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Toward a definition of moduli of complexes of
coherent sheaves on a projective scheme

By

Michi-aki INABA

Introduction

Let A be an abelian variety, A its dual abelian variety and P the normalized
Poincaré bundle on A x A. Define the functor ® of O4-modules M into the
category of O ;-modules by

(M) := pa.(p1 (M) © P).

S. Mukai proved in [7] that the derived functor R® of & gives an equivalence
of categories between two derived categories D(A) and D(A). The functor
R® is called a Fourier-Mukai transform and has useful applications to the
moduli theory of sheaves on abelian varieties. Let Spl, denote the moduli
space of simple sheaves on A. When R® determines an isomorphism of a
component M; of Spl, to a component M; of Sply, the condition (W.LT)
must be satisfied, that is, for any member F € My, R'®(F) = 0 for all but one
i. So it is important to search for a component of Spl, which satisfies (W.I.T)
if one wants to apply Fourier-Mukai transform to the moduli theory of sheaves.
Indeed there are many interesting examples of such a moduli correspondence.
However, if a “moduli space of complexes” is defined, Fourier-Mukai transform
can be considered as a correspondence of moduli spaces of complexes. So it is
desirable to define a “moduli space of complexes”.

T. Bridgeland constructed the projective moduli scheme of perverse point
sheaves in [3] and applied it to construct a flop. Perverse point sheaves are
something like objects in the derived category which are obtained by deform-
ing structure sheaves of points. The work of [3] also gives a significance of
considering moduli spaces of complexes for the purpose of taking several types
of compactifications.

Throughout this paper, we let f : X — S denote a flat projective morphism
of noetherian schemes. Fix an S-very ample line bundle Ox (1) on X.
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Definition 0.1.  Define a functor Splepxy g of the category of locally
noetherian schemes over S to the category of sets by putting

E’ is a bounded complex of coherent sheaves
Spl (1) = E on X7 such that each E* is flat over T and
PePXx/s\E) = for any ¢ € T, Ext%, (E"(t), E(t)) = k(t)

and Exty (E"(t), E'(t)) =0

for any locally noetherian scheme T' over S, where E° ~ F" if there exist a line
bundle L on T, a bounded complex @ of quasi-coherent sheaves on X7 and
quasi-isomorphisms Q" — E*, Q" — F" ® L.

Note that E"(t) denotes the complex E" ® k(t). We let Splcpxe;/s denote
the associated sheaf of Splepxy /g in the étale topology. Our main theorem is
the following:

Theorem 0.2. Splcpxéz/s is represented by a locally separated algebraic
space over S.

Remark 0.3. Splcpx‘;}/s contains the moduli space Splﬁg /s of simple
sheaves as an open subscheme. We can see from the deﬁnltlon that Fourier-
Mukai transform R® induces an isomorphism Splepx® S SplcpxCt of moduli
spaces. Of course, the other types of Fourier-Mukai transforms also induce
moduli correspondences of complexes.

The author would like to thank Takeshi Abe for valuable discussions and
advices. Especially the proof of Lemma 2.1 was greatly improved by virtue of
his advice.

1. Representability of the equivalence relation in the derived cate-
gory

The essential part of the following proposition is proved in [4, III, (7.7.5)].
We shall give a proof again.

Proposition 1.1.  Let T be a locally noetherian scheme over S and
E",F" be bounded complexes of coherent Ox,.-modules flat over T'. Let ig be an
mteger Assume that for any t € T, Exty YE'(t),F(t)) = 0. Then there is

a coherent Or-module H such that Extz)‘; 7 (Eqr, B @ M) = Hom(Hpr, M)
for any T' — T and any coherent sheaf/\/l on T'.

