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Well-posedness in C* for some
weakly hyperbolic equations

By

Ferruccio CoLomBint and Nicola ORRU

1. Introduction

We consider a weakly hyperbolic equation:

(1) L(t,x,0,,0Ju= Y, a{t,x)00u(t,x)=f,

jtlajsm

that is, the characteristic polynomial

Lm(ts X1, é) = Z aja(t’ x)tjéu’

Jjtlal=m
for all (t,x) and & real, has m real roots in 7
Tl(t?x! é)STZ(t’x3 é)s o Stm(trxa é)'

Suppose that the coefficients a;,(t, x)eC* and that a,, o(t,x)=1. Then it was
shown by Lax and Mizohata that for the Cauchy problem:

{Lu =f,

@ ,. ,
Bul0,x)=¢x),  (j=0,,m—1)

to be well-posed in C® in a neighbourhood of the origin (0,0) it is necessary that
L is weakly hyperbolic. At the beginning of this century, Eugenio Elia Levi studied
the case of one space variable x when the characteristic roots are of constant
multiplicity, and proved that certain conditions are sufficient for well-posedness.
These conditions are also necessary (see Mizohata-Ohya [MO] for the case of
double characteristics). It is then natural to consider the problem that, when the
roots have variable multiplicities and the coefficients depend only on time, what
are the necessary or sufficient conditions for the well-posedness of the Cauchy
problem.

We consider a homogeneous operator of arbitrary order. Even in this case,
and even if the coefficients are analytic, one cannot deduce the C® well-
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posedness. For example, the Cauchy problem for the equation
O0tu—210,0 u+1*02u=0
is not well-posed in C®. Indeed with the change of variables
t'=t, x'=x+12/2
the equation becomes:
Oku+0,u=0.

Observe that in this case the characteristic roots are of constant multiplicity.
O. Oleinik in 1970 studied a hyperbolic equation of second order

3) 0fu—7y a;{t,x)0,,0,u+ lower order terms =f
LJ

with characteristics of variable multiplicity, giving conditions which are sufficient
for well-posedness. She supposed that the coefficients were in C*. Then Nishitani
[Nil] studied the case of one space variable and analytic coefficients, showing in
particular that, if there are no lower order terms, the Cauchy problem is locally
well-posed in C®. In [Ni2] he gave necessary and sufficient conditions for
well-posedness in the presence of lower order terms.(D’Ancona [DA] examined the
situation considered in [Nil] and gave more precise energy estimates, following
Oleinik). Colombini, Jannelli and Spagnolo in the meanwhile, studying equations
of the form (3) with coefficients depending only on time, found a general conditions,
sufficient for well-posedness, which they called logarithmic condition:

T la.9)
L 2051 =N losE+ D+ C

for any ¢, where a(t,)=Za;(t){;, and N, C are positive constants.

T. Yamazaki, studying equations of the form (3) in an abstract setting, obtained
interesting results on the loss of regularity of the solution [Yal], showing in particular
that in an equation of the form

4 0Xu—a()o2u=0

with a(f)=1t?*, k being an integer > 1, there is no loss of regularity passing through
the instant t=0. That is, if (u(ty, ), Oulte,-))eH' x H(R) for some t,<0, then
(u(t,),0u(t,))eH"' x H°(R), also when ¢>0. For t=0, (u,du)cH’ x H', with ¢>0,
y>0and 6+y=1 (0 and y depending on k). Using this method she gave an example
[Ya2] of an equation of the form (4) with a(t)eC®, a(f)=0, with infinitely many
zeros near (=0, for which the Cauchy problem is well-posed. In this case the
logarithmic condition does not hold. We remark that an example of Colombini
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and Spagnolo [CS] shows that there exists a coefficient a(f)>0, a(r)eC®, such that
for (4) the Cauchy problem is ill-posed.

K. Kajitani studied the possibility of generalizing the logarithmic condition to
the case of coefficients depending also on x,,--,x,, that is to an equation of the
form (3). As a special case he got some of the results obtained by Nishitani. He
applied his method to general hyperbolic equations of second order and to equations
of higher order. His results contain the logarithmic condition given in Remark
2.

Following his ideas, and those of Yamazaki, Orri studied in [Or] some
properties of the logarithmic condition.

