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Symplectic volume of the moduli space of spatial polygons

By

Yasuhiko KamiyaMa and Michishige TEZUKA

1. Introduction

Let M,(n>3) be the moduli space of spatial polygons P=(a,,a,, -, a,) whose
edges are vectors g;€ R*® of length |g|=1 (1<i<n). Two polygons are identified if
they differ only by motions in R3. The sum of the vectors is assumed to be zero.
Thus:

1.1 M,={P=(a,, -, a)e(S?* :a;+ -+ +a,=0}/SO(3).

[t is known that M, admits a symplectic structure such that the complex dimension
of M, is n—3[8], [11] (cf. Theorem 2.8). For odd n or n=4, M, has no singular
points. For even n with n>6, P=(a,,a,, -, a,) is a singular point if and only if
all the a; (1 <i<n) lie on a line in R> through O. Such singular points are cone-like
singularities and have neighborhoods C(S"~3 x .S" %), where C denotes the cone
and S! acts on both copies of S"”3 by the complex multiplication(see for
example [8]).

For odd n, H (M, ; R) was determined by Kirwan and Klyachko [9], [11]. Later
the cohomology ring H*(M,;R) was determined by Brion and Kirwan [1], [10]
(cf. Theorem 2.2). In particular H*(M,;R) is generated by certain two dimensional
cohomology classes zy,---,z,€ HX(M,;R). But the intersection numbers [, B are
not yet known, where ae H?(M,; R) and fe HYM,;R) with p+q=2n—6.

In contrast with this, for even n, H (M,; R) is complicated and is not generated
by two demensional cohomology classes nor does not obey Poincaré duality [7]. The
cohomology ring H*(M,; R) is not yet known.

The purposes of this paper are as follows. First we determine the intersection
numbers [, «f for odd n, where o€ H?(M,; R) and e HYM,;R) with p+q=2n—6.
Let w, be the symplectic form on M,. Then secondly we determine the symplectic
volume [, w?™3 for all n.

In order to state our results, we prepare some notations. For a sequence
(d,,---,d,) of nonnegative integers with X}_,d;=n—3, we define <,, ---7,,> by

(1.2) <le e Tg )= 2‘;’ "'Z:",
My
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where z;e H*(M,,; R) (1 <i<n) are the generators of H*(M,,; R), which will be specified
in Theorem 2.2. In order to determine the intersection numbers for odd n, we need
to determine (1, :--14 ) for all (d;,---,d,). To do this, we consider the following
types of (d,,--,d,). We set n=2m+1.

(1) d1=“'= "_.3=1 and dn—2=dn—1=dn=0‘
(i) dy=2k, dy=--=d,_,_,=1land d,_,,_,=+-=d,=0, where 1 <k<m—1
and n=2m+1.

If (d,,-,d,) is of the type (i), then we write {1, ---7, ) by {p,o>. On the other
hand, if (d,,---,d,) is of the type (ii), then we write (7, -7, > by {p,>. Thus:

(1.3) {<p"’0>=JM"21 "'Z"_3

oy =M, 2322 Zy— s 1<k <m—1).

Then we first prove the following theorem. For a sequence (d,,:--,d,) of
nonnegative integers with X]_,d;=n—3, we set d,=2o;+¢ (1<i<n), where
=0 or 1.

Theorem A. We have the following relations in H*(M,; R).
() If ;=0 for 1<i<n, then we have
{Tay T4, ) = P02
(i) If o;#0 for some i, then we have
Ty 4,0 = P2y + o 4 am) -

Thus it suffices to determine {p, ;> (0<k<m—1) in order to determine the
intersection numbers. About this, we have the following theorem. Let (3) be the
binomial coefficient.

Theorem B. When n=2m+1, the number {p,,.> (0<k<m—1) is given as
Jfollows.

m—1y2m—1
Gaay=(-1pC )

2k+1
Example 1.4. We have the following examples:
(i) Ms:{psoy=1and {ps,y)=—3.

(i) M;:<{p70>=2, {p72>=—2and {p;,>=10.