Proof. Let [,I' be integers such that E* = 0 for i > [ and F/ = 0 for
j < l'. Take any affine open set U of T. Take an integer m; such that for any
t € U, EY(my)(t) is globally generated and H*(E'(m;)(t)) = H*(F(m;)(t)) = 0
for any i > 0 and j > I’. We put K! := E}, and

K'=' i=ker (E; ' @ HY(E'(my)v) ® Ox, (—my) — El).
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Then there is a quasi-isomorphism of complexes

B — - — Ej? — KU — HYE(m)y) @ Ox, (—m)
) ! ! l

v -2 -1 1
E;, — - — Lk — By — £y

If K',m;41 are defined for ¢ > p, then take an integer m, such that for
any t € U, KP(m,)(t) is generated by global sections and H'(KP(m,)(t)) =
H(Fi(m,)(t)) =0 for i > 0 and j > . We put

KP~l = ker (E@‘l @ HO(KP(m,)) ® Ox, (—my) —> KP) .

By descending induction, K%, m; are defined for all i < . Then consider
the complex V' = (V?, d:/) defined by

T HY K (me)) @ Oxy (—my)  if i<,

di/, : HO(Kl(mz)) (29 OXU(_mi) — K — HO(Ki+1(mi+1)) ® OXU(—mH_l).

Then there is a quasi-isomorphism V' — E;.
Consider the canonical homomorphism

(1.1) (fr)«Hom (Vijr, Fry @ M) — R(fr )« RHom (Ep/, Fry @ M).

for any 7" — U and any coherent sheaf M on T". Here Hom (V.,, F7, @ M) is
the complex of Ox,,-modules defined as in [[5], II, Section 3]. Note that there
is a canonical spectral sequence

HP(R(fr+).Hom' (Vgr, P ® M) = Ext{™? 1 (Ep), Fro @ M).

Here RY(fr/).Hom (Vj,, Fr, @ M) is the complex of Or/-modules whose i-th
component is RY(fr).Hom" (Vy,, Fy, @ M) and the left hand side is the p-th
cohomology of this complex. Since H'(X;, Hom(V*(t), Fi(t))) = 0 for i > 0
and for any k, j and ¢t € T", we have R'(fr/)«Hom(VE, Fi, @ M) = 0 for i > 0.
Therefore we have H? (R( fr/) Hom (V, F7, @ M)) = 0 for any ¢ > 0. Hence
we have an isomorphism

HP((fr7)-Hom' (Vyv, Fr @ M)) = Extl 0 (Epr, Fro © M)

for each p, which means that the homomorphism (1.1) is a quasi-isomorphism.
Note that each fyr.Hom'(V', F;) is a vector bundle and there is an isomor-
phism fr . Hom" (V' F;)@M = frisHom' (Vy,, Fy @ M) for any T' — U and
any coherent sheaf M on T’. Let us consider the complex

) 4i0—2 dio—

fusHom™ 2(V' F;;) “— fu.Hom™ (V' Fy)) ro7; fusHom™ (V" Fy;).
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The homomorphism coker d°~2 ® k(t) — fu.Hom™ (V" F;;) ® k(t) induced by
dio=! is injective, because Ext'¢ (V' (t),F'(t)) = 0 for any t € U. So we see
that im d"~! is a subbundle of fr.Hom™ (V", F};). If we put

HW) .= coker ((fU*HOmi"H(V',F,']))V — (fU*Homio(V',F(})/imdi"_l)v) ,

we have a functorial isomorphism Exté‘gT/ /T (Epi, Fry @ M) = Hom(H(Tl/f )7 M)
for any 7" — U and any coherent sheaf M on T".

By the universality of H(Y), we can glue {HV)} to obtain a coherent sheaf
H on T. Then there is a functorial isomorphism Ext® (Epr, Frp @ M) =

X /T’
Hom(Hp:, M) for any T/ — T and any coherent sheaf M on T". O
Proposition 1.2.  Let Y be a locally noetherian scheme over S. As-

sume that morphisms of functors @; : hy — Splcpxig/s are given for i = 1,2.
Consider the subfunctor R of hy defined by R(T) = {z € Y(T) |1z = paz}.
Then R is represented by a subscheme of Y.