We mention also the important works of Bronstein [Br1], [Br2] on the Lipschitz
continuity of the characteristic roots of a hyperbolic polynomial (with sufficiently
regular coefficients) and on the Cauchy problem in the Gevrey classes for hyperbolic
equations of higher order. Ivrii and Petkov [IP] studied necessary conditions for
C® and Gevrey well-posedness of the Cauchy problem for hyperbolic equations
showing, in special cases, that these conditions are also sufficient. Their results are
used by Nishitani and are close to ours. We use a method of S. Mizohata ([Mil],
[Mi2]), using which he proved the well known Lax-Mizohata theorem.

If the coefficients of the equation are in C® and if the differences of the
characteristic roots vanish of finite order, then our theorems follow from some
interesting results of Yamamoto and Mandai ([YaK] and [Ma]), on equations of
order m with arbitrary lower order term. In difference from these, we will assume
that the coefficients are not very regular.

We wish also to quote a paper of Ohya-Tarama on weakly hyperbolic equations
in Gevrey spaces, some papers of D’Ancona, Ishida, Manfrin on weakly hyperbolic
equations which are semilinear or quasilinear, a paper of D’Ancona-Spagnolo on
the Cauchy problem for N x N hyperbolic homogeneous systems of first order and
a paper of Nishitani in which he extends the results of [Ni2] to 2 x 2 systems of
first order. In any way we observe that, for example, for the equation

0*u—31"0,0,u+2t*02u=0

the Cauchy problem is well-posed (see the following theorem 1) but the associated
2 x 2 system doesn't satisfy the hypotheses of D’Ancona-Spagnolo.

2. Results
We give the following definitions (see [Mi2]) pag. 3 and pag. 7).

Definition 1. We say that (2) is H*-wellposed for ¢ >0, if for all ¢, -+, ¢,,_ 1€ H®
and for f=0, there exists a unique solution u(t, x)e H®(R") with (Z)u(t,x)e H*(R")
O0<j<m-—1), t>0.

Definition 2. We say that (2) is uniformly H®-wellposed in the positive direction,
if for any ¢¢, -, 0,,_1€H®, t,€[0,T] and any fe C([0,T]; H*), there exists a
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unique solution ue C™([t,, T]; H®) of (1) such that dju,_,,=¢; (0<j<m—1).
We have the following theorems:

Theorem 1. Consider the equation
L(t,0,,0,)u=02u+a(t)0,0.u+ b(t)0*u=f,

with a(t), b(f)e C*** ' in a neighbourhood of zero (k is a positive integer), a(0)=b(0)=0
and such that they satisfy either the condition

b)) + -+ +[6*(0)| #0,
or
la'©)[+ -+ +1a®(0)] 0.

Suppose that
L(t, 7, 1)=124a(t)t + b(t)
has only real roots (that is, L is hyperbolic) in 1
7,(6) < 1,(0).

Then the Cauchy problem

Lu=f,
u|t=0=¢03

alu |r=0 = ¢1
is uniformly well-posed in H® near 0 if and only if

|T1(t)|2+|fz(t)|2<
I(z, _Tz)(t)|2 B

near zero. (see the book “On the Cauchy problem” of S. Mizohata [ Mi2]).

©)

Remark 1. Condition (5) may also be written in terms of the coefficients of
L in the following way:
2

? _<c
a’—4b

Remark 2. If q,be C* and vanish to infinite order at zero, condition (5) is
neither necessary nor sufficient for the well-posedness of Cauchy problem.
For instance the equation

02u—a()o?u=0,
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with a(f)>0 for t#0, 8ia(0)=0 for any j=0,1,--- obviously satisfies (5), but the
Cauchy problem may be ill-posed ([CS]).
If a,beC!' then the following condition is sufficient (logarithmic condition):

T ’ 2 '
la'(0)] l(a —4b)|] 1
6 + dt<Clog-,
© Jo [«/az—4b+82 a*—4b+¢? Oge

for any small ¢>0 (C is a constant). See [CJS] and [Ka].
Put

(t,—t)®)=2"" for >0, =0 for ¢<0,

and

_gn [ t— R
(r1+r2)(t)=—;2"2 2"x<, TT)

2k 2

where y is a C* function with support in [0,1] and with y(1/2)=1. Then a(f) and
b(t) are C*™ function, vanish to infinite order at zero and satisfy (6) but not (5). The
Cauchy problem is well-posed.