(i) Mg:{pg,o> =5, {p9,2>=—3, {Pos>=5 and {pg ¢>=—35.
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Next we give the symplectic volume of M, for all n. As before, we denote the
symplectic form of M, by w,. Then, we set

(1.5) v,,=—[ wp 3.
Then we have the following:

Theorem C. The symplectic volume v, is given as follows.
[f]_l fmn—1 3
v,= 3 (=" Jmn—2-2)""3
j=0 J

Example 1.6. We have the following examples: v3=1, v,=2, vs=35, vg=23"3,
v,=2-7-11, vg=28-5 and vy=3%-5-17%

This paper is organized as follows. In Section 2 we first recall the structure
of H¥M,;R) for odd n. Then we recall the results on the symplectic structure of
M,. In Section 3 we prove Theorems A and B.

In Section 4 we prove Theorem C. The method of the proof is as follows. By
considering the moment map of the 7"~ 3-action on M, the subspace of M, consisting
of ‘prodigal’ polygons, it suffices to determine the volume of a convex polytope
A,_; in R"™3 in order to determine v, (cf. Theorem 2.11). In Section 4 we detemine
this volume by calculus.

For odd n, we can give a direct proof of Theorem C using the intersection
numbers. The essential facts for the proof are the description of w, in terms of z; [5]
(cf. Theorem 2.12) and Theorems A and B. In Section 5 we give this proof.

2. Preliminaries

First we recall the structure of H*(M,;R) for odd n, which was determined by
Brion and Kirwan [1], [10]. For ie{l1,---,n}, we define 4, ; = (R®" by

0
A,;= { P=(a,, a,)e(S?)":a,+--+a,=0and a,= | 0
1

Let SO(2) act on R? by rotation about the z-axis. Then for odd n, the diagonal
SO(2)-action on (R%)" is free on A, ; and we have M, =4,,;/SO(2) (cf. (1.1)). Therefore,
A,;—» M, is a principal SO(2)-bundle. Let ¢, - M, be a complex line bundle
associated with 4, ; » M,:

&i=(4,:xQ)/S",
where we identify SO(2) with S' and let S' act on A4,,x C by
(P,a)-g=(Pg,ag), (P,0)ed,;xC, geS"
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Then we define z;e H(M,,; R) to be the Chern class of &;:
(2.1 z;=cy(&), 1<i<n

Now we have the following theorem.

Theorem 2.2 ([1], [10]). When n=2m+1, the algebra H*M,;R) is generated
by z,,--,z, with the relations:

() 23=-=z2.

(i) T ,(zi+2)=0, for all 1<i<n and Jc{l,--,n} such that i¢J and
card(J)y=m, where card denotes the cardinal.

We take integers s and ¢ with 1<s,t<2m+1 and s#¢. For such s and ¢, we
define a divisor D, of M, as follows.

23) D, ,={P=(ay, ,a,)eM, a,=a,}.
Let y: H,,_s(M,;R)> H*M,;R) be the Poincaré duality homomorphism. Then

we have the following lemma, which will be used in Section 3 (cf. the proof of
Theorem 3.7).

Lemma 2.4. For s#t, we have

zZy+z
V(Ds,t)= 2 3

Proof. We describe y~'(z)e H,,_g(M,;R) in terms of submanifolds of real
codimension two. We define a section o of the line bundle ¢ — M, =4, /SO(2)
as follows. For te{l,---,n} with t#s, we set

o(P)=(P,x! +/—1x))e&,,
\
x;
where P=(a,,--,a,)e M,=A, /SO(2) and a,= | x}
3
xt
Since y " Y(z)=0"(0)e H,,_4(M,;R), we have

2.5)
0 0
y " Nz)= |PeAd,;:a=| 0 /SO2)+ | PeA,s;:a,=| 0O /S0(Q2)
1 —1

={P=(a1 a"',an)EMn:as=a1}+{P=(a1 > ""an)EMn:as"'at:O}'
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We set

0
N,,= { Ped,,;a=| 0 /SOQ).
1

Then we choose an orientation of N, in (2.5) as follows. We define a map ¢,:
(SZ)"_I—*(SZ)" by