Proof. Tt suffices to show that hy N R is represented by a subscheme of
U for any noetherian open subscheme U of Y. So we may assume that Y
is noetherian. By an easy descent argument, we may assume that ¢, factors
through Splepxy/g. So ¢; is represented by a member [E;] € Splepxy,g(Y)
for each i =1, 2.

If we put

T:={teY [Exty! (Bj(1), B5(t)) =0},

then T is an open subscheme of Y. By Proposition 1.1, there exists a coherent
sheaf H on~T such that Extg(T,/T,((Ei)T/, (Eq)r @ M) =2 Hom(Hr, M) for
any T — T and any coherent sheaf M on T". Put

U::{tET

rank(H ® k(t)) < 1} :

Then U is an open subscheme of T and P(H|y) is a closed subscheme of U.
Let us consider the universal element

u € HO(Eth(p(Hm/P(mU)((Ei)P(th)a (E3)pH|y) @ Op)(1)))
which corresponds to the canonical surjection H ® Op 3,y — Opx)(1)v. Put
Z = {t € P(H|v)|ua(t) € Hompx,)(E;(t), E5(t)) is a quasi-isomorphism } .

We will show that Z is an open subscheme of P(H|y). It is sufficient to
show that Z N W is open in W for any affine open set W of P(H|y). As
in the proof of Proposition 1.1, there exist a complex V" of locally free Ox,, -
modules and a quasi-isomorphism V' — (E;)w such that @y is represented
by a homomorphism v : V' — (E3)w @ Op(3)(1). Consider the mapping cone
U = (Ey)w ® Op(3)(1) & V'[1] of v. Then for any t € W, H(U'(t)) = 0
except for finitely many i. Thus ZNW = {t € W|H (U (t)) = 0 for any i} is
an open set of W. By construction we can see that hy = R. O
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Remark 1.3. Let E’ be a bounded complex of coherent Ox,.-modules
flat over T'. Then

U:={t €T |Exty (E'(t), E'(t)) = 0 and Ext5 (E"(t), E"(t)) = k(t)}

is an open subset of T

Proof. Z = {te€ T‘Ext)_é(E'(t),E'(t)) =0} is an open subscheme of
T. Take a coherent sheaf H on Z such that for any 7/ — Z and any coherent
sheaf M on T, there is a functorial isomorphism

ExtS, o (Epr, BEps @ M) = Hom(Hr:, M).
Consider the open subscheme
Z":={t € Z| rank(H ® k(t)) < 1}

of Z. Let 0 : H|z» — Oz be the homomorphism corresponding to the identity
1 S HOmD(XZ/) (E.Z/7 E.Z/). Then

Z:={teZ'|0@k(t): H®k(t) — k(t) is an isomorphism}

is an open subscheme of Z’ and we have Z = U. |

2. Deformation of complexes

Next we consider deformations of complexes. First we prove a lemma
which is often needed in the sequel.

Lemma 2.1.  Let A be a noetherian ring over S. Let V', E' and W™ =
(W; ® Ox ,(—m;), d;V) be complexes of coherent Ox , -modules bounded above,
where W; are free A-modules of finite rank.
(i) Assume that E" is bounded and that the condition
(x) HP(X 4, E7(m;)) =0 for any p > 0 and any i,
is satisfied. Then the canonical homomorphisms

HP(Hom (W', E")) — Ext (W', E")

are bijective for any p. Here Hom (W', E") is the complex of A-modules defined
as in [[5], I, Section 6] and the left hand side is the p-th cohomology of this
complez.

(ii) Assume that a quasi-isomorphism ¢" : V' — E is given. Consider the
mapping cone U := E°®V'[1] of ¢~ and put F' := ker(U* — U'*!). Let n be
an integer. Assume that (V' 2 E, W) satisfies the following condition:

(Lp) HY (X4, U7 (m;_y,)) — H%(Xa, Fi(m;_,)) is surjective for any
j and HP(X 4, F7(m;)) =0 fori <j—mn and p > 0.
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Then the canonical homomorphisms
H?(Hom (W",V")) — H?(Hom (W', E"))

are surjective for p > n and bijective for p > n.