Theorem 2. Consider the equation
7 L(t,8,,0,)u=0>u+a(t)0?0u+b(1)0,02u + c(1)02u=f.

Suppose that a,b,ce C'*! (I is an integer >3), a(0)=>5b(0)=c(0)=0, and satisfy either
the condition

) )] + -+ +1c®(0)| #0
or
&) B'O)] + -+ +[b172P(0)] 0.

Suppose that
L(t, 7, 1) =13+ a(t)r® + b(t)t + c(f)
has only real roots in t:
T,()<15()<13(9)

(this implies that b'(0)=c'(0)=c"(0)=(0).
Then the Cauchy problem

Lu=f,

u|!=0=¢09

(10) aru |r=0=¢1 s
atzu li=0o=02,
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is uniformly well-posed in H® near 0 if and only if

2 2 2 2 2 2
T1+7 5+71 T3+71
1 2 2 3 3 1 <C

(t, "Tz)z (2 —Ta)z (t3— T1)2 B

(11)

near zero.

Remark 3. Again condition (11) may be expressed in terms of the coefficients
of (7) in the following way:

—10a3c + 3a?b? + 36abc —10b% — 27¢2
—4a3c+a®b*+18abc—4b% —27¢2

The denominator is the discriminant of the characteristic polynomial.
Remark 4. The following condition is equivalent to (11) when the hypotheses
of theorem 2 are satisfied:

12 12 M<C’

(=)

near zero. Observe that, as />3, the derivatives t)(f)e L* (Bronstein).
If we remove the hypothesis that a(0)=5b(0)=c(0)=0, and require that either

(v()— fj(O))(Tz(t) - Tj(O))(Ta(t) - Tj(o))
vanishes to order </ for t=0, or
(7 1()) = TO)N72(2) — 7£0)) + (72(2) — T{O))(3(1) — T(0))
+(13() — 1 (0))(z () — 7,(0))

vanishes to order <[//2] for t¥0, for j=1,2,3, then condition (12) is necessary and
sufficient in order that (10) is well-posed in C*.
In particular, for example, the Cauchy problem for the operator

0% — (14314020, + (3t* + 21*4)9,02 — 2123
is well-posed.

Theorem 3. Consider the equation

m—1
(13) L(t,8,,0)u=08"u+ Y a,_(die" u=F.
j=0

J

Suppose that the coefficients are in C'*' (where [ is an integer >m), that they vanish
at zero, and that either
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(14) |a(O) + -+ +1ai?] #0,

or

(15) |ay, - 1(0) + -+ +]al/2P| 0,
holds.

Suppose that the polynomial (in <):
m—1
Lit,t,)=1"+ Y a,_ [0
=1

has only real roots:
T, (<1< - <1,(0).
Then the condition

41

jAlT—1)*

(16)

near zero, is necessary and sufficient in order that the Cauchy problem for (13) is
uniformly well-posed in H*® near 0.

Remark 5. We can see that for an equation like (13) if the Cauchy problem
is H® well-posed it is C® well-posed, taking into account the finite speed of
propagation.

In accordance with [IP] we give the following definition.

Definition 3. We say that the Cauchy problem for the equation (13) is C*®
well-posed if

i) for any feC*® and any ¢;eC® (j=0,---,m—1) there exists a solution
ue C™([0, + c0);,C™).

ii) From the fact that ue C™([0, + o0) x R) is a solution of the Cauchy problem
with ¢¢,,¢,,_1=0, /=0 in [0, Ty] x R, it follows that u=0 in [0, T,] X R,.

We give only the proof of theorem 2 and an outline of the proof of theorem
3. We wish to thank Domenico Luminati, Tatsuo Nishitani, Sergio Spagnolo and
Jean Vaillant with whom we had useful discussions on the subject of this paper.

3. Proof of Theorem 2

We prove the sufficiency of condition (11). Let t be>0. Condition (11) implies
that:
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2 ¢ @2+

! 2
i#j (1;i—1))

<C,

near zero. The following considerations are based on Newton’s polygonal line
method.