(pt(al ’...’as’.."é“...,a")=(al ’...’as,..., _as’...,a")’

where ~ means omitting the f-th coordinate. Then we define a subspace X, of
(s?%" by

0
Xs= (al,...,as’...,d”...,a")e(sl)n—l:as= 0
1

Note that ¢/(X,) has a natural orientation, and this orientation defines that of
N,,. Thus as an orientation of N,,, we take the one induced from ¢,.
Similarly we have

0 0
y )= | Ped,,a=1| 0 /SOQ)+ { Ped,,:a=| 0 /SOQ).
1 —1

Then it is seen that the orientation of the second term of the right side is induced
from the map ¢, (I~ x (—1I) x I"~ 7%, where I denotes the 3 x 3 unit matrix. Hence
we have

(2.6)
'y_l(z')z{P=(al P "'san)eMn:as=at}+(_ 1)3{P=(a1 s ---,a,,)eM,,:as+a,=O}.

Now from (2.5) and (2.6), we have

-1 -1
Mz{})=(‘ll s "')an)EMn:aS=a’}

=D,,.

Thus Lemma 2.4 holds.

Next we recall the results on the symplectic structure of M, for all n. Recall
that the tangent space TpM, at P=(a,, --,a,) € M, consists of vectors u=(u,,---,u,)
with u;€ R® (1<i<n) under the following conditions:

() (u;,a)=0 (1<i<n), where (4;,a;) denotes the inner product.
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(i) wy+---+u,=0.

(iii) Two systems of vectors u=(u,,---,u,) and v=(v,,---,v,) define the same
tangent vector in TpM, if and only if there exists we R® such that u;=v,4+[w,a,]
for 1<i<n, where [w,q;] denotes the vector product.

We define a differential 2-form w, on M, by the following formula:

(27) wn(us U) = 2 det(ui > Uy ai)’
i=1

where P=(a,,---,a,)eM,, u=(uy,---,u,) and v=(v,,---,v,) are elements of TpM,.
Then we have the following:

Theorem 2.8 ([8], [11]). The differential 2-form w, defined by (2.7) gives a
symplectic structure on the moduli space M,.

We define a map
M, > R"3

as follows. Let P=(a,,--,a,)eM,. Then we set
n—2
(2.9) P)=(a, +a,|,la, +a, +as|, -+, | Z ay).
i=1

Thus p,(P) is the lengths of the diagonals connecting the vertices to the origin.
(Since |a,|=|Z/Z{ a)=1, only these n—3 lengths are new.) As in [4], we call a
polygon P ‘prodigal’ if none of these n—3 lengths vanish. Let M, be the open
dense subspace of M, consisting of prodigal polygons. Then as in [8] and [11],
M, admits a 7"~ 3-action which is compatible with the symplectic structure on M,,
where 7"~ 3 denotes the (n — 3)-dimensional torus. We recall that the action is given
as follows: The ith circle acts by rotating the part of the polygon, formed by the
first i+ 1 edges, around the ith diagonal. (When that diagonal is length zero, there
is no well-defined axis around which to be rotated, and indeed the action cannot
be extended continuously over this subset. Thus to consider only prodigal polygons
is essential.) This action preserves the level sets of the functions in (2.9).

Theorem 2.10 ([8], [11]). The restriction u,|M,: M, — R"~3 is a moment map
for the T" 3-action on M,

Thus we can understand u,: M, — R"~3 in (2.9) as the extension of the moment
map. We write the image of pu, by A, _;:

An -3= #n(Mn)

Note that A,_; is a convex polytope in R""3. We write its volume by
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Vol(A,_5). Since M, is an open dense subspace of M, u,(M,) is also an open dense
subspace of A,_;. Hence we have Vol(A,_3;)=Vol(u,(M,)). Note also that
dim¢M,=n—3. Hence by Duistermaat-Heckman theorem [2], [3, §2], we have
the following theorem from Theorem 2.10:

Theorem 2.11. We have
v,=(n—3)!Vol(A,_5),

where v, is defined in (1.5).
Finally for odd n, we have the following description of w,:

Theorem 2.12 ([5]). The class [w,] € H*(M,;R) is given by
[wn] = Z Zis
i=1
where z; is defined in (2.1).