Proof. (i) Note that there is a spectral sequence
HP(HY(X 4, Hom (W', E"))) = Exti {(W', E"),

where H9(X 4, Hom (W, E")) is the complex of A-modules whose i-th compo-
nent is H9(X 4, Hom' (W', E")) and the left hand side is the p-th cohomology of
this complex. Since the condition () is satisfied, H9(X 4, Hom" (W', E")) =0
for any ¢ > 0 and any i. Thus we have an isomorphism HP? (Hom (W', E")) =
Extl (W', E").

(ii) Since " : V' — E’ is quasi-isomorphic, the sequence

0— FI7' —yi=t wFi 90
is exact. Thus the condition (L) implies that the homomorphisms
(2.1) Hom(W*, U™) — Hom(W*, FY)

are surjective for ¢ < j — n. Take an integer p > n and consider the complex

Hom” (W', U") = Hom” (W', U") - Hom™ (W', U").

Take {(f*, ")} € Hom”(W",U") such that d?{(f*,g")} = 0 in Hom” " (W",U"),
where f° G Hom(W?*, E**P) and ¢* € Hom(W?, V”‘p“) One can check that
d?{(f*,g")} is given by

[P+ (C1pP P g (S TgE g g g (—1paitetgh),

Since E" and V' are bounded above, there is an integer [ such that f' =

g = 0foralli > [. Then we have (dl+P flpttrtigh —gitr+igly = (0,0), which
means that (f!,g') € Hom(W?!, F'*P). By the surJect1V1ty of (2.1), there exists
(a',b") € Hom(VVl,EH‘p_1 @© V*P) such that (d'P~1tal + o!Pb, —d+Ppl) =
(f'.g"). Put

{(flr im0} = (19D} = (=1)PdP~ (a0,

where (a!,b') is regarded as an element of Hom?™*(W',U") by the canonical
inclusion Hom(W!, U+?P=1) < Hom? *(W",U"). Then fi,=0,g_,=0 for
i > 1 —1. By descending induction, we define {(f},g})} € Hom? (W', F")
such that d”{(f,g5)} = 0 and fj = 0, g} = 0 for i > j as follows. If
{(f},g})} is defined, then (dj‘“’fj + @Ity o d3+p+1gj) = (0,0), and so
( ]J,gg) € Hom(W7, Fi*P). By the surjectwlty of (2.1), there exists (a?,b’) €
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Hom(W7, E3+P=1 @ VJi*P) such that (d/TP~tal + @I TPhI —di*PphT) = ( ]Jj’g;)_
Then we put

{(f;7179§71)} = {( ]l»g;)} — (=1)PaP~(a?, 1),

Then {(a’,b")} defines an element of Hom? ' (W', U") and we can see that
(—=1)PdP=H{(a%,b")} = {(f%, g*)}. Thus we have

(2.2) HP(Hom (W",U")) =0

for p > n. On the other hand, there is an isomorphism 6 : Hom (W",U") =
Hom (W', E") @ Hom (W', V")[1], where Hom (W', E") & Hom (W', V")[1]
is the mapping cone of the homomorphism Hom (W",V") — Hom (W', E")
induced by ¢°. Thus we obtain a long exact sequence

03 . — HP"Y(Hom (W",U")) — HP(Hom (W', V")) —
' HP(Hom (W', E")) — H?(Hom (W' ,U")) — -

and by (2.2) we conclude the assertion. O

Remark 2.2.  Assume that [E'] € Splepxy/g(A) is given where A is

a noetherian ring over S. Then there are a complex V' of the form V¢ =
V; ® Ox,(—m;) where V; are free A-modules, and a quasi-isomorphism ¢" :
V' — E" such that (V' — E', V") satisfies the conditions (Lo) and (%) of
Lemma 2.1.

