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Well-posedness in C  f o r  some
weakly hyperbolic equations

By

Ferruccio COLOMBINI and Nicola ORR&

1. Introduction

We consider a  weakly hyperbolic equation:

(1) L(t, x, a„a,c)u= E x)amclu(t, x)=f,

tha t is, the characteristic polynomial

L„,(t, x, =  E a (t, 'OTT,
j+IŒI =m

for all (t,x) and real, has m  real roots in

1(t, X, T2(t, • • • Tm (t, X,

Suppose tha t the coefficients aj a (t,x )EC" and  tha t a „,,o (t , 1. Then it was
shown by Lax and M izohata that for the Cauchy problem:

(2)
f Lu =
10? u(0, x)= (j =0, • • • , m — 1)

to be well-posed in  C ' in  a  neighbourhood of the origin (0,0) it is necessary that
L  is weakly hyperbolic. At the beginning of this century, Eugenio Elia Levi studied
the  case  o f one  space variable  x  when th e  characteristic roots are of constant
multiplicity, a n d  proved that certain conditions are sufficient for well-posedness.
These conditions are also necessary (see M izohata-Ohya [M O] for the case of
double characteristics). It is then natural to consider the problem that, when the
roots have variable multiplicities and the coefficients depend only on tim e, what
a re  th e  necessary o r  sufficient conditions for the well-posedness of the Cauchy
problem.

We consider a  homogeneous operator of arbitrary  order. E ven in  this case,
a n d  even  if  the  coe ffic ien ts  a re  analytic, o n e  canno t deduce  t h e  Cap well-
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posedness. For example, the Cauchy problem for the equation

— 2t3t a x u + t'a!ti =0

is not well-posed in C . In d e e d  w ith  the change of variables

t' =t, x '= x + t 2 /2

the equation becomes:

qu+af u=o.

Observe th a t  i n  th is  case  th e  characteristic roots a re  o f constan t multiplicity.
O. Oleinik in 1970 studied a  hyperbolic equation of second order

(3 ) at2u —  a,i (t,x)ax ,ax i u +  low er order term s =f
id

with characteristics of variable multiplicity, giving conditions which are  sufficient
for well-posedness. She supposed that the coefficients were in C . T h e n  N ish ita n i
[N il] studied the case of one space variable and analytic coefficients, showing in
particular that, if there a re  n o  lower order terms, the Cauchy problem is locally
well-posed i n  C c° . I n  [ N i2 ]  h e  gave necessary a n d  sufficient conditions for
well-posedness in the presence of lower order terms (D'Ancona [DA] examined the
situation considered in  [N il]  and gave m ore precise energy estimates, following
Oleinik). Colombini, Jannelli and Spagnolo in the meanwhile, studying equations
of the form (3) with coefficients depending only on time, found a  general conditions,
sufficient for well-posedness, which they called logarithmic condition:

T  idt(t,)1 dt < + 1)+ C,

for any c ,  where a(t,O=Ea il t g i i , and N , C are positive constants.
T. Yamazaki, studying equations of the form (3) in an abstract setting, obtained

interesting results on the loss of regularity of the solution [Yal], showing in particular
that in  an  equation of the form

(4) qu— a(t)a!u=0

with a(t)= k  being an  integer > 1, there is no loss of regularity passing through
the instant 1 = 0 .  T h a t  is , if  (u(to , .), 3tu(t0 ,•))61-11 x H`) (R ) fo r  some t o <0, then
(u(t, • ),a,u(t, • ))E1-1' x H°(R), also w hen t > 0. F o r  t = 0 , (u,a,u)elf  x  IF, w ith  a>0,
y> 0 and a +y =1 (a and y depending on k). Using this method she gave an example
[Y a2] o f an  equation o f the  form (4) with a(t)eCc°, a(t)>O, with infinitely many
zeros near t = 0 , for which the Cauchy problem  is well-posed. I n  this case the
logarithmic condition does not h o ld .  W e rem ark that a n  example of Colombini
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and Spagnolo [CS] shows that there exists a coefficient a(t)>O, a(t)eCc°, such that
for (4) the Cauchy problem is ill-posed.

K. Kajitani studied the possibility of generalizing the logarithmic condition to
the case of coefficients depending also on x 1 , • • x „ ,  th a t is  to  an  equation of the
form  (3). As a special case he got some of the results obtained by Nishitani. He
applied his method to general hyperbolic equations of second order and to equations
of higher order. H is results contain the  logarithmic condition given in  Remark
2.

Follow ing his ideas, a n d  those  of Y am azaki, O rrn studied i n  [O r] som e
properties of the logarithmic condition.