3. Proofs of Theorems A and B

In this section we set n=2m+1. Recall (1.2), where we set (14 ---14)
= [, 24" -+ z& for a sequence (d,, -, d,) of nonnegative integers with Xi_,d;=n—3.
Recall also (1.3), where we defined {p,, 5> (0 <k <m—1) by setting {p, 2> =<t4, *** T4,
for particular (d,,---,d,). Asin Section 1 we setd;=2a;+¢;(1 <i<n), where¢;=0or 1.

First we prove Theorem A. Note that the symmetric group S, naturally acts
on M, such that g [M,]=[M,] for all geS,, where [M,]€ H,,_¢M,;R) denotes
the fundamental class. Hence if o;=0 for 1 <i<n, then we can use the action to
prove {1y, - 74, ={Pn,0)-

Assume that o;#0 for some i. Since d;+---+d,=n—3, we must have d;=0
for some j. Then by using Theorem 2.2(i), we have

(31) <Td1 td,.) = <ts, Ty Tay et a) ey T Te,.>'

Then by the S,-action, we see that the right side of (3.1) is equal to
(n—3-2(ay+ - +an)—fold 2@+ +an)+2)—fold

<1"2(a1+...+a..) Ty Ty To'" o >=<pn.2(¢1+~--+an)>'

Next we prove Theorem B. First we describe {p, > (1<k<m—1) in terms
of {py.0)-

Proposition 3.2. When n=2m+1, the number {p, »;> (1<k<m-—1) is given as
follows.
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(i) For 1<k<m-—2, we have

ke (")
Prad=(=Vfom=2) 5
1

(ks

<pn,0>'

(ll) <pn,2m—2>=(_ 1)m+l(2m_ 1)<pn,0>'

Proof. We shall assume the truth of the following lemma.
Lemma 3.3. When n=2m+ 1, we have the following equations.

(i) When m is even, we set m=2a. Then

{z;=o(;",t‘1)<pn,z,-+2,,>=o for0<p<a—1
Z?=O(m;jl)<pn,2j+2p>=0 Jor0<p<a-2.

(i) When m is odd, we set m=2a+1. Then

{z;=o(£"jtll)</’n,2j+ 2p>=0 for0<p<a-—1
35" K Pu2j+ 250 =0  for0O<p<a—1.

(34)

(3.5)

Then it is easy to see that {p, 5> in Proposition 3.2 is the general solution of (3.4)
or (3.5). Hence Proposition 3.2 follows.

Proof of Lemma 3.3. We prove (3.4). By Theorem 2.2 (ji), we have

m+1
l—[ (Zl +Zi)=0'
i=2
We expand this and write as
(36) me—i(zz""’zm+l)zi1=0’
i=0

where f{z;,*,Zy+,) denotes a polynomial of degree j (here we give the degree 1
to z;) with variables z,,--+,z,,+,. In particular, we have fo(z;,**,Zm+1)=1.

Now let m=2a. For every 0<p<a—1, we multiply 237z, ., Z5p,_1—-2, tO
(3.6). Then by Theorem 2.2 (ii) and the S,-action, we have

a—1
(Z%a‘*' Z (Zlfm—Zj—l(ZZ’ "‘a2m+1)+fm—z;(22, CHZmy 1))Zfl>
i=0

x(zfl’zm” sz—l—zp)=0-

Note that the numbers of monomials of f,,_,;_1(z2,**,Zm+1) and fr_24Z2,""" Zm+1)
are (,,-%—,) and (,,”,). Hence we have

j+2
(Zlfm-Zj—l(zz’ “‘azm+1)+fm—2,(227 ---,zmH))(zf” Pt ZZm—l—Zp)
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m m
=<<m—2j—l)+(m 2))<pn 2j+2p>

m+1
= <2j+ 1)([’»,2j+ 2p>

Thus the first equation of (3.4) follows. The second equation of (3.4) is proved
similarly by multiplying z3?*'z,,, 5 zyp-2,-2 (0<p<a—2) to (3.6).

By Proposition 3.2, we need to determine {p,, o) in order to complete the proof of
Theorem B.

