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1. Introduction

We set F = R (real), C (complex) or H (quaternion) with the usual norm
and set d = dimR F. Let FPn be the n(F)-dimensional F-projective space. Let
Qn be the quaternionic quasi-projective space of dimension 4n− 1. Let Gn(F)
be the orthogonal group O(n), the unitary group U(n) or the symplectic
group Sp(n) respectively, according as F = R, C or H. We denote by ωn(F) :
Sd(n+1)−2 → Gn(F) the characteristic map for the standard sphere bundle over
Gn+1(F)/Gn(F) = Sd(n+1)−1. Let c : Sp(n) → U(2n) and r : U(n) → O(2n)
be the canonical inclusions. We denote by Mn = Σn−2RP 2 for n ≥ 2 the
Moore space of type (Z2, n − 1). Let in : Sn−1 → Mn and pn : Mn → Sn be
the inclusion and collapsing maps respectively. Given an element α ∈ πk(Sn),
an element α̂ ∈ πk(Mn) is called a lift of α if pn∗α̂ = α. Let ιn ∈ πn(Sn) be
the identity map of Sn and let ηn ∈ πn+1(Sn) for n ≥ 2 be the Hopf map. It
is well-known that there exists a lift of η3. We denote by η̂3 ∈ π4(M3) a lift of
η3 and η̂n = Σn−3η̂3 for n ≥ 3.

The purpose of this note is to study the order of the Whitehead square of
η̂n. This paper is some kind of a byproduct of [9] but would be able to be read
independently. Remark that in [9] the notation of the lift of ηn to Mn was the
symbol η̃n−1. In this paper we denote it by η̂n.

It is proved in (i) of Theorem 4.1 of [9] that the Whitehead square of η̂n

is of order 4 if n is odd. It is easy to see that 2[η̂n, η̂n] = 2η̂n[ιn+1, ιn+1] = 0 if
n is even.

We summarize results about the order of [η̂n, η̂n] as theorem, although our
result is not complete.

Theorem 1.1. (1) [η̂2n+1, η̂2n+1] is of order 4 if n ≥ 1.
(2) [η̂2n, η̂2n] is non-trivial and of order 2 if n �= 2i − 1.
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Remark 1.2. When n = 2i − 1, the triviality of [η̂2n, η̂2n] seems to be
related to the stable order of Mahowald element [6] ηj ∈ π2j (S0).

Let νn ∈ πn+3(Sn) for n ≥ 4 be the Hopf map. Let J : πk(SO(n)) →
πk+n(Sn) be the J-homomorphism. It is well-known [2], Σ3J(rcωn(H)) =
[ι4n+3, ι4n+3]. The proof of (2) in Theorem 1.1 is partially obtained by use of
the following.

Theorem 1.3. η4n+1 ◦ Σ2J(rcωn(H)) = [ι4n+1, ν4n+1].

2. Proof of Theorem 1.3

We need some preliminaries.
For 1 ≤ m ≤ n ≤ ∞, we set FPn

m = FPn/FPm−1 and Q∞
m = Q∞/Qm−1.

We set G(F) = G∞(F). Let in(F) : Gn(F) → Gn+1(F) be the inclusion and
let t : Qn → ΣCP 2n−1 be the natural map with a cofiber ΣHPn−1. For a
based space X, ΩX stands for a loop space of X. Note that Ω(G(F)/Gn(F)) a
homotopy fiber of the inclusion i(F) : Gn(F) → G(F). Then we show

Lemma 2.1. c∗(ωn(H))η4n+2 = nω2n(C)ν4n.

Proof. We denote by iQ : Q∞
n+1 → Sp/Sp(n) and iC : ΣCP∞

2n → U/U(2n)
the canonical inclusions respectively. We consider the following commutative
diagram:

ΩQ∞
n+1

ΩiQ−−−−→ Ω(Sp/Sp(n)) ∂−−−−→ Sp(n)
�Ωt

�Ωc

�c

ΩΣCP∞
2n

ΩiC−−−−→ Ω(U/U(2n)) ∂−−−−→ U(2n),

where the maps are canonical.
We know HPn+1

n = S4n ∪nν4n
e4n+4. So, by using the cofiber sequence

([4]) Q∞
n+1 → ΣCP∞

2n → ΣHP∞
n , we see the (4n+5)-skeleton of ΣCP∞

2n has the
following cell structure:

(S4n+1 ∨ S4n+3) ∪nν4n+1∨η4n+3 e4n+5.

