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1. Introduction

The purpose of this paper is, as in title, to prove real and symplectic Bott
periodicity. For introduction I'll tell, roughly, the way of the proof. Because
the goal of this paper is that BSp ~ (2*B0)(0) and BO ~ (2*BSp)(0) (For a
topological space X, X(n) means n-connected fiber space of X and let pr,, :
X(n) — X be an ordinary projection.), we must construct maps that is A :
S*ABO — BSp and p : S* ABSp — BO. (To do that, we use the word of
K-theory.) By some of good cohomological properties of BO and BSp, we can
tell the almost same thing as Ad* A and Ad* i are homotopy equivalence, and
we remove ‘almost’ later.

2. Main theorem

Theorem 2.1. Let X,Y be of finite type CW-complex which are H-
spaces having following properties,

(1) HY(X;Z/2Z) =7Z/)2Z[wy,wq,ws,...],
where |w;| = 1.
w; ’s have following relation;

Sq1 Wi = Wait1 mod J?
Sq® wa; = waito mod J?
Sqi~! Wj = Wai—1 mod J?
Sq* 72 we; = wai_o mod J?
Sq‘”‘3 wy; =0 mod J?
(where J = (wy,ws,...))
(2) H*(Y;Z) =Z[p1,p2,p3,---], |pil = 4.
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(3) There exist maps
j:RP*® - X, 4§ :HP>® —-Y
A:S*AX =Y, pu:SPAY - X
such that
(a) (Ao (S*A )" : H¥(Y;Z/2Z) — H**(S* A\RP>;Z/27)
(o (S*Aj"))*: H(X;Z/2Z) — H*(S* NHP>;Z/27)
are epic.
(b) Ad*X:X - QYY, Ad'p:Y — QX
are H-maps. -
Then the maps Ad*X\ : Y — Q*X(0), Ad's: X — QY (0) are mod G-
homotopy equivalence as Serre’s meaning.

(Ad4)\ and Ad*y are lifts of Ad* X\ and Ad* . @y is a class of all finite
abelian groups whose orders are odd.)

Proof. First I show Ad*y is mod Gy -homotopy equivalence. Setting k’s
as follows.
k=po(S*Aj) :S*AHP® — X
ky =Adpo (S3 A7) :S AHP™ — QX
ky = Ad® o (8% Aj'):82 NHP>® — Q%X
ks = Ad® o (ST A5):ST AHP® — Q3X
ky=Ad*poj’ HP™ — QX
Let o, € H*(S™;Z/2Z), 3 € H*(HP>;Z/2Z) be generators as ring and

am O™ be the element coming to «,, x " by the canonical map H*(S™ A
HP>;Z/27) — H*(S™ x HP*>°; Z/2Z).

First of all, we have
H*(X(1);Z/27) = 7./ 2Z[wh, wy, w), . . .],
where w} = priw; (i > 2).

Beginning to calculate of the spectral sequence of path fibration, we let
o be a suspension map and, with grance at relation of Sq' and Sq’~!, have
following:

H*((QX)(0);2/2Z) = Z/2Z]o (w}), 0 (w}), o (w), - . -]
J(wIZ"(Zi—l)—l) = U(wéi)Qn
Then,

H*(QX)(1); Z/27) = Z)2Z[ts, t5, v, ... ],
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where ta; 1 = o(wh;), Sq° tai1 = tait1, Sq* 2o 1 = tai—s, Sq P ta 1 =0,
and kl (t4i+3) = Oé3ﬁz.

Next considering the relation of Sq® and Sq**~2 between tg;_1’s, we have
following:

H*((°X)(0); Z/2Z) = Z./2Z[y2, y6, Y10, - - - |,
where y; = o (tiy1), Sq*® ys = 0 and 752*(y4¢+2) = a}
Then,
H*((X)(1%;Z/2Z) = Z/2Z[y2, y6, Y10, - - - |,
where Sq* 3 y,; = 0 and k~2*(y4i+2) = .
Calculate the spectral sequence of path fibration in the same way,
H*((°X)(0):2/22) = N\ (21, 25,29, ...),
where o(y;4+1) = x4, |x;] = and k;g*($4i+1) = a1 3.
Then we have the following.
H*(°X)(1); 2/22) = \ (w5, 29,215, ...,
where 153*(954“1) = o 3.

