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Rational equivalence and phantom map
out of a loop space

By

Kouyemon IRIYE

Abstract
McGibbon asked if for a connected finite complex X there is a
rational equivalence from the loop space of X to a product of spheres
and loop spaces of spheres. We will show that the answer is yes if it has
only a finite number of nonzero rational homotopy groups or if spaces
are localised at a prime. We will also give a clear picture of phantom
maps out of the iterated loop space of a finite complex.

1. Introduction

In this paper, all spaces are assumed to have basepoints and all maps and
homotopies are assumed to preserve them. A phantom map out of a CW-
complex X is a map whose restriction to each n skeleton sk, (X) is homotopic
to the constant map. One of the basic problems in the study of phantom maps
out of loop spaces is the following problem raised by McGibbon (][9], Question
4).

Question.  Does there exist a finite complex X and an essential phantom
map from QX to a target of finite type?

By Theorem 8.7 of [9], there exists a rational equivalence

0OxX — H52na—1 > HQSQnB—l
a B

if and only if there are no essential phantom maps 2X — Y for any finite type
target Y, where a space is referred to as a finite type target if each of its homo-
topy groups is finitely generated. The existence of such a rational equivalence is
known for X which has the rational homotopy type of a suspension (Corollary
3.4 and Theorem 8.7 of [9]) and for a homogeneous space [6]. In this paper we
will extend these results to a rationally elliptic space, where a space X is said
to be rationally elliptic if ), dimm,(X) ® Q is finite.
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Theorem 1. Let X be a simply connected, rationally elliptic, finite com-
plex. Then there exists a rational equivalence

X — [[ 8% x [[ Qs (%)
@ 8

As for the other implication of the existence of such a map (x) to the
homotopy theory, see Section 8 of [9] or Introduction of [6]. This theorem is
also an extension of a work of McGibbon and Wilkerson [11], where they proved
a localised version of the above theorem. In fact, if spaces are localised we can
say more. To state our next result we need a definition. A CW-complex X is
said to be pseudo-finite if it satisfies the following two conditions:

(1) Each of its homotopy groups is finitely generated except for the funda-
mental group.

(2) Tt has a finite spherical cone-length, that is, there is a finite series of
subcomplexes Xg =« C X; C X5 C -+ C Xs_1 C X5 = X such that
each subcomplex X; is obtained from X, ; by attaching (possibly in-
finitely many) cells. In particular, X has a finite Lusternik-Schnirelmann
category.

We will also use a p-local version of this concept.

Theorem 2. Let X be a connected, pseudo-finite CW-complex, p be a
prime and k > 1. Then there exists a p-local map

QISX _ HsQna—l « HQSZnB—l
a B

which is a rational equivalence.

Here by QF X we denote the basepoint component of the k-fold loop space
of X. Now we have a clear picture of phantom maps out of the iterated loop
space of a finite complex, which is an extension of Proposition 8.2 of [9].

Corollary 3. Let X be a connected, pseudo-finite CW-complex and k >
2.

(1) If Q’gX(p) s not contractible for a prime p, then the universal phantom map
out of QX is essential at the prime p.

(2) There exist essential phantom maps from QEX into finite type targets if and
only if

T (QUX)RQ#£0 for some ¢ > 2.

These targets can be taken to be spheres.
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(3) However, for each prime p there are no essential phantom maps from QX
to nilpotent p-local finite type targets.

Theorem 2 has another corollary which may be useful to consider McGib-
bon’s question.

Corollary 4. Let X, X' be simply connected finite complezes. If they are
rationally homotopy equivalent to each other, then there is an essential phantom
map from QX to a finite type target if and only if so is from QX'.
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2. Preliminary lemmas

In this section, we prove lemmas needed later. The main results will be
proven in the next section.

Lemma 2.1. Let X be a pseudo-finite CW-complex and X be its univer-
sal covering space. Then X is also pseudo-finite.