Theorem 3.7. When n=2m+1, we have the following:

(2m 1)

<pn 0>_ 1

Proof. Recall that for integers s and ¢ with 1 <s,t<2m+1 and s#¢, we defined
a divisor Dy, of M, as follows (cf. (2.3)).

(3.8) D,,={P=(a,, ,a)eM, a,=a,}

We set Ny=D, ,nD;3n--NnD;, and Ny=D, ;1 420D 1 me3N 0

Dyt 1.2m- Since My={point}, we have

(39) N,nN,={P=(ay,---,a)eM,:a;= - =a, and G, = - =dy,}
= {point}.

Let y:HZ,,_a(M,,;R)iH (M, ;R) be the Poincaré duality homomorphism. Then
(3.9) tells us that

m 2m
(3.10) [TvD:y) [T vPnir =1
M.p=2 q=m+2

By Lemma 2.4, we have

(3.11) yD, =217,
Using (3.11), we can write (3.10) as
1
(3.12) WJ‘ l—[ (Zl+zp) ]—[ (Zm+1+zq)—1
M,p=2 gq=m+2

By the same argument as in the proof of Lemma 3.3, we can describe the left side of
(3.12) in terms of <{p, ;> (0<k<m—1). Thus (3.12) is equivalent to the following.
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(i) When m is even, we set m=2a. Then

2a
—2i-2pp=1
22m 2[]21<2l_1><2j_1)<pn,4a 2i 2]>

(i) When m is odd, we set m=2a+1. Then

1 3. (2a+1\(2a+1
3.14 e — =1.
( ) 22'"_2,',,2::0 ( 2! >< 2] ><pn 4a—2i— 2]>

Proposition 3.15. (3.13) or (3.14) is equivalent to

(3.13)

1 22722m—1)
22m-2 (2m—l)

{Pno>=1.

(2m 1)
Hence <p..o>-
2m—

and Theorem 3.7 follows.

Proof of Proposition 3.15. We shall prove the case (3.13). It is easy to see
that (3.13) is equivalent to

2
(3.16) S zZ {Prsa- 2k>2< )<2k ;z—1>

From Proposition 3.2, we have

4 2a—-2
<pn,4a—2k> =( )k(_a——‘{aZ)(T‘—<pn,0>

2k-3

for 2<k<2a. It is easy to see that

kf( 2a )( 2a >=(2,:‘12)+(—1)"(k2_“1)
S\2i—1 \2k—2i—1 2 ’

Hence (3.16) is equivalent to

1

(3.17) 22m- 2( ) (Ak+Bk)><pn =1
where
(.18) A=y 2 D el

2k—3
and

_ 2a—2y 2a

(3.19) p, =22~ VG K

4a—2
2k-3
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Lemma 3.20. We have the following equations:
(a) E,%izAk=4a"‘l.

24%72(2a—1)

() a8 =g —(a—1)

Proof of Lemma 3.20. First we prove (a). From (3.18), we have
4a—1( 2a
A=(—1) .
)
Then (a) follows easily.
Next we prove (b). From (3.19), we have

' (2a— 1)<2k—3)<4a—2k + 1)
3.21 B="r .
G20 e k=1 N\ 2a—k+1

g <2k—3>(4a—2k+1>_liﬂ <2k—2)<4a—2k+2)

Eo\k—1 N\ 2a—k+1) 45\ k—1 )\ 2a—k+1
“iee(e)

4 2a

Hence (b) follows from (3.21).

Note that

Now from (3.17) and Lemma 3.20, we have

1 2% ?Qa-1),

22m=2 (4a-2 {pno>=1.

Since m=2a, this is equivalent to

1 22" 22m—1)

22m—2 (2m—l)

<pn,0> = 1

Thus Proposition 3.15 holds for the case (3.13). The case (3.14) is proved similarly.

4. Proof of Theorem C

We prove Theorem C using Theorem 2.11. Recall that in Section 2, we set
A,_3=p,(M,), where p,:M,— R""3 is given in (2.9). First we describe A,_; (cf.
(4.2). We set R, ={xeR:x>0}. We use the following notation.
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Definition 4.1. For x,yeR,, we use the symbol A(x,y,1) to denote that x
and y satisfy the conditions

x<y+1, y<x+1 and 1<x+y.