We mention also the important works of Brongtein [Br1], [Br2] on the Lipschitz
continuity of the characteristic roots o f  a  hyperbolic polynomial (with sufficiently
regular coefficients) and on the Cauchy problem in the Gevrey classes for hyperbolic
equations of higher order. Ivrii and Petkov [IP ] studied necessary conditions for
CO and Gevrey well-posedness of the Cauchy problem fo r hyperbolic equations
showing, in special cases, that these conditions are also sufficient. Their results are
used by Nishitani and are close to  o u r s .  We use a method of S. Mizohata ([Mi 1],
[Mi2]), using which he proved the well known Lax-Mizohata theorem.

If the coefficients of the equation a r e  in  Cc° a n d  if  th e  differences of the
characteristic roots vanish o f  finite order, then our theorems follow from some
interesting results of Yamamoto and M andai ([YaK] and [M a]), on equations of
order in  with arbitrary lower order te rm . In  difference from these, we will assume
that the coefficients are not very regular.

We wish also to quote a paper of Ohya-Tarama on weakly hyperbolic equations
in Gevrey spaces, some papers of D'Ancona, Ishida, Manfrin on weakly hyperbolic
equations which are semilinear or quasilinear, a paper of D'Ancona-Spagnolo on
the Cauchy problem for N x  N  hyperbolic homogeneous systems of first order and
a  paper of Nishitani in which he extends the results of [N i2] to 2 x 2 systems of
first o rder. In  any way we observe that, for example, for the equation

— 3tka,3x u + 2t 2 k.a u = 0

the Cauchy problem is well-posed (see the following theorem 1) but the associated
2 x 2 system doesn't satisfy the hypotheses of D'Ancona-Spagnolo.

2. Results
We give the following definitions (see [Mi2]) pag. 3 and pag. 7).

Definition 1. We say that (2) is IV-wellposed for t 0, if for all ch, • •, Om _ e He°
and for f0 , th e re  e x is ts  a unique solution u(t,x)E11"(RZ) with (g)-iu(t,x)e H(RZ)

Definition 2. We say that (2) is uniformly Irc-wellposed in the positive direction,
if for any th , • • • , Om _  e to E [0, 7 ]  a n d  any f  e C([0, 7 ];H " ) ,  there exists a
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unique solution u e Cm([to , T ];1 1 )  of (1) such that Oluit =to  O f  (0.j.m —1).

We have the following theorems:

Theorem  1. Consider the equation

L (t,a„a x )u=au+a(t)a ra„u+b(t)a!u=f

with a(t),b(t)e C2 k  + 1  in a neighbourhood of zero (k is a positive integer), a(0)=b(0)= 0
and such that they satisfy either the condition

OV A + + lb( 2 k ) (0)10 0,
Or

Id(0)1 + • • • + la (0)1 0 O.

Suppose that

L(t,t, 1) = T 2  + a(t)t + b(t)

has only real roots (that is, L  is hyperbolic) in t :

Ti(t) T2(t).

Then the Cauchy problem

Lu =f,
ult-o=0o,

a iu It = o= 4)1

is uniformly well-posed in H  n e a r 0 if  and only if

(5 )
1'0)12 + It2 (t)12 < c

T2X01.2

near z e ro . (see the book "On the Cauchy problem" of S. Mizohata [Mi2]).

R em ark 1. Condition (5) may also be written in  terms of the coefficients of
L  in the following way:

a2

 

< C.
a2 -4 b

R em ark 2. If a , b e C  and  vanish to infinite order at zero, condition (5) is
neither necessary nor sufficient for the well-posedness of Cauchy problem.

For instance the equation

{

0,2 u— a(t)a!u=0,
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with a(t)>0 fo r t00, 0 , a(0)=0 for any j=0 ,1 ,... obviously satisfies (5), but the
Cauchy problem may be ill-posed ([CS]).

If  a, b E C1 t h e n  th e  following condition is sufficient (logarithmic condition):

JT r  I d ( t ) 1  K a '  - 4 0 1 2 1
dt Clog-

1

,
o L .\/a2-4b+E

2  a
2  

4 b  E

for any small E>0 (C is a  constan t). See [CJS] and [Ka].
Put

(T2 --c i )(t)=2 - 1 /̀ for t>0, = 0  f o r  t<0,

(r i +  T2 )(0=
t k1+2k2- 2k v 2  -

k A' 1 1 

where x is a  C°° function with support in [0,1] and with x(1/2)=1. Then a(t) and
b(t) are C°° function, vanish to infinite order at zero and satisfy (6) but not (5). The
Cauchy problem is well-posed.

Theorem 2. Consider the equation

(7) L(t, at ,  x )u = u + a(t)8 u + b(t)a,0,2iu + c(t) u =f

Suppose that a,b,c (lis an integer 3), a(0)=b(0)=c(0)=0, and satisfy either
the condition

(8)

Or

(9)

Suppose that

has only real roots in r:

le(0)1+ • .. +100(0)100

IM 0)1+ +164'121)(0)100.