If 1,()=d\ '+ -, 1,()=dyt' + -, 15(t)=dst'+ -, with j>1 an integer, d,, d,,
dyeR, d, #0,d, #d,, d, #d; (d, or d; may vanish), then |t7}(?)| < Ct,| near zero. In
fact

L(z,)ty +L{r,)=0,
Lr("l):(fl"‘Tz)(f1—"-'3)~f2j, L,(Tl)ft”‘l
(the symbol < means that L(z,) is an infinitesimal of order less or equal to 3/~ 1)

If 1,()=d\ '+ -, 1(t)=dyt*+ -+, 15()=d3t*+ -+, with 1<j<k integers, d,,
d,, dy real, d, #0, d,#0, dy#d, (d; may be zero), then |tt5(r)| < Clt,| near zero.

L(t))~t** L(t)=d'ti+b1,+c <#+21,

If t()=d\ '+ -, 1,()=d,t* + -+, 15()=0(t"), with 1 <j<k, d, and d,#0, then
|t75(0)) < Clt, — 15| ~ t* near zero.

Lt‘[ ~t‘i+k, L(T )=alT§+b,‘L’3+C’ 5_[]+2k—1.
3 13

(this case occurs if a~t), b~ 1t/ ** c=o0(/*2*), as one can see using Rouché’s theorem).
We perform in (7) the Fourier transform with respect to x. Let v=%,u, take f=0.
Then

(17) L(t,0,,i&)v=0}u(t, &) +a(t(i)o}v
+b(1)i€)* A, + c(2)(i€)*v=0.
Suppose that ue C}[0,T],C®) is a solution of (17), with compact, uniformly

bounded support in x, then we have veC3([0,T],S)).
Let us fix £>1 and consider the energy

E(t)=|Ly(t,0,,i&)I” +|L,5(t, 0, i)0|* +|L3y (8, 6., i),

with L,(t,7,8)=1—1,(0)¢, L5(t,7,8)=(t—1()E)t—1,(¢)¢), and so on.
We have

E’(f)=2Re(0,L,,v)L,,v+ other terms
=2Re(L,,0v+ L}, v)L,,v+ other terms
=2Re(L,0,v—it3(t)EL, )L, ,0
+2Re(— ity ()EL,v—ity(NELv)L ,v+ other terms
=2Re(—it)()EL,w—ity()ELw)L, v+ other terms,
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where
L, {t,1,8)=0,L,(t,1,%)
= —13()ELy(t, 7, ) —15(NEL4 (1, T, &),
which gives

Li2d8,0,,i¢)v= —it\ELyv —ith¢Lyv.

We have
S 0 Y
Ly=t1—1,(t)¢= (t5()—1, ()¢
, Ci 00—z oyl 120~ Laatl
|tl(t)ész| ST (Ta(t) T1(’))|fl (1’3(t) _ T](t))lél
<Ll + L)
So

|E'(f) < % E(0).

Now we choose, for 0<t<%, the energy
E(()=102v]* + £%(0,0]* + &4l

|E'() < C,EE().

If 0<t,<t,<1/&, we obtain
E(t,) < e%Eit,).

If 1/E<t,<t,<T, we have:

E(tz)s(?>ClE(tl)sC36C‘E(t1).
1
Now E(f)< C- E(f) near zero. Besides we have

LI_L2= LIZ_L31 LIZ_L23

T2,— 7y (12—1:1)(:3_12)——(12—11)(13_1—1).

&e=¢

By condition (11) there exists an integer p>0 such that t,—1,>Ct’>0,
13— 17, > Cr?, so for 1>} we have

1820 < CE?P/ E(0).
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The same estimate holds for |£6,0] and |0%v]. So
E(n< CE*E@), if t>1/¢.

If 0<t, <i<t,<T, we estimate E(t,) with E(t,), E(t,) with E(1/§), E(1/¢) with
E(1/¢) and finally E(1/&) with E(t,).
At last we have the estimate:

(18) Et)<C(EM+1)Er,), if 0<t,<t,<T,

where M >0 depends only on C, and p.

The inequality (18) holds, taking C’ large, also for 0<¢<1 and taking the
absolute value, also for negative £.

Hence the Cauchy problem for (7) is well-posed in C® (the uniqueness of the
solution and the finite speed of propagation follow from the well-posedness in some
Gevrey classes and from Holmgren’s method; we can approximate the equation with
strictly hyperbolic equations. Otherwise one can use the well-posedness of the
Cauchy problem in the space of analytic functionals).