To calculate the spectral sequence of path fibration further, we take dual
with the fact that z;’s are primitive.

H (9 X)(1:2/22) = NG, 60,15, ),
where 411 = (2441)", ks ((18)*) = &aitr.
Let 7 be a transgression map. Now we have the following.
H,('X)(0); Z/2Z) = Z/2Zqa, s, @12, - - -],
where qu; = 7(&1i41) and ka, ((8)*) = qu;.

As the image of a map ky, includes generators of H*((Q24X)(0):Z/27Z),
so does Adjg*. Then Ad4u*. is an isomorphism and, by mod C3-Whitehead’s

theorem, Ad*u is mod Co-homotopy equivalence.
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I show Ad*\’s case next.

Setting h’s as follows.
h=MXo(S*Aj) :STARP® —-Y
hi =Ad )Xo (S® Aj) 1S ARP™ — QY
hy = Ad* Mo (5% A §):S? ARP™® — Q%Y
hy = Ad* Ao (ST A 5):ST ARP® — Q%Y
hy=Ad*Xoj RP® — Q'Y

Let oy, € H*(S™;Z/27), 5 € H*(RP*;Z/27Z) be generators as ring
and «,,8" be the element coming to a,, x ™ by a canonical map H*(S™ A
RP>;Z/27) — H*(S™ x RP>*;Z/27Z).

Calculate the spectral sequence of path fibration,
H*(QY;2/22) = \(ds,d7,duy, ...),
where d4i,1 = U(p4i) and h1*(d4i,1) = a3,84(i*1).

To calculate more, we have to take dual with the fact that z;’s are primi-
tive. Then we have the following:

H.(QY;2/2Z) = \(8s,07,011,...),
where (dg;—1)* = 64i—1 and by, ((azB*C~D)*) = 64_1.
Calculate the spectral sequence of path fibration,
H. (%Y ;7./27) = 7./]2Z]cs, cs, C10, - - - ],
where, cgi—o = 7(0ai-1), ha. (282 07D)*) = c4i_s.

Now that we know ¥{s) ~ ((2*X)(1))(2), then we can use the homology
operation in [2]. So, setting b’s as follows:

5(n=1) gn
s ban(4i—2) = cai—2”

bgn = C2
we get the relations qu*b4i+2 = b2i2 and
H.(Q*Y;7/27) = 7./2Z[ba, bs, bg, - - -]

Now we can calculate spectral sequence by using transgression and have
relation between cohomology of QY and S' A RP™ with help of above qu
relation and that Sq? ;5% = a, 642

H.(Q%Y;7/27) = 7.)2Z[a1, a3, as, . . .],
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where 7(b;11) = a; and ha, ((a16%)*) = agit1.
Then,
H. (Y (1);2/27) = 7./2Z[a1?, a3, as, . . .|

Again, using above homology operation, we have Sqi Agn(2i-1)~1 = ab;_q.
Finally, in the same way and grance at the relation that Sql 3% = %1, we
have following:

H,(QY(0); Z/27) = 7./]2Z[v1, va, v3, V4, . . .|

where hy, ((8))*) = v;.

Then checking the generators similarly, we see that Ad*)\ is mod Co-
homotopy equivalence. O

Next lemma shows that if there is a space Z which is related to X and Y
by certain maps, we can tell X and Y are homotopy equivalent.

Lemma 2.2.  Suppose the following.

(1) X andY satisfy the conditions in Theorem 2.1 and rank of 74, (Y) =
rank of Ta.(X).

(2) There exists a space Z whose homotopy groups are free.

(3) There exist maps as p : 7x(Z) — Tura(Z), which is isomorphism
after tensoring Z[1/2], ¢ : m(Y) — m.(Z), ¢ : m(X) — . (Z), which are
splitting and monic after tensoring Z[1/2]. They satisfy following commutative
diagrams.

(Ad*N),
() S ()

(Ad*p).
T (V) —— miqa(X)

T(Z) —— Tta(2)

Then (Ad*A), : X ~ (Q4Y)(0) and (Ad*p). : Y ~ (Q4X)(0).