L(t, T, 1)= t 3 +a(t)T 2 +b(t)r+c(t)

T2 (t)...r 3 (t)

(this implies that b'(0)=c'(0)=c"(0)=(0).
Then the Cauchy problem

Lu =f,
ult-o=0o>

atulf=0=019
at2 ult=0= 02

(6)

and

(10)
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is uniformly well-posed i n  H  near 0 if ' and only  if

+ ,2 i _,2
2 r  3T 3 2 2

<  C2

near zero.

Remark 3. Again condition (11) may be expressed in terms of the coefficients
of (7) in the following way:

—10a3 c +3a 2 132 +36abc-100-27c 2

<C.

The denominator is the discriminant of the characteristic polynomial.

Remark 4. The following condition is equivalent to (11) when the hypotheses
of theorem 2 are satisfied:

(12) t2 (T192 + (T1) 2 <  c
2  -

near zero. Observe that, as /> 3, the derivatives t i (t)EL s° (Brongtein).
If we remove the hypothesis that a(0)=b(0)=c(0)= 0, and require that either

(T 1(0 T j ( 0 ))(T2(t) j(0))(13(t) r
.
(0 ))

vanishes to order < l  for 1= 0, or

(t 1(0 q 0 ) ) ( T 2 ( t )  
t ( 0 ) )

 + (TO  T j(0 ))(T3(t) T j(0 ))

(T3(t) !M T 1(t) T j(0 ))

vanishes to order <[//2] for 1=0, for 1=1,2,3, then condition (12) is necessary and
sufficient in  order that (10) is well-posed in C .

In particular, for example, the Cauchy problem for the operator

- (1  + 3tW O ,+(3t k + 2t 2 k )0 2 - 2 t 2 k e

is well-posed.

Theorem 3. Consider the equation

m -
(13) L(t, 0„ x )u = 07111+ E ;(1)0107- iu =f

i=o

Suppose that the coefficients are in C1 - 1  (where 1 is an integer >m ), that they vanish
at zero, and that either

(T1 T 2)2
 ( T 2  T3) 2 (T 3  -  T 1 )

—4a3 c+a 2 b2 +18abc-4b 3 -27c 2

k # 1  ( 1 k - T1)
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(14) la(0)1+ • • • + O,

Or

(15) -1(0)1+ • • • + laT/ 2 1) 1 0,

holds.
Suppose that the polynomial (in t):

m -1
L (t, , 1) = E a m _m t ,

has only real roots:

Jr) 't2 (t) • • • ,( t).

Then the condition

(16)
2 , 2E, c ,

J,k(t i —To2 —

near zero, is necessary  and sufficient in order that the Cauchy problem f o r (13) is
uniformly well-posed in H ' near O.

Remark 5. W e can see that for an equation like (13) if the Cauchy problem
is  H '  well-posed it is Cc° well-posed, taking into account the  finite speed of
propagation.

In accordance with [IP] we give the following definition.

Definition 3 .  W e say that the Cauchy problem for the equation (13) is Cc°
well-posed if

i) for any f  e  C "  a n d  any 4 ;  e (j= 0, ••, m — 1) there exists a solution
u e Cm([0, + co);C').

ii) From the fact that u e Cm([0, + oo) x R) is a solution of the Cauchy problem
with 0 0  , • • = 0, f = 0  in  [0, To] x Rx  it follows that u = 0 in  [0, To] x R .

We give only the proof of theorem 2 and an outline of the proof of theorem
3. W e w ish  to  thank  Domenico Luminati, Tatsuo Nishitani, Sergio Spagnolo and
Jean Vaillant with whom we had useful discussions on the subject of this paper.

3 .  Proof of Theorem 2

We prove the sufficiency of condition (11). Let t be > O. Condition (11) implies
that:
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( T
, 12  +  (02

( 2 E  c ,
(ti - ti)

near zero . T he  following considerations are based o n  Newton's polygonal line
method.

If t i (t) = d i ti + r 2 (t) =d 2 ti + ••• , T 3 (t)=c13 tj+ ••• , with 1 an integer, d 1 , d 2 ,
d3  e R, d, 00, d1 0d2 , d, 0d3 (d2  or d3  may vanish), then Itt'i (01 cit i  I near zero. In
fact

LT(T + L t (-c,) =0,

L r (r 1 )=(r — T 2 )(t — T3) ^, t 2 i , L teri)*< t 3 i

(the symbol - ‹  means that L t(c i ) is an infinitesimal of order less or equal to t 3 ' . )
If 2 i(t) =  d i ti + ••• , T 2 (1)=d2 e+ ••• , T 3 (1)=d 3 tk + ••., w ith  1 k  integers, d 1 ,

d2 , d 3  re a l, d 1 0 0 , d 2  0 0 , d 3  d 2  (d 3  m ay be zero), then Itt(t)I C IT 2 I near zero.