We prove now the necessity of condition (11). Suppose that (11) doesn’t hold. We
consider several different cases and we follow a method of Petrowsky and Mizohata.

Case A. The three roots have the same principal part dr*, with k>1 an integer
and d#0. We can write the characteristic polynomial of (7) as follows:

(t—dttie) + O * ) ée?
+ CO(t2k+ 1)62‘5 +(9(t3k+ 1){3'

Now
(t—dt*i&)3|, - 5, = (0, — dr*i&)?
+ 3kdi \iE(d, — diiE)
+k(k — )de*~ 2.
If we replace d,—dr*ié with o, we have:
(19) 03+ 3kdt* Yiko + k(k — )dt* ~ %iL.
Suppose that t*~1¢ is small with respect to ?*£2.  This is equivalent to £**1¢>> 1.
Take
(20) (=& VEFDre with  0<d,<1'<d,, €>0.

Here 6,, , are constants, e<1/(k+1) is a constant to be fixed.
Now, supposing £>0, we see that:
e,
t2k—4€2<< t3k—3€3

tk—Zé«(tk—lé)%,
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hence the third term in (19) can be neglected.
The equation

03 +3kdt*tita =0

has three roots

61,2=i\/ _3dktk_li{, 03=0.

Consider the polynomial (6 —0,)6 —0,)=06>— (0, +0,)0 + 06,0, and associate to
it the operator

Ly(1,0,,i&)u=(0,—dri¢)* — (o, + 6,)0,—dt*i) + 6,0, .

L,5, Ly, are defined similarly.
We now introduce

E(t)=|L,30]* —|L3;01* —|L 0%
We have
0,|L,30|* =2Re(0,L,30)L, 30

=2Re((0, —dt*ié — 6,)L,3v)L,30+ 2Rec | L, 50|

— 2Re[(9, — diiE)*v— (04 + 03)(0, — di*iE) v
+0,04(0,— dt*ié)v — o (0, — dt*i&)*v
+0(0,+05)0,—dti&v—0 0,050
— 050, —dt*it — a3)v—04(8, — dt*iE —a,)v]L, 50
+2Read,|L,;v|?

— 2Re[(8, — dr*i€)v+ 3dkt*~ iE(0,— diiEw] - T30
+2Re(—0',Lyv—0'5L,v)L, 50+ 2Rea | |L,5v|?

= 2Re[(t — dr4iE)?), - o0 — kik — Ddt*~2iE0]L 530
+2Re(—0',Lyv— 04 L,0)L,30+2Red | L,5v|%.

(Ly=0,—d*i¢—0,, and so on).
We can choose o, ¢, so that

(1) Reo;>co /t* 16, Reo,< —co /15 1¢,

with a positive constant ¢ .
We have
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<Coo( /FTe),

t

&

0,—0y

Ly3—Lyy=(6,—0,)Ls,

g3=0,
[k-zf
" 2y=—(L,v—L,0)
62_61
tk_zf tk—Z{
= (L{,v—L,30)— (Ly,v—L,50
(62_61)(63—02)\ "2 13?) (02_01)(03"01)‘ 2 23t)

and *"2E«(f*71¢)%/2, as we have already seen.
Similarly

1
O o~k 18— (ILyv|+|Lyvl)
lo,—0,4]

t3k+ 163

~W(|L12”| +|L;30|+[L3;vl).

If the ¢ which appears in (20) is small enough, then

tk+5/3£<<1, t3k+5¢3<<1,
16k+266<<13k_363
t3k+ 1§3<<(lk_1é)3/2

Moreover
O(**+ HEX(,v —di*ikv — o ,v)

~pkr1g? (ILq 20+ |L3q0)).

1
/tk— 15
Now, since **2f« 1, we have

t2k+1§2<<tk_lé.

O(t** )¢ L, ,v can be estimated because ** ¢« /it T1E, since 1T 22 FTE 3 E« L.
So, deriving also |L;;v|?> and |L,,v|?, we get

E'()=2co/ T YE(Ly 302 + | Lsyvl?)
—o(y/t* T ENL 30> + L3 0> +]Ly 50]?)
>co /T IEE()

for large ¢ (see the book of Mizohata, On the Cauchy problem [Mi2]). Put
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tj’§=5j£_1/(k+l)+c, fOt’ j=1,2.