Proof. Since the first condition is trivial for X , we prove that X has
a CW-structure with a finite spherical cone-length. Let p : X — X be the
covering projection. It is well-known, see e.g., p.53 of [15], that X has a CW-
structure so that, for each cell of e in X, each piece of p~!(e) is a cell of X.
Since X is pseudo-finite, there is a finite series of subcomplexes Xg = * C
X1 C Xy C---C X4_1 C Xs = X such that each subcomplex X; is obtained
from X;_; by attaching cells, which is equivalent to say that the boundary of
each cell of X; is in X;_1. Then )?l = p~}(X;) is a subcomplex of X and the
following series of subcomplexes has the desired property.

*C)?OcA)?lCXQC"'CXS_lCXs:X |

Let X be a connected, pseudo-finite CW-complex and X be its universal
covering space. Since 0y X is homeomorphic to Q2X and X is also pseudo-finite
by Lemma 2.1, we may assume that any connected pseudo-finite CW-complex
is simply connected to consider our problems.

Lemma 2.2. For a simply connected CW-complex X, there exist a simply
connected CW-complex Y and a rational equivalence f : X — Y which satisfy
the following conditions:
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(1) If X is rationally m-connected, then the m-skeleton of Y is the basepoint.

(2) If X is of finite type (resp. pseudo-finite or finite dimensional, or finite),
then so is Y.

Proof. The proof uses induction on m, the rational connectivity of X.
We can prove the first induction step (i.e., m = 1) by the same argument as
Lemma 5.5.1 of [2]. In this case we can choose Y and f so that f is homotopy
equivalent.

Next we assume that X is rationally m-connected, where m > 1, and that
the m — 1-skeleton of X is the basepoint by the induction assumption. Then
again by the same argument as Lemma 5.5.1 of [2] it is easy to see that there
is a subcomplex X', which is a Moore space of type (H,,(X;Z), m), containing
the entire m-skeleton, sk,,(X). Let Y = X/X' and f : X — X/X’ =Y be the
canonical collapsing map. Since H,,(X;Z) is a torsion group, fx : H.(X;Q) —
H.(Y;Q) is isomorphic. Then f must be a rational equivalence since X and
Y are simply connected. Needless to say, the m-skeleton of Y is the basepoint.
Now it is easy to prove that Y satisfies the condition (2). O

Finally we prove the following key lemma to prove our main results.

Lemma 2.3. (1) Let X be a simply connected finite complex which is
rationally m — 1-connected and m,(X) @ Q # 0.

If m = 2n+1 is odd, then there is a simply connected finite complex' Y with
a rational equivalence ¢ : X — Y and maps ¢ : Y — S?"t! and f: 52"t - Y
whose composite qf : S?" 1 — §27+1 s homotopic to the identity.

If m = 2n is even and o € o, (X) is an element with infinite order, then
there is a map f : X — BU(n) such that f.(a) € man(BU(n)) has infinite
order.

(2) Let p be a prime and X a simply connected, p-local pseudo-finite CW -
complex which is rationally m — 1-connected and 7,,(X) ® Q # 0.

If m = 2n+1 is odd, then there is a simply connected, p-local pseudo-finite
CW-complex Y with a rational equivalence X — Y and maps q 1 Y — S(Q;SH
and f : 5(2;)“ — Y whose composite qf : 5(2;)4-1 — 5(2;)4-1 is homotopic to the
identity. Moreover, the homotopy fibre of the map q has the homotopy type of
a simply connected, p-local pseudo-finite CW-complez.

If m = 2n is even and o € o, (X) is an element with infinite order, then
there is a map f : X — BU(n)(,) such that f.(a) € mon(BU(n)(py) has infinite
order.

Proof. Casel.m =2n+1is odd in (1) and (2). Here we will prove only
the p-local case since the integral case can be proven quite similarly. Thus in
this case we assume that all spaces are localised at the prime p.