L ( t 2 ) — ti+ k , L t(T2)= ( i t ;  b 'r 2  c ' 1J+ 2c - 1 .

If TI (t ) = +  •  •  •  ,  T2(t)=  d2i k  + • • • , T3(0= 0 0 ,  with 1 < j<  k , d , and d2  00 , then
CIT2 —'r 3 1 t k n ea r  zero.

L ( T3 )—t i+k , L t(T 3 )=a'ti+b 'z 3 +c ' ..<t j+2k - 1.

(this case occurs if a — t ,  b —tj + k ,c=o(ti +  2 k ) ,  as one can see using Rouché's theorem).
We perform in (7) the Fourier transform with respect to x. Let y =,37 --x u, take f  = O.

Then

(17) L ( t ,0 „i0 v =av ( t ,)+a( t ) ( i0 *

+b(t)(i) 2 a,v+c(1)(i) 3 v= O.

Suppose th a t  ueC 3 ( [0 ,1 ],C ')  i s  a  so lu tion  of (17), w ith  compact, uniformly
bounded support in x , then we have veC3 ([0,71,S 4 ).

Let us fix > 1 and consider the energy

gi)=IL 12(1,a„i)0 2 +11, 23(t,a„i)v i 2 +iL31(t,a„i)v1 2 ,

with L i (t, ) =  —  t i ( t ) ,  L 1 2 (1, T ,  ) = (t —T i(i))(T  —  T 2 (i)) , and so on.
We have

E'(t)=2R e(a,L ,2v )L ,2v+ other terms

=2Re(L i 2 a,v+L '1 2 v)L i 2 v +  other terms

=2Re(L i 2 at v — it,(t)L i 2 v)L, 2 1)

+2R e(— if i (t)a 2 v— if2 (t) L i v)L 1 2 v +  other terms

=2R e(— if i (t) L 2 v— if2 (t)c L i v)L, 2 v +  other terms,
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where

L'1  2 ,1(t, T, =  af L1 2 (i, T,

=  —1- 1(t) L2 ( 15 T9 T'2(t) L1 (t,

which gives

W e have

L12 — L 2 3  
L 2  = T  T 2 ( t )  =

(T3(() T  i ( i ) g

CII L 1 2 V — L 2 3 l l 1
1'6 (t)c L2V1 (T3(t)— t l ( t ) ) 1 1

(
1-

3 ( t )
—

 T i ( t ) ) 1 1

c i

t
(IL IA  + IL23V1).

So

, Cl E(t).

Now we choose, for 0 < t< 1 , the energy

A 1)=IalT1 2 +Vlatv1 2 +  4 1v12 .

Ik(t)1 C2a(t).

If 0._t 1 . t2w e  o b t a i n

Al 2 ) ec 2 L- (i i ).

If 1 g < t 1 t2 T, we have:

Ci
E(t2) _

'2

)  g ( 1 ) . . C 3  C l E(t1).

Now E(t)< C. Ê(t) n ea r z e ro . Besides we have

L1 2 — L31 L 1 2  L 2 3  

T2 — 21 (-E2  - T A T 3 — 22) (T2 —T i)(T3 — T 1)

B y  condition (11) there  exists a n  integer p > 0  su c h  th a t  T2 —T i >C( P >0,
T3 — T2 > O P , SO for t >1 we have

2v 1 < CVp.,Igt).
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The same estimate holds for v tvi and 10v1. So

P(t)< CePE(t), if t

If 0 < t 1 <1 < T, we estimate t(1 2 ) with E(12 ), E(t 2 ) with E(1/), E(1 g) with
P(1/ ) a n d  finally a 1 g )  with AO.

A t last we have the estimate:

(18) Ll(t2), C(cm+1)-A ti), if 0 <t i  < t2 < T,

where M > 0 depends only o n  C , and p.
T he inequality (18) holds, taking C ' large, also for O <  < 1 and  taking the

absolute value, also for negative
Hence the Cauchy problem for (7) is well-posed in  C  (the uniqueness of the

solution and the finite speed of propagation follow from the well-posedness in some
Gevrey classes and from Holmgren's method; we can approximate the equation with
strictly hyperbolic equations. Otherwise one  can  u se  th e  well-posedness of the
Cauchy problem in the space of analytic functionals).

We prove now the necessity of condition (11). Suppose that (11) doesn't h o ld .  We
consider several different cases and we follow a method of Petrowsky and Mizohata.