Let
L23v=1
(22) Ly,v=0 if t=t,.
Lllv=0

We have E(t, ,)=1. Integrating the energy inequality, and taking into account
that

12,2 2 2,2
tk_lfdt= t(k+1)/2 61/2
k

g +1 e
2
=_ " (§kT D2 _ gk+1)2 .’il_s’
k+1( 2 v
we get
E(t, 9 >exp(c, &%+ V/2),
with ¢, >0.

We can find values for oty ), du(ty ), 02v(t, ) with polynomial growth which
verify (22). On the contrary (v(t;,), 0,0(t;), 6,zv(t2,¢)) hasn’t polynomial growth.
Hence the Cauchy problem is not uniformly well-posed in C® in any neighbourhood
of zero.

Case B. Two roots have principal part dr*, with k>1 and d#0, the other
has p.p d't*, with d’'#d (d' may be zero).
We can write the characteristic polynomial as follows:

(t —dt*i&)* (v — d't*iE) + O+ )Er?
+ O )2+ O3 13,
Consider the operator
0% —2dr*iéd, + d*1*M(i&)? = (0, — dr*i&)* + kdt* ~ liL.
Let 0., g, be the roots of
o2+ kdi*~iE=0.
Take ¢ as in (20). Consider the polynomials
L,y=(—dt"i{ — g )t —d't"i¥),
L,y =(t —dt*it — a,)(t —d't*i§),
L, =(t—dt*i&)?

and the energy



412 Ferruccio Colombini and Nicola Orru
E(f)=|L,30/* —|L3|* = |Ly0).
We have
0,|L,301*=2Re(0,L,30)L 50
=2Rec ||L,;v|?
+2Re((x —dr*i& — o, )t — d*iE — o )t — d't*i8)|, - 4,v) L 30
+2Re(—kdi*~'i&(0,— d't*iEyw
— 048, — d' i) — kd't*~ &3, — diiE — o)) 530
=2Rec|L,5v|?
+2Re((t — di*i)* (1 —d't*ié)], - 5,0
—(0+0,)(t—dttié)(r —d'ti¢), =50
+0,0,(0,—d'tiEW) L, v
+2Re(—kdd*™ i3, — d'tiey
—0%(0, —d't*i€)o —kd't*~ i&(0, — dt*i& — o ,)v)L, v
=2Rea ||L,30)> + 2Re((t —dt*i&)* (1 — d'ti€)|, - ,,v)L ;30
+2Re(—05(0,—d'tié)v—kd't*~ 1i&(8, — dt*i& — 6 ,)v) L, 0.
Moreover

Reo >co/t* "', (co>0 is a constant)

| Lo,

t

0,—0,

tk—lé 1
G

o0, —d'ti&) =

&

(Ly30—Ly,v),
0,—0y

180, diid)y ~}[tké(a, _dtigw]

1/1
~—| =(Lysv+Ly30)— Ly, .
t<2( 13 230)— Ly, )
QL1201+ Ly 30| + L3 0)) 2|0, — 04|10 —d ' t*ikv|

+ €00 —dikiEv| > C'\ /Lt
~ltEapl.  (C'>0).



Well-posedness in C* 413

0,/L;3v|?* can be estimated similarly (we have Rea,< —co/t*"1¢).
It can be seen that the quantity

O,|L 101> =2 Re((t — dt*i&)*(t — d'ti)| = 5,)L 1 20
+ 2Re(—2kdt*~i&(0,— dt*iéyw) - Ly ,v
yields a correct kind of estimate. The remainder of the proof is as in case A.
Case C. Two roots have principal part dr*, the other has p.p. d't/, with d#0,

d #0, 1<j<k. We know that t3(t)=0(t"").
Consider the polynomials:

Ll =‘L'—dlki(f—0'1,
L2=T—dtki€_0'2,

Ly=t1—13i¢, Lyy=L,Ly, Ly;=L3L;, Ly,=(v—dt"i&)’.

(6., 0, are the same as in case B).
Put

E(t)=|L30* —|L3;0|* —| L0
We have, as in case B,
0L ;30> =2Rea | L, 30/
+2Rel(t — diEV(t — t3i8)],- o 0)L530
+2Re(— 0’y Lyv —15iEL,v)L,5v.