Thus A(x,y, 1) denotes the conditions that there exists a triangle whose edges have
lengths x, y and 1.

Let P=(a,,-,a,)e M,. For 1<j<n—3, we set x;=|Z{*!a|. Then from (2.9),
it is easy to see that A,_; is given as follows.

4.2) Ap_y={(xy,x,_3)e(R,)3:0<x,<2,0<x,_,<2 and
A(xl ,XZ, 1)’ A(XZ,X3, 1), "',A(X,,_4,x,,_3, 1)}.

Note that for (x;,--,x,_3)€A,_3, (4.2) tells us that 0<x;<j+1.
Let ke N and let te R, satisfy 0<t<k+2. For such t, we define a convex
polytope Q,, in R* as follows.

4.3) Q. ={(xy, -, x)e(R,):0<x;<2 and
Alxy, x5, 1), Alxy,x3,1), -, Alx -y, x5 1), Alxy , £, 1)},
We write the volume of Q,, in R* by V,(s). Thus:
Vi(t)=Vol(Q, ).

Let t=1 and we consider ©,,. In this case, the condition A(x,,1,1) implies
that 0<x,<2. Thus from (4.2) and (4.3), we have

Qk.l =Ak'
Hence by Theorem 2.11, we have
4.4) v,=m-=3)V,_5(1).

In the following, we determine V,(f) for ke N and teR, with 0<t<k+2. The
method of calculations is as follows. We prove a recursion formula which gives
Vi (0)O<t' <k +3)from V,(f) (0<t<k+2)(cf. Lemma 4.5 and Theorem 4.6). Then
we solve this (cf. Theorem 4.8). For that purpose, it is convenient to decompose
the interval [0,k +2] as follows.

(i) When k=2/+1. We decompose
[0,k+2]=[0,1]ul1,3]U---Ulk—2i,k+2—-2i]]U---U[k,k+2].
(i) When k=2 We decompose

[0,k+2]=[0,2]U[2,4]u--Ulk—2i,k+2-2]]u - U[k,k+2].
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When k=2[+1, we define V, ;,(f) or V, (1) (0<i<l) to be the restriction of
V,(f) (with respect to the variable ) to [0,1] or [k—2i,k+2—2i] (0<i</). When
k=2l we define V, () (0<i</) to be the restriction of Vi(t) to [k—2ik+2—2i]
0<i<li). Thus:

(i) When k=2/+1.

Vk,1+l(t) OSZSI
Vi) 1<1<3
Vk.l(t) k—2$t$k
Viold) k<t<k+2.

(i) When k=2L

Vilt) 0<r<2
Via-1(0) 2<1<4

0] k—2<t<k
Vo) k<t<k+2.

Now we give the recursion formula. For the initial condition, we have the
following:

Lemma 4.5. We have the following formula for V(f).
{Vu(t)=2z 0<t<l1
Viot)=3—t 1<t<3.

Proof. By the definition, we have
Q,,={x;:0<x,<2 and A(x,,t,1)}.

Consider the domain in (x, , f)-plane surrounded by four lines t=—x; +1, t=x; +1,
t=x,—1and x,=2. For each ¢, we cut this domain by a line through (0, #), which
is parallel to the x,-axis.

(i) If0<t<1,then wemusthavel —t<x; <1+t HenceV,,()=(1+0)—(1-1)
=2t

(i) If 1<t<3, then we must have t—1<x,<2. Hence V,()=2—(t—1)
=3-1
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Hence the result follows.
Next we give the recursion formula which gives V., ,(t)) from V, ().

Theorem 4.6.
(i) When k=2l+1. (In this case, we have k+1=2(I+1))
(@) When i=I+1.