CASE A . T h e  three roots have the same principal part de, with k > 1 an integer
and d  O. W e  c a n  w rite  the characteristic polynomial of (7) as follows:

(t — dtk 
±  

evk 
+  l g t  2

c ( t 2k +1
)

2T (0 0 .3 k  +  1 g 3 .

Now

(T — d tk i)3 1 ,=0 ,=(at— d tk i)3

+3k de - d t k i 0

+ k(k

If we replace â —dt'ic w ith  a , w e  have:

(19) a3+ 3kdt k - + k ( k —  Ode -

Suppose that tk -  is sm all w ith respect to t 2 k  2 .  This is equivalent to tk + i

Take

(20) t — a -  
1 / ( k +  1 ) + e ,

with c>0.

Here 61 , 62  are constants, e< 1/(k +1) is a constant to be fixed.
Now, supposing  >0, we see that:

tk+

t 2k - t3k -

3
i k -.2 << (tk - 1 0 2 ,
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hence the third term in (19) can be neglected.
The equation

0'
3  

+ 3kdtk - 1 g o- =0

has three roots

o-1,2= + — 3dk t k a 3  =  O.

Consider the polynomial (a — o-
1)(o- - a 2 )= a 2 — (a1 + a-  2 )o- + a 1 a2 and associate to

it the operator

L 1 2 ( t, „ = (0, — — (a 1 + a2 )(  — + a 1 a 2 .

L 2 3 ,  L31  are defined similarly.
We now introduce

E(t) =11,2 3 0 2  — L311)12

We have

ailL23v12=2ReotL230L23v

= 2Re((e1 — dtk g —  1)L2 3 v)L2 3 y + 2Reo-
 1 11,2 3 112

= 2ReRa — dt k iO3 v + a 3)(at d t k i ) 2 ll

▪ 0'20-3(a1 d t ki )0 0 1 ( at d t ki ) 2 V

+ +  3 )(a, — i)Y  —  0 .
1 a 2 a 3 v

— crZ(at —  dtk i — (7 31v — a'3 (at — dtk g — o-
2)v]L 2 3 y

+2Reo- 1lL23v12

= 2Refl3 — dt k  g) 3  y +3dki k —  d t k  i01)] • L2 3 y

▪ 2Re( — o.'2 L 3 Y — 0'3 1,
2 0L23Y + 2Reo- 111 , 230 2

=2Re[er — dt k 0 3 1, v — k(k — 1)dtk g v ] L23ll

2Re(— a'2 L 3 v — at3 L 2 y)L2 3 y +2Recr i lL2 3 y12 .

(L i =a t —dtkg—o- i , and so on).

We can choose a 1 , a 2 so that

(21) Rea 1 > co \  fik R e a  2 — tk -

with a positive constant c0 .
We have
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< C — °(\/t k - 1 0 ,
(7 2 — 6 1

L23—L31 = (al — cr2 )L 3  ,

o- '3 = 0,
t k - 2

tk -2L,V — (L,v — L 2 v)
(7 2 (7 1

tk-
( L I 2 V  L i 3 V )  (Li 2ll — L231))
( (7 2 — 6 1)(a3 — ( 7 2) ((72 — ( 7 1)( (7 3 al)

and tk <,< ( t k- 1V/2 ,) as we have already seen.
Similarly

1(9(t3k+1 ) 3v3 k +  1 3  IL A )
la2 l

t3k+

(IL12v1+ IL23vi +1L310).

If the e which appears in (20) is small enough, then

1I + 5 /3 « J , i3k-F53« 1,

6k+ 26 < < t 3k-3V 5

13k+ 1 V << ( tk - 103/2 .

Moreover
co(t2k+1g2(3tv d i k g v  c t

t2k+  1 2 (IL I2V1+ IL314

Now, since tk + 2 «  I, w e have

t 2k+12 < < t k-1 .

3 <<+ 1 ) L121/ can be estimated because tk tk - since 1 2k+ <ok - tk+ 1.

So, deriving also IL3 1 v12 an d  ILI 2 o12 , we get

E V ) 2c0 .\/tk( i L 2 3vI2  + IL310 2 )

o(N/ t k - 1 )(1L23/4 2 + IL31/1 2 + L12v1 2 )

co N /tk  - 1 V(t)

for large (see the book of Mizohata, On the Cauchy problem  [M i2]). Put
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Let

L231) =- 1

-  11(k+ 1)1- k for j=  1, 2.