Reo,>co /11, (cy>0),

a; 1
2 ~_=0(\/ tk_lé))
62—01 t
AR k=1
= =o( /1)
e N
@ —dt"ié)v—~<1(L o4 Lyy0)—L v)-——
t 2 13 23 12 (dtk—‘fs)i{’
Pt
t43i(0,—dt it < C i (IL 1301+ |Ly30[+ Ly 50)).
’ tj_l k +
LEYSPYIRS C-F—lﬂzl(l(a,—df i&)v]+L3vl)

~1
< C;(ILI 30|+ |La30| +]L0)).
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Now we have
3+ ailt? + b(iE)*t + c(i€)® — (t — di*i&) (v — 14if)

= (v~ 13i8)[(v— 7, i€)(t — 1,i8) — (r —dr*i&)*]
=(t— i[O T 1) E(x — ditil) + O(r* T 1))

(ty,7,,75 are the roots of the characteristic polynomial).
Let’s prove this identity.

Lemma. We have
[t;—dtf| <o+ 12 for j=1,2

and for t small enough, with a suitable 6> 0.

Proof. a(ty=a;/+ ---, with a;#0. The quantity
|2* +at? + bt + c—a;ti(t —dr*)?,
if |t—dt*|=81**1/2 is smaller than c,t2**/*!  while
la;ti(t —di*)| > |aj|6> 2+ I+,
If 6 is small enough we have
[t* +at? +bt+c—ati(r—di*)?|
<la;ti(x —di*)?|

when |t —di¥| =611/,
Applying Rouché’s theorem we have the thesis.

It is simple to see that, choosing ¢>0 small in (20), we have
tZk+ 1{2<<tk_ lé

rH12E /tk—lé.

The derivative 8,|L;,v|? is handled similarly.
We have

0Ly ,0)* =2Re((t — d*i&)*(t — 13i&)| = 4,0) L1 20
+ 2Re(— 2kdt*™ 'i&(0,— dt*i¢))- L v

and
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: C
(0, —dt“i&)u| St—jg(an 301+ L2 30+ 1Ly 20]),

k—1

t

k—1
vy < JrFTE
We get the estimate

E'(f)=co /11 EE(D),

fort, ,<t<t, . and ¢ large, with a positive constant c,. We conclude as in case A.
So, having considered all possible cases, we have that the Cauchy problem is
well-posed in C* if and only if

741}

i#j(f,'—‘tj)z_

near zero.

4. Outline of the proof of Theorem 3

(Sufficiency) By applying Newton’s method we see that either (14) is valid and
1,(f)=d, ** + higher order terms, ---, 7,({)=d,t*" + ---, with 1 <k, <k,< --- <k,, and
d;#0 for all j, or (14) is not valid but (15) is and 7,()=d;* + -+, -, 7,4 (0)
=d, " 4. ()=o0(t*"""), with 1<k,< - <k,_, and d;#0 for all j.

Inequality (16) holds if and only if the principal parts of the 7(f) are distinct in
pairs, that is if i#j and k;=k;=d;#d;. We make this hypothesis.

Suppose that 7, (f), -, 7,() (p <q) are the roots which have p.p.~ t* (p.p. means
principal part), t,4,(f) has p.p. d,,t*. Consider the terms

- m—
a,t" P, aqrm e

in the polynomial L(t,t,1). We have

a(y=a,r* ey

and so on.
Put
f(t)=5p1k1+~~~+kptm_p+ +[iqt"l+“'+kq1m—q’
gv)=L(1,1,1).
We have

f;(t,dp.'_ ltk)kdp+ lfk— 1 +f;(t,dp+ ltk):(),
g'(t’ Tp+ 1)1:;"" 1 +g,(t, Tp+ 1(t)) =0.
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But
gt=fr(t’dp+ltk)+0(1k‘+"'+"P+"('"—P—l))
g=flt,d, ) +o(ti* - Thetkm=p) =1y
f~tk|+---+kp+k(m—p—l) _/;~[kl+"'+kp+k(m_1’)“l
T N .
Hence

Tpe () =kd? 1~ fo(t ),

(if (14) doesn’t hold, then t,,(f)=o(t*=-*~1)).
Therefore we have
n2 "2
tzz (Ti) +(Tj) <C

i#j (Ti—fj)z B

near zero.
The same argument adopted for a third order equation proves that Cauchy
problem for the equation (13) is well-posed in C*® near zero.