By Lemma 2.2 we assume that 2n-skeleton of X is the basepoint. Since X
is pseudo-finite, there is a finite series of subcomplexes X = * C X] C X} C
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<+ C X!_y C X!l = X such that each subcomplex X! is obtained from X/ _,
by attaching cells. By taking the union of ska,2(X) and X/ we have a new
finite series of subcomplexes Xg = sko,12(X) C X1 C Xy C -+ C X1 C
X, = X with the same property. Using induction on ¢ we will construct simply
connected CW-complexes {Y }fi&% together with maps ¢; : X; — Y;!,

7

@l Y] = YT 82 v and ¢f ¢ V) — S?t! which satisfy the
following conditions: _ _ _

(1) The cofibre spaces of the maps ¢; : X; — Y;! and ¢ : Y/ — Y/™!
for j = 1,2,--- are all finite torsion, where a space is said to be finite torsion
if each of its integral homology groups is a finite torsion group. In particular,
@i X; — Y and ¢ 1 Y/ = Y7 for j=1,2,--- are rational equivalences,

(2) ¢/ f/ ~idgensr for j =1,2,---, and

(3) the following diagram is commutative up to homotopy, where p :
S2n+l 620+l ig 5 degree p map.

For i = 0 the construction is clear. Xo = ska,42(X) is a wedge of V.§2"+2
and a Moore space of type (Hap+1(X;7Z),2n + 1) since 2n-skeleton of X is the
basepoint. By assumption that ma,41(X) ® Q & Hap1(X;Q) # 0, there is a
direct summand Z,) in Ha,41(X;Z). Then there are maps f' : S*"*1 — X,
and ¢’ : Xo — S?"F1 such that ¢/f’ : S?"*1 — §?7F1 is homotopic to the
identity. Thus, Y§ = Xo, o =id, f§ = f', ¢ = ¢ and ¢} = p for all j > 1
satisfy the all conditions.

In the induction step, assume that we have constructed the spaces and
maps for ¢. Let ¥; : V5™ — X; be the attaching map for X;,;. Since
Ne > 2n + 1 for each a, the map qlp;1; : VoSme — ST is rationally null
homotopic. Then the composite gFok - - -l ~ pPaloa; : Vo S™e — 20+l
must be null homotopic for a sufficiently large k. Because spaces are assumed to
be p-local and the exponent of the p-torsion in the homotopy groups of a sphere
is finite by James [8] and Toda [14]. Thus we assume that ¢Fek - - plp; is
null homotopic. Then we put

L _ yk+L Na+1
Yign =Y Ugse, Vet

~prpith
Now it is easy to construct all maps with the property (2) and (3). Since there
is the following commutative diagram of cofibration, the cofibre space of the
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map <p11+1 : Xip1 — Ylﬂ_l is clearly finite torsion.

i

VaShe  —— Xi — Xin

k+1 1
H pri-‘— ""P%‘Pi l¢i+1

k41,
Vo S§na L

1
i pithi k+1 1
it —— Y

Similarly so are the cofibre spaces of the maps ¢’ 41 Y;]H — Yf:ll for
j=1,2,---.

Finally we put Y =Y}, o =, : X = X, = Y =Y}, f=fl.89"+
Y =Y!and g = ¢ : Y =Y} — S§?""L By construction, the cofibre of
the map ¢ : X — Y is finite torsion and X is of finite type over the ring
Z(p)- Therefore Y is also of finite type. Clearly f is a rational equivalence,
qf : 82"l — §27+1 is homotopic to the identity and Y is a simply connected,
pseudo-finite CW-complex. This completes the first assertion.

By F' we denote the homotopy fibre of the map ¢. In the fibre sequence

Qs2n+1 N F N Y _ SZn-&-l,

the map Q252" — F is null homotopic since the fibration ¢ : Y — S?"*! has
the cross section f. By construction there is a finite series of subcomplexes
Y = 8t c Y, C--- C Y,y CY, =Y such that each subcomplex Y;
is obtained from Y;_; by attaching cells. We may also assume that the map
f S+l Y is just the inclusion S?"*! = Y} — Y. By restricting the
fibration F' — Y to each subcomplex Y; we obtain the fibration