Proof. By the assumption, we see that m.(X) and 7,(Y") are odd torsion

free, and that (Ad*)), and (;&i 1), are mod Ce-homotopy equivalence. So we

only need to check (Ad*)), and (Ad*), on the free parts of 7,(X) and 7, (Y).



38 Daisuke Kishimoto

*

7«(Y) has free parts only when * is divided with 4, because of its coho-

mology. So we need to know (Ad*)), : m4.(X) — maepa(Y) and (Ad*p), :
T4x(Y) = Tgeq4(X) are isomorphism

But it is easily verified by that m4.(Z) is free, rank of 74, (Y) = rank of
7m4+(X) and the commutative diagrams in the assumption. O

3. The case of BO and BSp

To apply theorem to BO and BSp, we have to construct maps A, p, j and
j' for BO and BSp. To do that, we set notations of vector bundles.

Ir, mc and ng are rank | trivial real bundle, rank m trivial complex bundle
and rank n trivial symplectic bundle.

Let ¢ and 7 be the Hopf bundle of S? and S*, and, 12, 11s, £80(n)> EBU(R)
and {ggp(n) be the universal bundles of HP2, HP>, BO(n), BU(n) and BSp(n),
and virtual vector bundles £go, {BuU, {Bsp and &rpe be lim, (§Bo(n) — n_R),

limy, .00 (§BU(n) — NC), liMy— 00 (§BSp(n) — 1) and Eporp= = {rpe

We consider a virtual vector bundle (n — 2&)@&530 which is the element

of KSp(S4 A BO). We set A : §* ABO — BSp be a classifying map of the one.

Similarly we set u/ : HP? A BSp — BU be a classifying map of (12 —
QL)QA@CEBSP € RTJ(HPQ A BSp). Since tensor product of two symplectic bundles
has a real structure i.e. (12 — 2¢)®cépsp = & ®r lc, for certain virtual real
vector bundle ¢ on HP? ABSp, we can set p1 : S ABSp — BO be the classifying
map of £|sips, € KO(S* ABSp).

Similarly we have (12 — 2¢)®¢(s0 — 2¢) = &’ ®r ¢ for certain virtual real
vector bundle ¢ on HP? A HP.

Let j : RP* — BO and j’ : HP* — BSp be inclusion.

It is easily seen as in [1] that Ad* A and Ad* i are H-maps.

Lemma 3.1.  (\o(S*Aj))* : H¥*(BSp; Z/2Z) — H**(S*ARP>); Z/27)
(o (ST*A4))*: H*(BO;Z/2Z) — H*(S* ANHP>;Z/2Z) are epic.

Proof. Calculate total Chern class for .

(Ao (ST A4)) eérsp) = (ST A ) e((n — 2¢)@rERo)

((n — 2¢)Or(érp= — 1r))
c(N@rérpe )c(Erp> @r1c) " 2e(n) !
(I+a+)1+8)2(1+a)!

=1+ Z aB?  (mod2)
i=1
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(a = ca(n) B = c1(Le®r&rp=) = wi(Erp=)?, where wy is a first Stiefel-
Whitney class)

Then, (Ao (S*Aj))* : H¥*(BSp; Z/27Z) — H**(S* ARP>;Z/27) is epic.
Calculate total Chern class for p.

(ﬁ’ o (HP? A ")) *e(épy) = ¢

On the other hand,

(1 o (HP? A §'))*c(épu) = el — 2c®cio0 — 2¢)
= c(N2®cNse)c(n2) 2e(ns0) ™
=(1+a?+872)(1+a)?(1+8)?

{1+0¢Zﬁi}2 (mod 2)
i=1

2

(@ =ca(m2), B = ca(neo))

Then we get w(¢') =1+ad o, B +a?f(a, B). (f(a, ) is a formal power
series of « and )
Restricting to S* A HP>, we have the following.

oo

(o (S*AJ)) w(épo) =1+ea(n) Y B (mod2)

i=1
So, (o (S*Aj")* : H*(BO;Z/2Z) — H*(S* NHP>;Z/27) is epic. [

Now that we only need to show the next lemma to prove Bott periodicity
theorem.

Corollary 3.2 (Bott Periodicity Theorem).