Ji-Vers 1 Do+ 1 Vil Ddxe, 0<t<1
=1V 1tes DX+ 1 Vi ey 112,

Vk+1,l+1(t)={

(b) When 1<i<l.

k+2—2i +1

Vier,0)= Vit 1)dx 44 +f Vii— 1(e4 )Xy 44

t—1 k+2-2i

k+1-2i<t<k+3-2i

(c) When i=0.

k+ 2
Vit 1,o(t)=J Vioies Jdx sy k+1<t<k+3.
-1

(i) When k=2l. (In this case, we have k+1=2I+1))

(@ When i=Il+1

1+t
Vk+1,l+1(t)=f Vidxes )dxe sy 0<t<1.
1-t

(b) When 1<i<l.

K+ 2 - 2i +1
Vk+l,i(t)=J Vk.i(xk+1)dxk+1+f Viei—1(Xk 4 1)dxy 4 4
-1 k+2-2i
k+1-2i<t<k+3-2i
(c) When i=0.

o+ 2
Vi+ 1.o(t)=J Vio¥i+ x4y k+1<t<k+3.
-1

Proof. This theorem is proved in the same way as in Lemma 4.5. As an
example, we show (i)(b). Consider the domain in (x, ,,#)-plane surrounded by four
lines t=—x,,,+1, t=x,4,+1, t=x,,,—1 and x,,,=k+2. For each ¢ with
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k+1-2i<t<k+3—2i, we cut this domain by a line through (0, 7), which is parallel
to the x,,{-axis. Then we must have 1—1<x,,,<t+1. Hence we have

1
4.7 Vis1,d0) =J Vil + 1)dxy 44
t—1

(We think of ¢ as x, ., in the definition of Q,, in (4.3).) Note that we have
k—=2i<t—1<k+2-2i<t+1<k+4-2i

Then by the definition of V), (f), we can write (4.7) in the form of (i)(b). Hence the
result follows.

Now the solution of the recursion formula in Theorem 4.6 under the initial
condition Lemma 4.5 is given as follows.

Theorem 4.8. For ke N, V, (1) is given as follows.
Vid)=— Z (—1)”( )(k+2 2p—1y.

Proof. This theorem is proved easily by induction on k. As an example, we
assume the truth of Theorem 4.8 for k=2/+1 and show the case V. ,;,(f). We
must treat the cases 0<r<1 and 1<r<2. But as the calculations are similar, we
treat the former case. By Theorerm 4.6 (i)(a) and the inductive hypothesis, we have

4.9)
Vit ra+1()= :J:,HZI( (k:2>(k+2—2p—xk+,)"dxk+l

+f+tl i(—l)”< )(k+2 2p =Xy 4 1) dxy 4
—(ki—l),( +B),

where

(4.10) A= HZI(—1)P<"+2)(k+1—2p+t)k“

and

(.11) Z (—l)"(k+2)(k+1—2p—t)"“.

About (4.11), it is easy to see that
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1+1 k
“4.12) B= Z (—1)"( +2>(k+3 2g—tfFtt,

About (4.10), it is easy to see that
k+2

4.13) -y (-1)4( )(k+3 29—+,

q=1+2

The following lemma is proved easily.

Lemma 4.14. Let x be a variable andne N. Letre Z satisfy 0<r<n—1. Then
we have the following equation.

3 (— 1)4(">(x—2q)' —0
q=0 q

Now we use Lemma 4.14 for x=k+3—1t, n=k+2 and r=k+1. Then from
(4.13), we have

I+1

(4.15) A= Z(—l)"( )(k+3 2g— 11

From (4.9), (4.12) and (4.15), we see that

1+1 k k 2
Verrans(t)= Y (- ){( ”) ( * )}(k+3 2g— 1)+

k+1)'q 0 q-1

1+1

Z(—l)“( )(k+3 2g—nk+t.

(k+ 1)

This completes the proof of Theorem 4.8.

Now we prove Theorem C. From (4.4), we have v,=(n-3)!V,_5(1). If
n=2m+1, then n—3=2(m—1). By the definition of V,(7), we have V,_5(1)
=V,_3m-1(1). Hence by Theorem 4.8, we have

0= z<—1)"( )(n 2-2p)>,

Thus Theorem C holds for n=2m+1. The case for n=2m is proved similarly.