Proof. Let | be an integer such that E? = 0 for ¢ > [. As in the
proof of Proposition 1.1, we take a sufficiently large integer m; and put V! :=
HO(E'(my)) ® Ox,(—my), FI=1 := ker(V! @ E'~! — E'). Inductively we put
Vii= H'(F'(m;)) ® Ox,(—m;) and F'~! ;= ker(V! @ E~1 — F?), where m;
is a sufficiently large integer. Here we may assume that HP (X4, E7(m;)) = 0
for any 4,7 and any p > 0 and that HP(X 4, F7(m;)) = 0 for i < j and p > 0.
There is a quasi-isomorphism ¢ : V' — E’. If we consider the mapping cone
U := E @ V'[1], then we have F* = ker(U* — U'*!). Thus the conditions
(Lo) and (x) are satisfied. O

Proposition 2.3.  Let A be an artinian local ring over S with residue
field A/m =k and I an ideal of A with mI = 0. Let r : Splepxy,g(A4) —
Splepx x/5(A/I) be the canonical map. Assume that [E"] € Splepx y,g(A/T) is
given and put E) == E" @ k.

(i) There is an element w(E") € Ext*(Ey, Ey) @k I such that w(E™) = 0 if
and only if [E"] can be lifted to an A-valued point of Splepxy g -

(ii) If there is a lift [E'] of [E'] to Splepxx/5(A), then there is a bijection
r~Y[E']) = Ext*(Ey, E) @ 1.
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Proof. (i) Let I’ < I be integers such that E* = 0if i < !’ or i > [. By
Remark 2.2, we can construct a complex V' = (V; ® (’)XA/I(—mi),di/,) and

a quasi-isomorphism V' — E" such that (V' ® k — E" ® k, V") satisfies the
conditions (Lp) and () of Lemma 2.1, where V; are free A-modules of finite rank
and V=0 for i > [. We may also assume that H*(Ox(m, — mp41) @ k) =0
for any p and any ¢ > 0. By Lemma 2.1, there are isomorphisms

Hi{(Hom (V' , 1@ V")) = H'(Hom (V' ,I® E")) — Ext'(Ey, I ® E;)
for i > 1. _

Let di . : Vi ® Ox,(—m;) — Viz1 ® Ox,(—m;y1) be a lift of the ho-
momorphism dZV. 1 Vi®Ox,,, (=mi) — Vign ® Ox,, (=mip1). Put 6 =
d?ﬁl o d‘; Then the image of §° is contained in I ® Viyo @ Oxxa(—miia).
we have c?ij? 0dt —§tlo Ji/ = 0 by definition. Thus {§’} defines an element
w(E") € HX(Hom (V', 1@ V")) = Ext*(E;, I ®) E;).

We will show that w(E") is independent of the choice of the representative
E" of [E'], V' and di/ Let @ be a bounded complex of coherent Ox, -

modules flat over A/I such that [Q'] = [E"] in Splepx y/5(A/I). Take a complex
W of the form W' = W; ® Ox, ,,(—m;) and a quasi-isomorphism W" — Q"
such that (W' ® k — Q" ® k, W) satisfies the conditions (L) and (*). Take
a lift d;v, of the derivation d;v Since V' = W' in D(X,r), there are a
complex U" of coherent Ox, ,-modules and quasi-isomorphisms U™ — V',
U — W’". We may assume that U’ is of the form U* = U; ® OXA/I(fni) such
that (U @k — V' ®@k,U") and (U @k — W  ® k,U") satisfy the condition
(Lo). Take a lift dZU_ of d;f,. Then we can check that

[{JzU-H o CZ;J = [{CZ;H o CZ;}]
in H?(Hom (U",U" ® I)) = H*>(Hom (V', V" @ I)) = Ext*(Ey, B, ® I). Simi-
larly we have

{4 0di ) = (@4 o, )

in H?(Hom (U, U ®1)) = H*(Hom (W', W ®1I)) = Ext*(E;, E,®1I). Hence
we have w(E") = w(Q").