Q52 L By,

Here we remark that this fibration is induced from the principal path fibration
Q82+l pS2ntl _, §2n+1 Ly restricting the map ¢ : ¥ — S?"F! to V;.
By induction on ¢ we will show that each F; has the homotopy type of a p-
local pseudo-finite CW-complex. Since Fj is contractible, this is clear. Now
we assume that we have proved that F;_; has the homotopy type of a p-local
pseudo-finite CW-complex for ¢ > 1. Let Y; = Y;_; U Vqemet1l. The fibration
restricted to each cell e™=T1 is fibre homotopy equivalent to the trivial fibration.
Thus we have a fibration

F,_1U \/aena-i_1 X QSZn+1 —Y;
which is fibre homotopy equivalent to the fibration F; — Y;. Thus we have

F,~F,_1U \/ae”‘*H X QSQn+1,
~ F;_1 UV,C(S™ A QST
~ Fi 1 UVaC(Sme v §2ntna y gdntna /oy,

~F_,U \/a(e”“+1 Vi 62n+na+1 Vi e4n+n(,+1 (VA )
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In the second homotopy equivalence we used the following fact. Since the inclu-
sion Q827+l — enatl x 052n+1 ig null homotopic in Fj, there is an embedding
CN8? 1 into Fy_1 UVae™ T x Q5?7 F! for each . Needless to say, collapsing
these cones to a point does not change its homotopy type. Clearly F' is simply
connected.

Case II. m = 2n is even in (1). Since X is simply connected and ratio-
nally (2n — 1)-connected, the Hurewicz image H(«) has also infinite order in
Hs,,(X;7Z). Take a cohomology class [g] € H?"(X;Z) such that ([g], H(a)) # 0.

We consider the lifting problem

BU(n)
/V
—~ Cn,
/
~ g

X K(Z,2n)

where ¢, is the n-th Chern class. Since BU(n)( o) =~ [~ K(Q, 2k), there is a
lift -
BU(TL)(O)

Cn

X K(Q,2n).

K(Z,2n)

Let N be a positive integer larger than dim X and 2n. The Postnikov ap-
proximation BU(n)™Y) of BU(n) through dimension N is O-universal by The-
orem 1.2 of [16], see also Proposition 4.1 of [10]. That is, its rationalisation
BU(n)Egg) ~ BU(n) ) can be constructed as the infinite mapping telescope us-
ing a family of self maps. Then a lift X — BU(n) (o) factors through BU (n)™).
Since X is a finite complex whose dimension is less than N, it in fact factors
through BU(n). Thus we have solved the lifting problem

, BU(n)
e
X Y9, k(z,om)

for some non-zero integer k. Clearly the map f = ¢’ has the desired property.

Case III. m = 2n is even in (2). By J,X we denote the ¢-th filtration of
the James construction JX ~ Q¥ X. Here again we assume that all spaces are
localised at the prime p.

First we construct a map f’: X — J,82" for sufficiently large ¢ such that
fi(a) € mon(JpS?™) 2 Z, is non-zero by the similar method to in the proof of
the odd case because ka,l;S'Q” has finite homotopy exponent for the prime p.
This fact follows from the existence of the following p-local fibration [14]:

Jpe 18" — QS g2t
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Then we compose the map f’ with a map J,S?" — BU(n) which is essential
on the bottom cell. The existence of such a map was proved in Case II.

More explicitly we prove this as follows. By Lemma 2.2 we assume that
2n — 1-skeleton of X is the basepoint. Since X is pseudo-finite, there is a
finite series of subcomplexes Xo = skg,(X) = VS C X; C X C - C
Xs-1 C Xs = X such that each subcomplex X; is obtained from X;_; by
attaching cells. By a : S?" — Xy = sks,(X) C X we also denote a cel-
lular map which represents a homotopy class « € 7o, (X). There is a map
fo:Xo— S C Jp_lSQ" such that fya : S?* — p_15'2” is essential. In-
ductively we will construct maps f; : X; — Jyi+1_15%" such that fi.(a) €
7T2n(in+1_1SZn) = Z(py is essential. Let v; : V;5™ — X; be the attaching
map for X;1; and ¢; : in_152” — in+1_152" be the inclusion map. Al-
though the composite f;h; : V;5™ — Jyir1_15%" may be rationally essential,
Cit1fivi 1 V8™ — Jp7¢+1,152” — Jp7¢+2,152" must be rationally null ho-
motopic. Then for sufficiently large ¢, p'oit1fiy; + V;9™ — Jpq,+2_1S2” is
null homotopic. Thus we can extend the map ply; 1 f; + X; — in+2_152” to
fir1 : Xir1 — in+2_152". Then let f/ = f,: X = X, — Jps+1_152". Take
amap g : Jys+1_15%" — BU(n) which is essential on the bottom cell. The
composite f = gf’ : X — BU(n) has a desired property and we complete the
proof. O