BSp ~ (2*B0)(0), BO ~ (Q*BSp)(0)

Proof.  Recall that BU, BO and BSp are classifying spaces of cohomology
theories KU, KO and KSp, we can define maps p’ and p” : S> ABU — BU to
be the classifying maps of (( — 1¢)®cépu and ({ — 1c)®cépu (see [1]), and,
r : m(BU) — m.(BO), ¢ : m.(BSp) — m.(BU), ¢ : m.(BO) — 7. (BU) and
q : m«(BU) — m,.(BSp) to be the maps which induced from realization of com-
plex bundle, complexification of symplectic one, complexification of real one
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and quaterniation of complex one.

We have cor = 2 and gqo ¢ = 2, then ¢, : 7% (BO) ® Z[1/2] —
mx (BU)®Z[1/2] and ¢, : 7 (BSp) ® Z[1/2] — 7 * (BU) ® Z[1/2] are splitting
and monic.

We set p = (Ad?p'),0(Ad?p"), : m,(BU) — m,44(BU). Then, by definition
of p' and p”, and by the fact (( — 1c¢)®c(¢ — 1¢) = 1 — ¢, we also have
commutative diagrams below.

Ad*)),
r.(B0) 2 x4 (BSp)

lc o l

7. (BU) —" > 7, 4 (BU)

7. (BSp) S 4 4(BO)

¢ O c
7.(BU) —> 7, . 4(BU)

We already know that Z/2Z-coefficient cohomology rings and homotopy
goups of BO, BU and BSp, and that p is isomorphism, so we can apply Lemma
2.2 and have periodicity. O

4. Characterization of BO

Let Y be a topological space and Q(Y) = lim,,_,, Q"S™Y.

Let X be an infinite loop space. We consider a map Ex : Q(X) — X
which is defined as Zx = lim, o0 €, * 0 Q*(Ad"¢,)"! : Q(X) — X, where
€n: X = Q"B,.

We can see in [3] that there exists a map e : BSp — Q(HP) s.t. Epgp o
Q(i) o € ~ idpgp, where i : HP>*® — BSp is inclusion. And, by €, we have
Q(HP>) ~ BSp x F and 7, (F) is finite, so H,(F';Z) is finite.

We try to characterize BO through the characterization of BSp by means
of homotopy equivalence above and by that BSp is an infinite loop space.

Theorem 4.1.  Suppose the following.

(1) Spaces X and'Y satisfy the condition of Lemma 2.2.

(2) The map j': HP> —Y also satisfies that the image of j. : H,(HP>;Z)
— H.(Y;Z) includes all algebra generators of H.(Y;Z).
Then Zy o Q(j) o € : BSp — Y is homotopy equivalence. And BO is homotopy
equivalent to X.
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Proof. We denote i : HP>® — Q(HP®) be inclusion, so we have, by
definition, that Zy 0 Q(j) o1 =7 : HP>® — Y.
Then we can consider a commutative diagram below.

HP> ! Y

{ |

QUHP™) 5> Q(Y) oV

And now we have a commutative diagram below.

H.(HP>®:Z) — 2~ H.(Y

H.(BSp; Z H,(QHP*>);Z)

H p’r‘ojl ‘

H.(BSp; Z) —=> H.(Q(HP>); Z)/ Tor — > H.(Y;Z)

(EyoQ( J))*

€x

Since H.(Y;Z) is free and Im ¢ D Im j,, in other words Im ¢ includes all
algebra generators of H,(Y;Z), ¢ is isomorphism.

Then (Ey 0Q(j)oe€)s : Hi(BSp;Z) — H,.(Y;Z) is isomorphism and, finally,
we have Zy o Q(j) o€ : BSp — Y is homotopy equivalence. And this says that
BO is homotopy equivalent to X. O

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE

KyoTo UNIVERSITY

Kyoro, 606-8502, JAPAN

References

[1] A. Kono and K. Tokunaga, A topological proof of Bott periodicity theorem
and a characterization of BU, J. Math. Kyoto Univ., 34 (1994), 873-880.

[2] F. R. Cohen, T. J. Lada and P. J. May, The Homology of Iterated Loop
Spaces, Lecture Notes in Math., 533, Springer, Berlin, 1976.

[3] J. C. Becker, Characteristic class and K-theory, Lecture Note in Math, 428,
Springer, Berlin, 1974.



