to no g for
every & with (n/2<) 6 <é.
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