3. Proofs of main results

In this section we first prove Theorem 2 and its corollaries, then we prove
Theorem 1 by using these results and a result of McGibbon and Wilkerson.

Proof of Theorem 2. In this proof we assume that all spaces are simply
connected as was remarked in Section 2 and localised at the prime p.

First we prove the theorem for the case k = 1. To prove this it is sufficient
to prove the following theorem.

Theorem 3.1. Let X be a simply connected, p-local pseudo-finite CW -
complex, o : SN — X be a map whose homotopy class [a] € 7x(X) has infinite
order and & denote the adjoint map to «.

If N is odd (resp. even), then there exists a map 3 : QX — QSN (resp.
B : QX — SN=Y) such that the composite fa : SN71 — QX — QSN (resp.
Ba: SN=1 - QX — SN=1) is rationally essential.

Proof. The proof uses induction on the rational homotopy rank of X in
dimensions less than N, that is, rank = X;cn dim7;(X) ® Q. We assume
that X is a simply connected, pseudo-finite CW-complex which is rationally
m — l-connected and 7, (X) ® Q # 0, where we may assume m < N.

In the first induction step (i.e., rank = 0) of the induction argument, N
must be m. We use a space and maps constructed in Lemma 2.3. If N is
odd, then we can take 8 = Q(qp). If N = 2n is even, then the composite



Rational equivalence and phantom map 785

B=70f: QX — U(n) — U(n)/U(n— 1) = S?"~! has the required property,
where 7 : U(n) — U(n)/U(n — 1) is the canonical quotient map.

Now we proceed on the induction step.

If m = 2n 4+ 1 is odd, then by Lemma 2.3 there is a simply connected,
pseudo-finite CW-complex Y with a rational equivalence ¢ : X — Y and a
map ¢ : Y — S?*+1 Since ¢ has a cross section f : S?"t! — Y, QY is
homotopy equivalent to QF x 52"*1. Consider the map

h: QX QY ~ QOF x Q52"+ QF

hi (&) € mn_1(QF) = 7y (F) has infinite order since h induces an isomorphism
h* : 7TN_1(QX) & Q — 7TN_1(QF) ® Q Then Zi<N dlmm(F) ® Q is one less
than that of X. Since F' is pseudo-finite by Lemma 2.3, if N is odd (resp.
even) then by induction hypothesis there exists a map 3 : QF — QSV (resp.
B QF — SN=1) with the required property. 3 = 3’h satisfies the condition.
Now we consider the case m = 2n is even. For m > 2 let o/ : S™ — X
be any map whose homotopy class [a/] € 7,,,(X) has infinite order. Then there
is a map f: X — BU(n) such that fa': S?® — BU(n) is rationally essential
by Lemma 2.3. For m = 2 let o/ : S — X be a map whose homotopy class
generates a direct summand of order infinite in m3(X) and f : X — BU(1) =
K(Z),2) be a map such that the composite fa' : 5 — X — K(Z,2) is a
generator of 7o (K (Zy),2)) = Z,). Consider the pullback diagram of fibrations:

5277'7 1 S2n71

g !