Assume that w(E") = 0. Then there exists o’ € Hom(V?, I @ V**1) such
that 6 = o/ T1d? + dtlal. If we put

d:=d . —a":V,®Ox,(—m;) = Viy1 ® Ox, (—mig1),

then d't1d" = 51'7({;"',100/701”10&1"/, = 0. Hence V" := (V;®Ox/a(—m;), d")
is a complex on X4 which is a lift of V. Consider the complex

UZV(‘N/'):-~-—>O—>cokerczl/_1—>‘~/l/+1—>-~-—>‘~/l—>0—>---.
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Then there is a canonical quasi-isomorphism V' — azl/(f/') and cokerd’ ! is
flat over A [4, IV, Proposition 11.3.7]. Thus [o>y(V")] is a lift of [E'] to an
A-valued point of Splepx y /g.

Assume that there is a lift [Q] € Splepxy/g(A) of [E7]. Take a complex
W of the form W' = W, ® Ox,(—n;) and a quasi-isomorphism W' — @
such that (W' ® k — Q" ® k, W) satisfies the conditions (Lg) and (*). Then
W(E") = w(Q") is defined by {(d;‘/‘1 o di/v' )}, which is obviously zero.

(ii) Take a complex V' = (V; ® OXA(—mi),di/.) with V; = 0 for ¢ > [ and
a quasi-isomorphism V' — E" such that (I ® V' — I ® E", V") satisfies the
conditions (Lg) and (). Assume that v € Ext'(E;, I ® E;) is given. Since
Ext'(E;, I ®y Ey) = H' (Hom (V',I® V")), v can be considered as an element
[{v}] of HY(Hom (V',I®@V")). If we put V, := (V; ® (’)XA(—mi),di/. + '),
then V. is a complex on X 4, which is a lift of V" ® A/I. Let us consider the
complex

. ’_ /
o'zl/(Vv);...—>O—>cokerdlv.1—>VJ+1—>..._>VUI_>()_>..._

v

’
Then there is a canonical quasi-isomorphism V,) — o>;/(V, ) and coker dlvfl is

v

flat over A. Thus [o>(V,)] is a member of r~!([E"]). It can be checked that
[o>1 (V)] € r~1([E7]) is independent of the choice of V™ and the representative
{v%} of v. Thus we can define a map

o Ext'(Ey, I ®, E)) — v H([E]); v~ o> (V)]

Conversely assume that an element [Q°] € r~1([E’]) is given. We may
assume that there is a quasi-isomorphism Q° ® A/l — E’ ® A/I. Then there
is a complex W’ = (W; ® Ox, ,, (—n), d;V) and a quasi-commutative diagram
of quasi-isomorphisms

W Ve A/

l ]
Q A/l — E ®A/I

such that both (W' ® k — Q" @ k,W’") and (W' @ k — V' ® k,W") satisfy
the condition (Lp). Then there is a complex W™ = (W; ® Ox , (—n,), dZW) and
a quasi-isomorphism W" — V" which is a lift of the given quasi-isomorphism
W* — V' ® A/I. Similarly there is a complex WQ =(W;® (’)XA(—ni),d%/, )
and a lift WQ — @ of the given quasi-isomorphism W’ — Q" ® A/I. If we
put

V= difvé. - d:fv' Wi @ Ox, (—n5) = Wig1 @ Ox, (—niy1),

then the image of v* is contained in I ® W; 11 ® Oxgr(—ny1) and d;ZVH ovt +
o
vi“'ldlﬁ/. = 0. Then {v'} defines an element v of H'(Hom (W' I@W")) =
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Ext!(E,, I ®4 E;). Tt can be shown that Vg 1s independent of the choice of the
representative Q" of [Q'], W', WQ and W'. Then Q" — Ugy- gives the inverse
of o. n

3. Proof of the main theorem
Now we prove the main theorem.

Theorem 0.2. Splcpxgg/s is represented by a locally separated algebraic
space over S.

Proof.  Let Y1,Y2 be schemes locally of finite type over S. Assume that
there are morphisms of functors ¢; : hy, — Splcpx /g for i =1,2. Then from
Proposition 1.2, one sees that the functor hy, X Splepx§t ¢ hy, is represented by

a subscheme of Y7 xg Y5.