(22)
{

L 3 1 v =0 if t =
L, 2 v=0

We have E(t 1 ) = 1. Integrating the energy inequality, and taking into account
that

 

t2

f  

2  
\/tk-10t— 

k + l

t ( k  +  1 )/ 2

ri,c

t2 ,4
1/2

t1,4

 

we get

2
( 6 (2k+ 1)/2 6 ( ik +1)/2gy E

k+1

 

E(t 2 . 4 ).. exp(c 1
 ( 1 ‘1- " 4 2 ),

with c1 >0.
W e can find values for v(t i ,), 0 v (t1 ) with polynomial growth which

verify (22). O n the contrary (v(t 2 ), at v(t 2 ,4 ) , 0,2 v(t2 ) )  hasn 't polynomial growth.
Hence the Cauchy problem is not uniformly well-posed in C °  in any neighbourhood
of zero.

CASE B .  Tw o roots have principal part de, with k > 1  and dO 0, the other
has p.p d'tk , with d'Od (d' may be zero).

We can write the characteristic polynomial as follows:

(I" — Cliki ) 2 (T — d t ki )
+  CO

W  +  l g t 2

(.0(I 2k + 1g2 T ±  9 03k +1g3 .

Consider the operator

a -2 d tk V ,+ d2 t2 k (i)2 = (0 ,— dtk i)2 + k cirk - i i .

Let o ,  a 2  b e  the roots of

6-2 + k d t ' i= 0 .

Take t as in (20). Consider the polynomials

L „= (-r —

L23 = (t — 0-2)(T —

L12 =  ( T  V 0 2

and the energy
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E(t)=1L23v12 - IL3112  IL 1 2 142 .

We have

atIL23V12 = 2R e(13 ,L 231423  V

=2Reo- 11L230 2

+2R e((r - dtk i - o -
1 )(c. - dt k i  -  o -

2 )(t - atv)L23v

+2R e(-k d t k d ' t k i 0 v

-  a'2 (a, - d' tk i)v  - kd' t k - d t k i  -  o -
2 )v)L 2 3 v

= 2Reo- 111 , 230 2

+2Re(er - i)2(t -d'tk i)1,-etv

+ (a l+  (72)(T - dtk i)(t - d' t k =  a t v

+  1 0-
 2 (0, - d' tk i)v )L 2 3 v

+2R e(-k d t k d '  t k i0v

- 0 J2(at -  t ' -k d ' tk -  i ( ô t — deg —  2 )v)L2 3 v

= 2Rea i lL 2 3 vI2  + 2Re((r - dt k g) )r2 "C' - = et  Vp_.2 3

+ 2R e(- af2 (0t — d' tk g)v -k d' t k  g ( a  - -  0- 2)V)L2 3 V.

Moreover

Reo- 1 > c o .\ (c > 0 is a constant)

-
t

-o ( N/ t k - 1 0,

tk

1

1
= =

t

Cr2

t k - 1
0(.\/ tk 1 0,

0, 2 (a1 — d' tk g)v =  a 2

(L23V
CT2 -

1 t  -  0 1 )  -
I

[tkw, — d1k i0v]

- -1 (
3

-1 (L1 v+L 2 3 v)-L i 2 v).
t 2 

C a l  2VI IL23VI +1L3IVI) (/‘ 1 liatV  d r egVi

tk aa tV -Chkg/4 CN/t k 1 0 k 0 ) 1

(C" >0).
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8
tiL13vI 2 can be estimated similarly (we have Reo-

2 < — c o \  / t" ) .
It can be seen that the quantity

atIL, 2142  = 2Re((t —dtk i ) 2 ei —  ?Vat = etv)L12v

+2R e(-2k d t'i00 ,— dt k i0v). L 1 2v

yields a correct kind of estimate. The remainder of the proof is as in case A.

CASE C. Two roots have principal part dt k , the other has p.p. d' ti, with d00 ,

d' 0O, 1 < k .  W e know that f 3 (t)=C(ti - 1 ).
Consider the polynomials:

L 1 =  — dtk i  —  ,

L2 = r — dt1 i — a 2 ,

L3 = L23 =L2L3, L31 =L3L1 ,

(a 1 , 0 -
2 are the same as in case B).

Put

Lly = ( t

R t) .= IL231, 12  IL31V1 2 2 V 1 2 .

W e have, as in case B,

8,1L2 3 v12 =2Rec 1 IL2 3 v12

+2Re((t —dtk i ) 2 er —T3 01, = 0 ,0L 2 3 V

+2Re(—o- f2 L 3 v  T '3 W , 2 v)L2 3 v•

Re a  c o , /  t k  - I (co

  

1
— 0(\ /tk - 1 ),

Cr 2

 

ti ; ; == = o(i t k

t

1
ot—dtkiOv =(--

2
(L i3 v+L2 3 0 — L i2 v )•

( d t k — r 3 ) g '

1 - 1

T-'30 8 , -d t k i0v c
t

( 1 1 , 13v1+1L23v1+11 , 12v1).

t j- 1
 10-21(0 ,-d t k i0v1+1L3v1)

-1
< C-(IL 3 v1+1L2 3 v1+ 11.1 2 0).

t
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Now we have

T3  +ai-c 2 +b (i) 2 -c+c ( i) 3 —(-c—dtk i ) 2 (t

=(.t. --c 3 i)[(-c —  i )("C — 22i) — (T — dt k i ) 2 ]

( T  —  T
3t)[(9(tk + 112)41._  d tkto + (0(121c + 1) 2]

(T1 , t2, T3 are the roots of the characteristic polynomial).
Let's prove this identity.