Y —— BUmn-1)

x L Bum)
Clearly Y is pseudo-finite. Apply m.( ) to this diagram and observe that

(1) Y is simply connected even if n =1,
(2) Xicn dimm;(Y) ® Q is one less than that of X,
(3) [j] € man—1(Y) has finite order, and
(4) re :7n(Y)®Q — 7y (X) ® Q is isomorphic.
If [4] is of order k (k = 1 if j is null homotopic), then j can be extented
to amap j/: M2 1(k) = S?""1Up e - Y. Put Y/ =Y Uy CM?"~ (k) and

let h:Y — Y’ be the canonical inclusion map. Since hj : S?"~! — Y is null
homotopic by the construction of Y’ we can construct the following homotopy
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commutative diagram of fibrations.

Qv - L ox — L gmt Ly " L x

fon s l [

Qy’ Q) — * Y’

Y/

Since h : Y — Y is a rational equivalence, the pair Y/ and h. (&) € my_1(QY")
>~ 7y (Y’) satisfy the induction assumption. Thus we complete the proof by
the induction hypothesis just as in the odd case.

Let k> 1 and
QX — [[ s x [ Qs
o B
be a rational equivalence. Loop this map k — 1 times and we obtain another
rational equivalence
OeX — J[af st x []abs>e .
a B

Since there are p-local maps 252"+! — §27n—1 with degree p on the bottom cell
by Cohen, Moore, and Neisendorfer [3, 4, 13], a desired map will be given as a
composite of these rational equivalences. O

The following lemma is an extension of a result of Halperin (Lemma 5 of

[5]) and is necessary to prove Corollary 3. For a minimal model A(z1,z2, ),
where degx;—1 < degz; for each i > 2, by A(xy,xni1, ) we denote the
minimal model A(zy,za,---)/(z1, -+, Tp-1)-

Lemma 3.2.  Let X be a simply connected, pseudo-finite CW-complex
and A(z1,z2,- ) be its minimal model, where degz;_1 < degx; for eachi > 2.
Let [x,] € H*(A(Zp,Tpy1,---)) be the class represented by x,. Then [x,] is
nilpotent for each n.

Proof. 1In the proofs of Lemma 2.3 and Theorem 3.1 it was proved that
every n-connected cover of X is rationally pseudo-finite. Since in the cohomol-
ogy ring of a pseudo-finite CW-complex every cohomology class is nilpotent,
the assertion of the lemma is clear. O

Proof of Corollary 3. (1) is a corollary of Theorem 7.5 of [7].
(2) By Ph(X,Y) we denote the set of all homotopy classes of phantom
maps from X to Y. If

T (UX)2Q =0 for all ¢ > 2,

then there is a rational equivalence QX — [[S'. By Theorem 8.7 of [9]
Ph(QEX,Y) = « for every finite type target Y.
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Next we assume that
T (UX)®Q 27k (X)@Q #0 for some g > 2.

We note that in this case 7,(X) ® Q # 0 for some odd n > k + 2. Otherwise
the minimal model of the space X is given by A(z1, 22, ), where degz;—1 <
deg x; for each i > 2 and deg x; is even if it is greater than or equal to k+2. Let
A&, Tpy1, - - - ) be the minimal model obtained from A(zq, 22, -) by killing
the generators of degree less than k + 2. Then for the degree reason, dz; = 0
in A(@pm, Tpmy1, -+ ) for all ¢ > m. Thus the class [z,,] has the infinite height
in the cohomology. This contradicts Lemma 3.2.

Thus we can choose a map S™ — X for some odd integer n > k + 2
whose homotopy class in 7, (X) has infinite order. Then its k-fold loop map
QFS™ — QF X induces a monomorphism between the rational homology groups
by Theorem 2. By Theorem 7.3 of [9] this map induces an epimorphism of
pointed sets

Ph(Qf X, S™) — Ph(QFS", S™).

By Proposition 8.2 of [9] for a suitable m the set Ph(Q*S™ S™) # %. Then
Ph(Q5X, S™) # .
(3) is a corollary of Theorem 2 and [9], Theorem 8.7. O

To prove Corollary 4 first we prove

Proposition 3.3. Let X, X' be simply connected finite complexes. If
there is a rational equivalence f: X — X', then Ph(QX,Y) = x if and only if
Ph(QX'Y) = x, whenever Y is a finite type target.