Since t restricted on S4n+3 is just the inclusion S4n+3 ⊂ ΣCP∞
2n , we have a

relation

Ωt∗j∗η4n+2 = nk∗ν4n ∈ π4n+3(ΩΣCP∞
2n),(1)

where j : S4n+2 → ΩQ∞
n+1 and k : S4n → ΩΣCP∞

2n are the adjoint of the
inclusions respectively. We note that ωn(H) = ∂∗ΩiQ∗j and ω2n(C) = ∂∗ΩiC∗k.
Hence, by the above commutative diagram and (1), we have the assertion. This
completes the proof.
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As is well known [4], for the projection p : SO(4n) → S4n−1, it holds that

p∗(r∗c∗ωn(H)) = (n + 1)ν4n−1(n ≥ 2).

Now consider the following commutative diagram up to sign:

S4n−1 E4n−−−−→ Ω4nS8n−1

�p

�Ω4n−1H

SO(4n) J−−−−→ Ω4nS4n

�i

�Ω4nE

SO(4n + 1) J−−−−→ Ω4n+1S4n+1,

(2)

where Ek : Sm → ΩkSm+k is the k-fold suspension map, H : ΩSm → ΩS2m−1

is the Hopf invariant and J : SO(m) → ΩmSm is the J-map.
So we have

HJ(rcωn(H)) = ±(n + 1)ν8n−1.(3)

By Lemma 2.1, we have

(rcωn(H))η4n+2 = n(rω2n(C))ν4n.(4)

We set αn = J(rcωn(H)) ∈ π8n+2(S4n). Applying the composite J ◦i4n(R)
to the above equation (4) and using the James-Whitehead theorem [2] which
asserts Jωn(R) = [ιn, ιn], we obtain

Lemma 2.2. (Σαn)η8n+3 = n[ι4n+1, ν4n+1].

Proof of Theorem 1.3. By using the Barratt-Toda formula ([10], [1]) and
(3), we have

η4n+1 ◦ Σ2αn − Σαn ◦ η8n+3 = [ι4n+1, ι4n+1] ◦ Σ2H(αn)
= [ι4n+1, ι4n+1] ◦ (n + 1)ν8n+1

= (n + 1)[ι4n+1, ν4n+1].

So, by Lemma 2.2, we have the assertion. This completes the proof of Theorem
1.3.

Example 2.3.
(i) η9σ10ν17 = ν̄9ν17 = [ι9, ν9].
(ii) η17(ν∗

18 + ξ18) = ω17ν33 = [ι17, ν17].
(iii) η21σ

∗
22 = [ι21, ν21].

The second equalities of (i) and (ii) are obtained by [10]. The relation of
(iii) is obtained by [7] and [8].
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3. Proof of Theorem 1.1

First we show a formula which represents a relation between an absolute
Whitehead product and a relative one.

Let X be a connected space and let ϕ ∈ πn−1(X). Then there exists
a canonical extension of ϕ, ϕ̄ : Dn → X ∪ϕ en. Let Ω(X ∪ϕ en, X) be the
homotopy fiber of the inclusion X → X ∪ϕ en and we denote the fiber inclusion
map by ∂. Consider the following commutative diagram:

Ω(Dn, Sn−1) ∂−−−−→ Sn−1 −−−−→ Dn

�Ω(ϕ̄,ϕ)

�ϕ

�ϕ̄

Ω(X ∪ϕ en, X) ∂−−−−→ X −−−−→ X ∪ϕ en.

(5)

Note that ∂ : Ω(Dn, Sn−1) → Sn−1 is a homotopy equivalence. We de-
note the homotopy inverse of ∂ by s : Sn−1 → Ω(Dn, Sn−1). Let γn ∈
πn(X ∪ϕ en, X)

adj∼= πn−1(Ω(X ∪ϕ en, X)) be the characteristic map of the n-
cell en. Note that the adjoint of γn is represented by the composite:

adj(γn) : Sn−1 s−−−−→ Ω(Dn, Sn−1)
Ω(ϕ̄,ϕ)−−−−→ Ω(X ∪ϕ en, X).