(necessity). We sketch the proof. If all the roots of L have the same principal
part dr¥, with k>1 an integer and d#0, we can write
m—1
L=(t—di*&y"+ Y, o@m- M+ tyem=ig,

ji=0

We initially neglect the terms contained in the summation on the right hand
side. We wish to study the operator

L=(x—di*)"._s,,

which has one characteristic root of multiplicity m.
We need the following lemma

Lemma. There exists a polynomial p,(o), of degree m, which is even if m is
even, odd if m is odd, such that

- o
(t—1*¢) |r=a.:(ktk teymiz m<ﬁ)

m—2
+ Y et 8)o’
j=0

g =0, —tk¢

0 =0, —tk¢

Each c,,; is a polynomial in t, & If °EP is one of its terms, choosing t like in
(20), so that **'¢x1, we have
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( tafﬂ«(klk—lf)(m_j)/z-

The polynomials p,, are defined recursively as follpws:

{P;O(U) = la

m+1(0)=pm(0)o +p,(0), form>0.
Each p,, has distinct roots ¢,,---,c,. Let

(23) o.jzcj(kdtk_lié)l/z, for j—_— l, -..’m.

They are the roots of

kdd*~tigym> m(_o__)
( ) Jkdt i

One can see that there are some o; with Reo;>0, let them be o,,,0, Let

Li=(0—0,)(0—0) (6= 0)ly= g, iz

for j=1,---m (the term with the hat is omitted).
We put

(24 E(0)=|Liv]® + - +|Lpl* =L, o — - =Lyl

where v=% u. E(f) is the energy. Making some energy estimates we have:

E'(f)>co/t* 7 1EE(D),

with ¢, >0, if t, ,<t<t,,.
The remaining part of the proofis as in the case of an operator of third order.
In general we have roots 7,,--+,7, with principal part of order less than k and

distinct, we have roots 7,.,,:",T,4,, With p.p. dit* @y #0) Tpmt1s Trtmy 4my
with p.p. dyt* (d3#0), -, Ty syt oootmy 14107 Trtmy 4ot my, With p.p. d,* (d, #0), such
that d,,d,,---,d, are distinct real numbers. Finally we may have roots

Tytmy +otm+ 15" Tm Which are infinitesimals of order higher than k, when t —» 0.  Let

u=m—F+m;+ --- +m,) be their number. Suppose that m,>1.
Put

By=(t—1,8) - (t—1,9),
g’l:t_dht‘(é’ thﬂ,':"‘, for h: 1, [ERN (R
Bn+l =t

Put
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Bh,j= [(e —0Opq) (oqh,j) (0_oh.mh)]a=6t—d;.t"{|6:=r s

for h=1,---,n and for j=1,---,m,. The o,; are defined starting from B, like the
o; in (23), starting from L.
Put also

u—1-j

Bn+1,j=<%s/tk_lf> o, for j=0,-,u—1.

Here ¢, is a constant such that

Rec, ;>0 = Reo, ;>co /1"

(see (21)).
Let
_BoBy -+ By

L
° T—1;¢

if j=1,-r,

o

Lh,j=BOBl"'Bh,j“'Bn+l if h:l’...,n’
and if j=1,---,m,,

L”+1,j=BOBl"'Ban+l,j if j=0,--,u—1.

We consider the energy

E(n)= “|L0,1U|2— —|Lo,rl’l2
+|L1,1U|2+ +|L1,plv'2_|Ll,p1+1vl2_ —|L1,mlv|2
+|L2,1U|2+ +|L2,pzv'2—|L2,pz+lv|2_ _|L2,mzv|2
R
Ly 02 4 e 1Ly, 0 =L 4 18] — o =Ly,
—|Ln+1,oU|2— —an+1.u—lv|2

where the numbers p,,---,p, are chosen in the same way as in (24).
Deriving it and making some estimates (observe that '

‘[j([)=cjtkj+ e = T;{l)=kjcjt"f‘1+ o
fOf j= 1’“'9")9 we get

E'(t)>co/t* 1EE®),

if t, ,<t<t,,and ¢ is large.
We conclude, as in the case of an operator of third order, that the Cauchy
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problem for (13) is not well-posed in C® near zero.
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