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Morse function and attaching map
By

KOUYEMON IRIYE and AKIRA KONO

1. Introduction

Let M be a closed manifold and f be a Morse function, a differentiable
function on M with isolated, non-degenerate, critical points. Associated to a
Morse function there is a cell complex L which is homotopy equivalent to M,
see Milnor [M2]. In the following we identify M with such a cell complex L
though there is not a canonical way to construct L from M. Therefore we
assume that M has a cell structure. By M ™ we denote the n-skeleton of M,

whereas we set M ¢=f"1((—o0,¢]) and M.=f "!(c) for a real number c. Since
there is a j-cell for each critical point of index j, we identify a cell with the
corresponding critical point. Thus the integral homology group of M is com-
puted as the homology group of the cell complex. For a j-cell « its bounday
Oa is described as follows: When we write 0a = 2n; + 8;, then n; is the in-
tersection number of the unstable manifold of — grad f at a with the stable
manifold of —grad f at 8;. Here we fix a Riemannian metric of M. That is, the

composition of the attaching map of the j-cell &« MY~Y and the collapsing map
M G- _, M (i—l)/M (G-2) ~ \/S i-1 _ S j—1
i

(This composition shall be called the attaching map of the j-cell & to the
( —1) -cell B..) is described as the intersection number of the unstable and
stable manifolds of critical points.

Now we assume that the Morse function f on the manifold M has no critic-
al points of indices j+1,...,7+#—1, where £ is a positive integer.

The unstable framed cobordism group consists of the equivalence clsses
of n-dimensional manifolds embedded in S™"* with a framing of the trivial
normanl bundle and the group is isomorphic to 7,+x (S *), the homotopy group
of maps from S™** to S* see Milnor [M1]. The purpose of this paper is to
prove the following thorem and to give its application to the projective spaces.

Therrem. The attaching map of the j+ €-cell a to the j-cell B is de-
scribed as the (transversal) intersection manifold of the unstable manifold of —
grad f at a with the stable manifold of —grad f at B considered as a framed man-
tfold embedded in the unstable manifold.
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We make clear the framing of the intersection manifold. Let ¢ be the cri-
tical value of f at 8. By the Morse lemma there is a coordinate system x1, . .
x» in a neighborhood U of B so that the idenity

[}

flan..ooxn) =c—xt— - =2+ 2%+ - + 22

holds throughout U. We choose a sufficiently small positive real number €. In
M.+e we consider the stable manifold

Se={(0,...,0, xj41,....20) EU lx2s + -+ +xi=¢).

St has the natural framing in M4 given by [aixl .. gs—-] This gives the
J

framing of the intersection manifold of the unstable manifold with the stable
manifold embedded in the unstable manifold.

Since a 0-dimensional framed manifold is interpretted as the intersection
number of the unstable and the stable manifolds, our theorem is a generaliza-
tion of the classical fact.

2. Proof of Main Theorem

Proof of Theorem. For simplicity we consider the case where there is only
one critical point & with index j+¢ and only one critical point 8 with index j.
Let f (@) =c¢ and f (B) =d, d <c. Furthermore we assume that there is no cri-
tical value of f in the range (d, ¢).

For all sufficiently small €, the set M °*¢ is homotopy equivalent to M ¢~¢
with a (j + &) -cell attached. The embedding of the unstable manifold to the

level surface represents the attaching map. Since M~ deformed to M *°
along the gradient flow, where 0 is again choosed sufficiently small, M ¢*¢ is
homotopy equivalent to M “*° U ¢/*! where the attaching map is given by the

unstable manifold at @. Again M *° is deformed to M 4% U¢’ and the deforma-
tion is given as follows: Choose a coordinate system x,,...x, in a neighbor-
hood U of B8 so that the identity

f=d—xt— - —xF+xh + -+ 2k
holds throughout U. Thus the critical point 8 has coordinates
xi(B) = =x,()= 0.

Choose 0> 0 sufficiently small so that the image of U by the coordinatj system
contains the closed ball

{(1‘1, - xn)|2xiz < 25}
Then ¢’ is defined by
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A=y, ... axn) €Ut + ... + 22 < b, 2= =x2,= 0]
Then the deformation is given by
(R ) | mnd © 2 W Xj, tXje1, ... ta) .