Thus it suffices to show that there exist a scheme Z locally of finite type
over S and a smooth surjective morphism hy — Splepxy /s For this it is
sufficient to show that for any geometric point x € Splcpxe; /5(K), there exist
a scheme Z of finite type over S and a smooth morphism ¢ : hy — Splcpxi? /S
such that z is contained in the image of ¢(K). Take any geometric point
T € Splcpx%/S(K). Then z is represented by a complex E” € Splepxy,g(K).
There exist integers I’ < [ such that E* = 0 if i < I’ or 4 > [. Then there
exist a complex V' = (V; ® (’)XK(—mi),d;,) with V; = 0 for ¢ > [ and a

quasi-isomorphism V' — E° such that (V' — E’°, V") satisfies the conditions
(Ly) and () of Lemma 2.1, where V; are free sheaves of finite rank on S. We
may assume that Hi(XK,cokerdi/,(mk)) =0fori>0k<j<Il'—-1and

H'(X,,0x, (mp—1 —my)) =0 forany i >0, k <land s € S. Let us consider
the two complexes
o> (V') : cokerdl‘;f1 SN 741 & NN 168
TE”*Q(V.) . Vl/_2 _ Vl/_l e Vl.

Then there is a canonical composition of quasi-isomorphisms V' — o5, (V") —
E’. By assumption (o>;(V') — E°,7>1_2(V")) also satisfies the conditions
(L1) and (*) of Lemma 2.1. Thus the canonical homomorphisms

H'(Hom (13 —5(V"),051(V"))) — Ext, (t20—2(V'), E)

are surjective for ¢ > 1 and bijective for ¢ > 1. Consider the scheme
-1
P=1] Vv ((Viv ® Vi1 ® fu(Ox(mi — mz‘+1)))v>
i=l/—2
over S. Let

~ . g2 g1
Vi Vo ®Ox,(—mp—2) — Vo1 @ Ox,(—my—y) —

qt—2 a1
= Vim1 ® Ox,p(—my—1) — Vi @ Oxp, (—my)
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be the universal family. Put
~ 7/ —1
K := coker (Vlz_l ® Ox,p(—my—1) i Vi ® (’)XP(—my)> .

Let Z be the subscheme of P such that for any T — 9,

(1X x ¢)*V. is a complex and for any t € T, }

Z(T) = {g € P(T) ‘ V (t) is exact at Vl '(t)

One sees from [4, IV, Proposition 11.3.7], that (K;/)z is flat over Z and the
sequence
.. - i JU+1 g+
Va : (Kl’)Z — W’+1 (024 OXZ(—ml/+1) — Vg2 (029 OXz(_ml’+2) —
dl 2 d~l71
= Vi1 ®O0x,(—mi—1) — Vi@ Ox,(—my)

becomes a complex. Consider the open subscheme

Ext®((V;) (), (V;)(8)) = k(2), Ext ™ (V; (). V;
7| H'(Hom (V7 (1), V;(t))) — Ext' (V7 (¢), V(1))

are surjective for ¢ > 1 and bljectlve for i > 1 and
H'(cokerd’(t)(my)) =0 for ! —2<k<j<l'—1,i>0

(1)) =0,

of Z. Then (V)7 defines a morphism ¢ : hy — Splcpx‘é;g/s. By construction x

is contained in the image of ¢(K). We only have to show that ¢ is smooth.
We have to show that Z X Splepx§t T — T is smooth for any locally

noetherian scheme 7" and any morphism 7" — Splepx /s- There exists an étale

covering 77 — T such that the composite T" — T — Splcpxgg /s factors through
Splepxx/g. It suffices to show that Z X Splepxt T — T’ is smooth. However,

we have (Z X Splepxt T")(A) = (Z Xsplepxy,s T")(A) for any artinian ring A.