L em m a. We have

ITt — del G btk  ± 1 / 2 , f o r  j =  1, 2

and  for t  small enough, w ith a suitable 5 >0.

P roo f  a( t)=at-1 -  •••  , with a , 0 0 .  The quantity

L (IT3  

+ at 2  +at A- C —  •  T — at ) 1,

if i t  d t ki b t k + 1/2, is smaller than c1 t2 k + 1 + 1 , while

—de)1>la.
1A 2 12 k  j +  1 .

J I '

If 6 is small enough we have

Ir3 + ar2 + br + c — at(r —de)2 1

<la i ti(r— dtk)2 1

when It —del
Applying Rouches theorem we have the thesis.

It is simple to see that, choosing e>0 small in  (20), we have

t 2k + 1 V. <.( t k - 1

t ic + 1/2 \/tk - 1

The derivative at IL3 1 vI2 is handled similarly.
We have

atiLi 20 2  = 2Re((r—dt k i ) 2 (r—r3i)1,-- MX,  2 v

+2R e(-2k dtk -liw t— dik ioo•L ,2v

= b t k + 1/2.

and
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1(8, - dtki)v l
c

(ILI 3v1+11,23v1 + ILI 2v1),

t k - 1

W e get the estimate

E'(t) co .\/ t k - i M t),

for t i 4  t  t2 ,4 and large, with a positive constant c0 . W e conclude as in case A.
So, having considered all possible cases, we have tha t the Cauchy problem is

well-posed in  Cc° if and only if

2 2
• +  •

T j , <  C

near zero.

4 .  Outline of the proof of Theorem 3

(Sufficiency) By applying Newton's method we see that either (14) is valid and
1 (0 =  di i k i  +  higher order terms, • • t„,(t)-=dm tk 'n + •••, with 1 <k l <k 2 < ••• <k„, and

di  0  0  fo r  all j ,  o r  (14) is  n o t v a lid  b u t  (15) i s  and t  1(0 = d1t k 1  +  • “, • “ , 'Um _ 1 (t)
1 + . . . ,   m (t) = 0(i k m - 1 ), w ith  1 • • • a n d  di  0  0  f o r  a ll j.

Inequality (16) holds if and only if the principal parts of the ri (t) are distinct in
pairs, that is if i 0 j  and k i =k i d,Od i . We make this hypothesis.

Suppose that t p  1 ( t ) ,  •  •  t g (t)(p<q) are the roots which have p.p.— i k  (p.p. means
principal part), t p +  I (1) has p.p. d p + , t k .  Consider the terms

ap e  P , • • • , ag e -  q

in the polynomial L ( t ,t ,1 ) .  We have

ap (t)= eip tk ' +  + k P

and so on.
Put

f e
t.) = • • • + k p t m  -  p a q i k i + • • • + k , t m - q ,

g(t)=L (t, t", 1).

We have

f,(t,dp„itk)kdp
+ 1

t
k -  1 +1X1,

g r(t,t p , 1)-C„+ 1 +g f(t, t p  1 ( 0 )  = 0.
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But

g r = f t ( t , d p . f .  l t k )
+ 0 ( t ki+ .•. +kp+ k(m- p- 1))

gt = f(t,dp+ 1tk)+0(1k,+•••+k,+k(n-p)-1)

t ict +  +  k p + k(m- p - 1) t k  +  -F kp + k(m -  p)- 1
5

Hence

i ( t ) _ kdp+ 1 t k - 1 +0(t"- 1 ).

(if (14) doesn't hold, then f m (t )= o (t k - - 1 - 1 )).
Therefore we have

v  (0 2 + (fj)
2

<  C

near zero.
The same argument adopted fo r  a  third order equation proves that Cauchy

problem for the equation (13) is well-posed in  COE' near zero.