5. Alternative proof of Theorem C for odd n

In this section we set n=2m+1. By Theoorem 2.12, we have [w,]=2X}{_z
Hence in order to calculate v, =), w3, it suffices to determine [y (z, + -+ +2,)" >
The essential ideas for calculations are first to expand (z,+ --- +2z,)" 3, then to
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apply Theorems A and B. These calculations are somewhat long, but each step is
easy. So we just mention the steps for calculations.

Step 1. Since dim¢M, =n—3, the equation v, = [y, (z; + --- +2,)"~  is equivalent
to

(5.1) v,,=(n—3)!J exp(zy + -+ +z,)
M,

We set f(z)=):g“;0(—§’i—;, and g(z)=X2 ozf 1y, Where z is a variable. Then we have
exp z=f(z)+ zg(2).

Since z} =z by Theorem 2.2 (i), we have
(5.2) exp(z,+ - +z,)= l_[ (f(z) +zig(zy)).
i=1

Since n is odd, dimcM,=n—3 is even. Hence using the S,-action (as in Section
3, S, denotes the symmetric group), (5.1) and (5.2) imply the following:

m—1

(5.3) v,=(n—3)! Z (;) f(zl)”"z"g(zl)”zzzg‘ Tt Z2i41
My

i=0

STEP 2. Let a,_,;,; be the coefficient of z"*~2 in f(z)"~ ?g(z)*, which is
regarded as a formal power series. Then we can describe the right side of (5.3) in
terms of {p, 3—2-2;> and a4 —2;2;. As {p, ) is given in Theorem B, we can
calculate the right side of (5.3). To state the result, we define 4,, and B,, as follows.

—2)! tm-—1 — .
Am=(_1)m+1(2m 2)-(2’"+1)~ Z (_1)i<m ) 1)02m+1—21',2z
(m—1)im! i=o 2m —2i

and

B,=(~1)"

@m—2)\2m+1)! '"il - 1)i<m - 1) Bam+1-2i,2i
= i )2m+1=2i

Then we have from (5.3) that

(54 vy=Apn+B,.

Ster 3. Note that f(z)=coshz and g(z)= 222, Hence we can regard
Aym+1-2i,2: s the coefficient of z2™~2 in cosh®™*!~2zginh?z. Since

m- 1 A m— 1 . .
Y (—1)’(m } 1>2 ~cosh?™*1~2iz5inh2 2
i=0 l

m—2i
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coshzm-! (m

X (=1

cosh?™~ 2izsinh? z
2m i=0

l

COshz 1 (1) sinh2m ),

2m

we calculate A4,, as follows.

(—1)"* 1 2m+1)!

5.5 A =
(:3) " 2 m!m!

Step 4. We determine B,,. We set

m= 1 [m—1\cosh?"* 1= 2iz5inh? 7
5.6 =Y (-1) .
(5.6) Oul2) i;)( )< ; > mt1—2i
Since
‘%"'(—Z) =sinh z cosh? z— (m — 1)(sinh 22)¢,, _ ,(2),
VA

we can prove the following equation by induction on m.

5.7 ¢(2)= Z Oy, 2j+1€08h(2j + 1)z
j=o0
with
1Y m— D!
(=1)Yy*" (m 1).m.<2m+1) 1<j<m
2 @Cm+1) \ m—j
°‘m,2j+1='4
1 .
j=0.
2(m+1)
2m—-2

Note that a,,, 4,5, is the coefficient of z in cosh?™*!~2izginh? z (cf.
Step 3). Hence (5.6) tells us that the term T o!(— 1)i("; )9at243 in B, is equal
to the coefficient of z2"~2 in ¢,(z). Then by (5.7), we can write B, as follows.

sg g D @t G- <2m+1

— 1y ; 2m-2
> et 2 2V )(21“) :

m—j

Step 5. By (5.5), we see that

_1 m+ 1 1
A,,+the first term of (5.8)=( 2) <2m+ )
m

Hence by (5.4), we have
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o 2m+1
(5.9) B k) ) 2( (m+ )(2 +1)2me2,
m
It is easy to see that (5.9) is equivalent to
(5.10) . z(_1y<2"’+ )(2 +1—2j)mm2

Using Lemma 4.14, it is easy to see that (5.10) equivalent to Theorem C for
n=2m+1.
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