By definition,

Ωp ◦ adj(γn) = E : Sn−1 → ΩSn,

∂ ◦ adj(γn) = ϕ : Sn−1 → X,

where p : Ω(X ∪ϕ en, X) → ΩSn is the canonical projection.
For an element β ∈ πk(Sn−1), we denote βϕ ∈ πk+1(X ∪ϕ en, X), the

adjoint of the composite map adj(γn) ◦ β = Ω(ϕ̄, ϕ) ◦ s ◦ β.
Then we show

Lemma 3.1. Let β ∈ πk(Sn−1). Then in πn+k−1(X ∪ϕ en, X), it holds
that

[γn, ϕ ◦ β] = ±[ιn−1, β]ϕ,

where [γn, ϕ ◦ β] is the relative Whitehead product and [ιn−1, β] is the absolute
one.

Proof. By the naturality of relative Whitehead products [3], we have a
commutative diagram

πk(Sn−1)
ϕ∗−−−−→ πk(X)

�[γ′
n, ]

�[γn, ]

πn+k−1(Dn, Sn−1)
(ϕ̄,ϕ)∗−−−−→ πn+k−1(X ∪ϕ en, X),
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where γ′
n ∈ πn(Dn, Sn−1) is the obvious map. Therefore we have [γn, ϕ ◦ β]

= (ϕ̄, ϕ)∗[γ′
n, β]. Since ∂[γ′

n, β] = ±[ιn−1, β], the element (ϕ̄, ϕ)∗[γ′
n, β] is the

adjoint of Ω(ϕ̄, ϕ)◦s◦[ιn−1, β], that is, [ιn−1, β]ϕ. This completes the proof.

From now on we prove Theorem 1.1.
We show that if n �= 2i − 1, then [η̂2n, η̂2n] is non-trivial.
For n = 2m, we have p4m[η̂4m, η̂4m] = [η4m, η4m] = [ι4m, η2

4m] �= 0 by [5].
Suppose that n = 2m + 1. We denote by j : (Mn, ∗) → (Mn, Sn−1)

the inclusion map. By Theorem 1.3, η̂4m+1Σ2αm ∈ π8m+4(M4m+1) is a lift
of [ι4m+1, ν4m+1], where αm = J(rcωm(H)) ∈ π8m+2(S4m). Since Σ3αm =
[ι4m+3, ι4m+3], we have

Σ(η̂4m+1Σ2α) = η̂4m+2[ι4m+3, ι4m+3] = [η̂4m+2, η̂4m+2].

Since it is easy to see that the following diagram commutes:

Sn adj(bηn)−−−−−→ ΩMn

�ηn−1

�Ωj

Sn−1 adj(γn)−−−−−→ Ω(Mn, Sn−1),

we have

j∗[η̂4m+2, η̂4m+2] = j ◦ η̂4m+2[ι4m+3, ι4m+3]

= adj(Ωj ◦ adj(η̂4m+2) ◦ Σ−1[ι4m+3, ι4m+3])

= adj(adj(γ4m+2) ◦ η4m+1 ◦ Σ−1[ι4m+3, ι4m+3])

= adj(adj(γ4m+2) ◦ η4m+1 ◦ Σ2αm)
= adj(adj(γ4m+2) ◦ [ι4m+1, ν4m+1]) by Theorem 1.3
= [ι4m+1, ν4m+1]ϕ,

where ϕ = 2ι4m+1.
By Lemma 3.1 for ϕ = 2ι4m+1 and β = ν4m+1, we have

j∗[η̂4m+2, η̂4m+2] = [ι4m+1, ν4m+1]ϕ = ±2[γ4m+2, ν4m+1].

By Lemma 2.3 (ii) of [9], the order of [γ4m+2, ν4m+1] is 4 for m �= 2i−1 − 1.
Therefore we have proved that [η̂4m+2, η̂4m+2] �= 0 for m �= 2i−1 − 1.

This completes the proof of (2) in Theorem 1.1.
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