Thus the restriction of this deformation to the stable manifold gives the
attaching map ¢ of the (j+#) -cell to the j-cell. B is a regular value of the map

g and ¢7! (B) is the intersection manifold of the unstable and stable manifolds.
The framing is given by the way mentioned as above.

3. Attching Map of projective spaces

In this section we consider the attaching map of the top cell of the com-
plex projective space CP” and the quaternion projective space HP™".

At first we consider the complex projective space. The function f defined
by

F Lt tad) = (Siled) (B )

is a Morse function. Its critical points are [0 : -+ 20 :1:0: - :0], wherel
is in i—th coordinate, with index Zi. In the neighborhood
U:{[Zo Ceer :Zn] ECPnlzn—l¢ 0}

of [0:++:0:1:0] we choose the standard coordinate system

(201 & z,]! ( 20 Zn2 2z )

Zp—1""" " Zn-1" Zn—1

= (XL Y1 ...\ T Yn).

In U we have

20 m—j) (i ty?) +xi+ys
1+]|2][?

where ||z]|? = 22? + y2.  We set

n—i n—i
= [ x; ;= s Y, < <y—
MEYTHRIE T VT T e for 1siseTl

f=n—1+ —

and
un:—————xn vn: n
NaRSElE J1+AE
Then uy, vy, ***, un, vy 1S a new coordinate system of U and the identity

f=n—1—uf—vi— ... —ub_—vituitvi
holds throughout U. We choose a sufficiently small real number &. To examine
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the attaching map of the 2n-cell to the (2n—2) -cell, it is sufficient to consider
the framed manifold

S'=H{0,....0, un, vn) [ut+vi=¢)

embedded in (CP™),_1+c which is the unstable manifold at [0 : -+ : 0 . 1]. The

framing of S! is given by [—% —% R % _5%} In terms of standard

coordinate system

S't= {0, )0, Zn, Ya) |x%+yn=_1is}
embedded in
n—1
St =Alzo l o Lz €CPMZ (i—i—1e) |af*= (1—=¢)|al’)

with the framing given by [9‘2—1 —a% ..... -a% —a—{lanj] By the diffeomorph-

ism of CP" defined by [zo : * [ zJ) —— [wo : ... | ws) , where w; =

Jn—i—1+e * z; for 0<i<n—1 and w,=+/1—¢ * z,, the framed manifold S! is
mapped to

S={[0::0:1:2,] ECP" |z2=1}
embedded in

n—1
SZn—l:{[ZO : coe :zn] ECPnl ZE) |2i|2:|2n|2}

with the framing given by [62_, —a% cy —ax(z—_l a{/%_—l] This framed manifold
is equivalent to

S'={(0,..,0,z) €C|z|=1}
embedded in

S ={(z,.., z) EC”|§|zi|2=1}

. . . 0 0 0 0
with the framing given by T yi)2 e \ By Byni )3 where

(‘aa; 3%).2 = (2% 3%)( cost sinﬁ)

—sinf cosf

for z=cosf+i sinf. Thus this framing differs from the trivial one by the map

A
SI——SIx .- X S'CSO(2n—2),

n—1 times

where A is the diagonal map. By 1 : S3—S? we denote the Hopf map and by
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the same letter we denote its suspension. Since 7 is the attaching map of the
top cell of CP? the above framing of S' for n =2 corresponds to the map 1 €
m3(S2). A€ (SO (2n—2)) =7Z represents n — 1 times the generator. Thus
the attaching map of the top cell of CP" is (n— 1) 9 € m2u—1 (S #"7%) which is
isomorphic to Z{n} for n=2 and to Z/2{n} for n=3.

Similarly by v : S?—S* we denote the Hopf map and by the same letter
(n—1) Vv E T4n_y (S %) which is isomorphic to Z{v}DZ/12 for n =2 and to
Z/24{v} for n=3. What we have to do to prove this fact is only replacing the
complex number with the quaternion in the above explanation.

Of course the result itself is well known, but our proof is much simpler
than the usual one whcih involves the calculation of the e-invariant.
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