(necessity ). We sketch the p ro o f . If all the roots of L have the same principal
part dt k , with k >  1 an  integer and d we can write

m-1
L=er —dt k Om+ E c(t(n- j)k+ 1) r -  j t j .

j= 0

We initially neglect the terms contained in  the  summation on  the  right hand
side. W e wish to study the operator

L =  —  Om I, e„

which has one characteristic root of multiplicity m.
We need the following lemma

L e m m a. There ex ists a polynomial pm (a ), of  degree m , which is even if  m  is
even, odd if  m  is odd, such that

(t — tk )m it=a,=(kt k - I 0 m 1 2P m ( )

m— 2
+ E

.J=0 cr = e t  — tk4

Each cm j  is  a polynomial in t, I f  re is one of  its terms, choosing t  like in
(20), so that t » 1 ,  w e have
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i c <,‹ (k i k - 1 )(m - j)/ 2

The polynomials pm a re  defined recursively as follows:

SAO) = 1,
Lon, + 1(a) =Pm(a)a +P;.(a), for m > O.

Each pm h a s  distinct roots c 1 ,• • •,c„,. Let

(23) o- • = c.(kdt kf o r  j=  1, • -, m.J J

They are the roots of

(kdt' i 4 " 1 2p 
m Gkd:k- l i

One can see that there are some o-
i  w ith  Reo-, >0 , let them  be o- ,,• • •,o- p . Let

L.3=(a—  1) • • • (cr — o- J) • • • (a — am)la =  et  -  tki4 5

for j=  1,• • •,m  (the term with the hat is omitted).
We put

(24) E(t)= IL fv12  + • • • +14 ,0 2 „v 12 —  • • • —

where v =.*-
 x u. E ( t )  is the energy. Making some energy estimates we have:

E V ) c o \  /t' a ( t ) ,

with co  >0, if  t 1 < t t 2  .
The remaining part of the proof is as in the case of an operator of third order.
In  general we have roots -r, , • - J r  w ith principal part of order less than k  and

distinct, w e have roots Tr + 1 ,• • • ,  Tr  + r n i w ith  p .p . d, tk ( d ,  0 ) , t r ,„ , i „  • , t r + m l  +m 2

with p.p. d2 tk (d 2  00), • • •, Tr + mi + +  m ,_  1 +  1 ,  •  •  ' ,  + +mr, with p.p. d u t" (d„0 0), such
t h a t  d „  d 2 , • • d „ a r e  d is t in c t  r e a l n u m b e rs . F in a lly  w e  m a y  h a v e  roots

— > tm  which are infinitesimals of order higher than k, when t 0. Lettr+tn i+•••+m ,,+1 , 

= m —(r + m, + • • • +m„) be their num ber. Suppose that m, > 1.
Put

Bo = t r  —  T 1 0  •  "  — T r a

h =  T — dhtk , B h =  g ri h  , f o r  h = 1, • • n.

B „, 1 = r".

Put



418 Ferruccio Colombini and Nicola Orrti

B h j  =  [(a C•h,l) • • • ( 0 -  — 0 - 11,j) • • • ( 0  — °- h,mh)]cr = 0, – dhticlO t  = t ,

for h=1,•••,n and for j = 1 ,  • • • ,m h  •  The o- ,0  a re  defined starting from Bh like  the
cr• in (2 3 ), starting from L.

Put also

B
n + 1 , j

=EC (V t k
-

1 fo r  j = 0 ,  • • • , t t - 1 .
4

Here c o  is  a constant such that

Reo-
k i >0 Reo-

k i > c o ,/t

(see (21)).

Let
Bo B • • • Bn + ,

L 0 ,3 — i f  j= 1 ,• • • ,r ,

 

—

 

L h d  =  B  0 B  •  •  •  B h ,  • • • Bn +  1 i f  h=1,•••,n,

and  if  j = 1 ,  •••, m h ,

L„ +  L i = Bo B I ••• B„B„ + 1 ,i i f  j=  0, •••, /4 - 1.

We consider the energy

E(t)= —14, 1 1)12 — ..• — 11 , 0,,v12

+11 , 1,1v12 + +11 , 1,pi v12 - 11 •1,p,-F1v12 — — iLi,rn i vi 2

+11-2,10 2  + • +1L2,p 2v12  — 11 , 2, 2 + tvi 2 — • — 1L2,.2
112

+ •••

+11 , n,1v12 + ••• —14,.„1,12

— 1L n+ 1,0V 1 2 — 1 L n + 1 V 1 2

where the numbers p i  , •• •,p „  are chosen in the same way as in (24).

Deriving it and making some estimates (observe that

Tj ( t ) = c i t k i +  ••• r ;( t )= k i c i tk i - 1 +  •••,

for j= 1 ,• • • ,r ) , we get

E'(t) c,„,\ /tk - 1 M t),

if t , t / 2 ,4 and is large.
We conclude, as in the case of an operator of third order, that the Cauchy



Well-posedness in C r 419

problem for (13) is not well-posed in C  n e a r  zero.
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