Proof. First we recall the notation about localisation. For a set P of
primes we set

Qp = {— € Q;m is coprime to all primes in P}
m

and Qp-localisation of a nilpotent space X will be denoted by Xp. For example,
if P = {p} then Xp = X(;,). By P we denote the set of all primes which are
not in P.

To prove the proposition we use the tower approach, see Section 4 of [9].
Ph(QX,Y) is isomorphic to the lim" term of a tower {[Xsk,(QX),Y]}. Each
group of the tower is countable. This fact can be proven by induction on n
using the following exact sequence.

- = BTpa(YV) — [Zskn1(QX), Y] — [Xsk, (QX), Y] — - -

Thus its lim" term is trivial if and only if the tower satisfies the Mittag-Leffler
condition by Theorem 4.4 of [9]. To complete the proof we need the following.
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Lemma 3.4. Let G = {G; «— Gy «— G3---} be a tower of nilpotent
groups and Py, --- Py be sets of primes such that the union of the sets is equal
to the set of all primes. Then G satisfies Mittag-Leffler condition if and only
if so does when localised at each P; fori=1,--- k.

Proof. Let am = image{G, < G,,} for n < m. Then G satisfies
Mittag-Leffler condition if and only if for each n there exists an integer N,
which depends on n, such that

G%N) = G%m) for all m > N.

Let R be a subring of Q. According to the notation of Bousfield-Kan the
R-localisation (or Malcev completion) of a nilpotent group N is denoted by
R®N.

We assume that for each ¢ the tower Qp, ® G satisfies Mittag-Leffler con-
dition. Then there exists an integer N, depending on n, such that for each
i

(Qp, ® Gn)™) = (Qp, ® G,)™  for all m > N.

Since the Marcev completion is an exact functor [1], Ch. V, 2.4, this implies
that

Qp, ® G™M =Qp, ® G™  for all m > N.

By the definition of nilpotent groups and the exactness of the Marcev comple-
tion this implies that the tower satisfies Mittag-Leffler condition.
The opposite implication being clear, the lemma follows. d

Now we return to the proof of Proposition 3.3.

Let G (resp. G') be the tower {[Esk, (Q2X),Y]} (resp. {[Esk,(Q2X"),Y]}).
Since X and X'’ are simply connected, each group of these towers is nilpotent by
Whitehead, [15], Ch. X, Section 3. Thus Lemma 3.4 can apply to these towers.
It is easy to see that there is a finite set P of primes such that fp : Xp — X is
homotopy equivalent. Thus the tower Qp ® G satisfies Mittag-Leffler condition
if and only if so does Qp ® G'. For each prime p in P, Z,) ® G and Z,y ® G’
satisfy Mittag-Leffler condition by Theorem 2. Therefore, by Lemma 3.4, G
satisfies Mittag-Leffler condition if and only if so does G'. O

Proof of Corollary 4. We assume that there are no essential phantom
maps from 2X to a finite type target. Let X = X; — X5 — .- be a 0-
sequence of X in the sence of Mimura-Nishida-Toda [12], i.e., its telescope
construction gives the rationalisation of X. Then, by Proposition 3.3, for each
i there are no essential phantom maps from 2X; to a finite type target. Since
X' is finite and rationally homotopy equivalent to X, for some ¢ there exists a
rational equivalence X’ — X;. Thus, by Proposition 3.3, there are no essential
phantom maps from QX' to a finite type target. O
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The proof of Corollary 4 implies also

Proposition 3.5. Let X be a simply connected finite complex. Then
there is an essential phantom map from QX to a finite type target if and only
if there is a finite set P of primes such that there is an essential phantom map
from QXp to a finite type target.

Finally we will finish the proof of Theorem 1.

Proof of Theorem 1. McGibbon and Wilkerson [11] proved that for a
simply connected, rationally elliptic, finite complex X there is a finite set P of
primes such that there is a P-equivalence

OX ~p [[ 57" x [[ Q52
@ 8

Thus this result and Proposition 3.5 implies Theorem 1. |
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