So it suffices to show that ¢’ : Z — Splepx /g is formally smooth.
Let (A, m) be an artinian local ring with residue field k£ and I be an ideal
of A such that mI = 0. Assume that a commutative diagram

Spec(A/I) <  Spec(A)
(3.1) ¢l nl
VA L SpleXX/S
is given. Take a complex Q" on X 4 which represents . There is a complex VC' =
(V! ® (’)XA/I(—mg),di/,) exact at V¢ for i <1’ — 1 such that V/ = Vi, mj = m;
~ ¢
and di/, =d"'® A/I for i > I’ — 2. Then there is a canonical quasi-isomorphism
CN . .
Vi — (Vo) asr- We may assume that H*(coker di/(_ (m)))=0fork<j<l-1,

i > 0. Since the homomorphism

H'(Hom' (V; @ k, V; @ k)) — Ext'(V; @ k,V, @ k)
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is surjective for i = 1 and bijective for i = 2, one can check that the canonical
homomorphism
H'(Hom (V; @ k, V @ k)) — Ext'(V, @ k, V, @ k)

is surjective for ¢ = 1 and injective for ¢ = 2.
From the commutativity of the diagram (3.1), there exists an isomorphism

0 of (V,)asr to @ ® A/I in the derived category D(X4,7). We can take a
complex W' = (W; ® OXA/I(—nZ-),d;V,) and a quasi-isomorphism W — V/
such that (W’ @ k — V. ® k, W) satisfies the condition (Lo) of Lemma 2.1,

where W; are free A-modules of finite rank. If we choose each n; sufficiently
large, then we have a quasi-isomorphism

Hom™ (W, Q" @ A/I) — RHom' (V)41 Q" ® A/I).
Thus there exists a morphism 6’ : W*™ — Q" ® A/I which represents 6.

By replacing W, we may assume that both (W' ®@ k — V@ k,W") and
(W' @k — Q ®k, W' ® k) satisfy the condition (Lg) of Lemma 2.1. Then
there is a complex WQ = (W; ® Ox,(—n;), d%}, ) and a quasi-isomorphism

o

WQ — Q" which is a lift of the given quasi-isomorphism W" — Q" ®A/I. Since

(@] is a lift of [(V,;)a/1] to Splepxy,g(A), the obstruction class w((V;)a/r)

vanishes. Thus, by the proof of Proposition 2.3 (i), there is a complex VC' =
(V! @ Ox,(—m}), dzv) which is a lift of V', because
¢

H?(Hom' (V; ® k,V ® k)) — Ext*(V, @ k,V, ® k)
is injective. Since (W' @k — V; @k, W) satisfies the condition (Lo), there is a
complex W' = (W; @ Ox , (—n;), difv) and a quasi-isomorphism ¢* : W' — VC
which is a lift of the given quasi-isomorphism W" — VC As in Proposition 2.3,
{d’W - d’W} induces an element v of Ext'((V,) /7,1 ®a/1 (V,)ar). Since
the canonical homomorphism
H'(Hom' (V;, 1@ V[)) — Ext" (V) ay1,1 ®@asr (V,)ay1)

is surjective, there is a lift o = [{0'}] € Hl(Hom'(VC',I ® VC)) of v. Then

V) = (V/®@O0x,(—m}), dZ‘;/, +%') is a complex and there is a quasi-isomorphism
. ¢

WQ — V. Consider the complex

~ ~ -2 ., ~
L A B A i
Then 751 _5(V,) determines a morphism ¢ : Spec(A) — Z which makes the
diagram

Spec(A/I) <  Spec(A)
¢l ¢/ n |

Z N Splepxx /g
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commute. Hence ¢ : Z — Splepx /g is formally smooth. |

Example 3.1.

(i) Let C be a smooth projective curve over an algebraically closed field k.
It can be shown that for any member E° of Splepx /k(k), there exist a simple
sheaf F' on C and an integer i such that E" is equivalent to F'[i], where Fi]
denotes the i-th shift of F.

(ii) Let X be a smooth projective variety over k of dimension d > 2
and E be a torsion free simple sheaf on X which is not locally free. Then
RHom (F,Ox) is a member of Splepx y 5, (k) which is not a shift of any simple
sheaf on X.
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